CURRICULUM AND SYLLABUSES FOR THE 
HIGHER SECONDARY COURSE 
CLASS—XI 


Algebra : 


Theory of Quadratic Equations and Expressions, Permuta- 
tion and Combination; Bionomial Theorem for positive integral 
index, 

Elementary idea of an infinite series in connection with 
infinite geometric series ; The use of the expansion of (1+ æ)” 
where 7 is fractional or negative ( proof for the establishment of 
this expansion is not required but the restriction on the value of 
2 should be known. 

Trigonometry : 


Graphs of simple trigonometric functions, 

Trigonometrie equations and general values ; Inverse Circular 
Functions. 

Relation between sides and angles of a triangle ; In-radius, 
circum-radius and area of triangle Practical solution of а 


triangle with the help of logarithms ; Simple problems of heights. 


and distances. 


Co-ordinate Geometry : 


Circle, Chords, Tangents, Normals and elementary properties 
connected with them : Parabola, Ellipse, Hyperbola referred to 
their principal axes ; Analytical treatment of these curves in 
respect of (1) the focus and the directrix properties, (2) tangents 
and normals and elementary properties connected with them, 
(3) centre and diameter. (Note—Discussion should always be 
restricted to rectangular Cartesian co-ordinates), 
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Some Important Formulas and Results 


ALGEBRA 

Theory of Quadratic Equations : 

1. The roots of the equation az*-FbzJ-c—0, where a, b, с 
ПВ Jb*-4ac pna ZÈ- VET- ac, 

2a 2a 

From these roots we have :— 

(i) It»? — 4ac=9, the roots are real and equal. The roots- 
will be irrational, if either a or b be irrational. 


(а) If b? — 4ac is a perfect square, the roots are rational and 
unequal. 


are real, are 


(iti) Ifb? -acis positive, but not a perfect square, the roots- 
are real, irrational and unequal. қ 


(iv) It 02 —4ac is negative, the roots are imaginary and 
unequal, 

2. The equations az? --bz--c—0 and a12*-Fb,gd-c,—O0 will 
have а common root if (ca, — с1а)? = (bc, — bic)(ab. — 220), s 
the common root is either 221-618 op box buo 

17—010 са – QC 
Permulation and Combination : 

3. (а) (5) The number of permutations of n different things: 
taken r things at a time="P,=n(n — 1)(n — 2)---(n — r4-1). 

(ii) but when n things are taken at а time, the number 
="Р„=л(л— 1)(n – 2)--.3.2.1. 

GG). "Р„="Р„_, (а) "P, =L” 

jaar 


(ә) [0=1; (vi) Е-е 


(b) The number (2) of Permutations of n things taken all 
together, when the things are not all different : 
on МЕ: 
2 [9 |7 
() "P,—^-1p,q,.n-ip, _, 


[А 
4. (a) (i) Tho number of combinations of я dissimilar things 
taken r at a time (rn) : 
"0,- (в Я 
17 12-7 1 
(i) "Ci=n, (iii) "б„=1 (iv) "P.—|rx"O, (v) "бо=1. 
(b) The number of combinations of x things taken r at a time 
in which p things always (2) occur (ii) do not occur, 
(i) The number="""C,-», (ii) the number—"-?O, 
(c) (i) *б„="б„-т (а) "О„-+"О„-,="**О„ 
(d) Number of combinations of n different things taken any 
number at a time—2^ —1; 
also "0, 4-*0s - "Cs te "О. 
5. The gratest value of "0,-"О, (when т is even) 


and= "Casi ="Cy-1 (when ж is odd). 
2 2 - 


Binomial theorem : 
(a) (i) (a--2)" —a" -" C1a?7*.24-" Osa? Зе нее 
+Е"О„а°727-+.......+-+а" 
ca atia А0 азада ) 
ЖЕДЕ - 1)( -2)...(n - t+ =r 
я ІШ 
Gi) (a7 2)" ea" "0а" (7 a) "Osa Қ а)..." 
=a" – ?0,a"-!z-^05o^7?a* — ...-E( - 1)a. 
(b) The general term : 
(i) The general term in the expansion of (a--z)" 2 * Q,a^7747 
nn -1)(09)..(n—r--1 4-, қ 
= [7 un Тат; 
(4) The general term in the expansion of (а-а)! 
= "0,4" "( = 2) =( E 1)“ "C,a"-Tgt 


а"... Ба", 


E mel 
(c) Middle term or terms : 
The middle term in the expansion of (а-ға): 


ЖЧ. > 
(i) if mis even, the middle term = "0, oF ud = ІШ”. z 


(ii) ifm is odd, the two middle terms 
n 1 1 n = 1 
a — 1d D,i(n- 1) a Сита 1),3(0+1) 
T 3(n+1) 3(»%-1) 
ға АНАР 22 а 
Fakat E Са 


[п a3 - 1), 8(n--1) 


Қа--1)Қа-1) 
(d) Тһе sum of the eoefficients in the expansion of 
(1-4-2)^— 2^. 


(е) Sum of the infinite series a-l-ar--ar?--ar? + ...to œ 
—-2. where - 1<7<1, 
1-х 
(f) when – 1<2<1 and nis fractional or negative 
we have (1-2)"= 1--na- "0 Е Da =1п—®) в... 


n(n — 1)(n — 2)...(n— "НИ... дос 
= r 
(g) The general term tr+0f (12-2)? 
n -1)n- 2)...(n —r4-1).. 
Lr. 


when 2 is fractional or 
negative. 
(i) Фу+з in the expansion of (1- а)” 
=(-1) Z2- -2)...(n-r+1) r 
[Ls 
(ii) 4% n $5 (1-++a)-” 
TNCS 1) SED 8). cr -1), 


(iii) tr+ı „ n" (1 t ау" М 
—2(n+1)(n+2)...(a+r-1) „ 
Pie руки 


Гах EDUCA TloA S 
{> ; 2259 4) 


: қ | ten лоп ) о, 
CHAPTER І 92, 27 VE / 
ALCUTTA- L 
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THEORY OF QUADRATIC EQUATIONS 


You already know how to solve Quadratic Equations. Now 
you will be acquainted with some theories regarding Quadratic 
Hquations and Expressions, 


You know that the equation, in which the highest power of 
the unknown quantity is 2, is called а quadratic equation. 


Let us examine the following two equations : 
pita aa — т) Fg! (а—7)(а-р)_ 
P(p-ayp-7) (а r)a =p) 
_  (v=2)(e@=c) ae- о)(ж— a) 
(2); Bolger: ^ (s bac)" '(b—cYb—a) 
(a = a)(e—b) _ 
(c— a)(c — b) 
Here you notice that the first equation is satisfied by the! 
values s=p and 24, but not by the value =r. бо, the first 


(1) Solve: 


equation has two roots. 

Again, the second equation is satisfied, if 2-а, or, ш=Ь. 
orz=c. 80, apparently this equation seems to have three roots, 
But on careful scrutiny you will find that the second equation is 
satisfied by any value of æ (such as 1, 2,...p, 4,..-еёс.) 

Hence it is an identity and not an equation, іе. Ша quadratic 
equation has more than two roots, then it is not an equation 
put is an identity. 

You should know that generally the number of roots of an 
equation is equal to the index of the highest power of its 
unknown quantity, Во, a quadratic equation has two Toots, 
the equation of the third degree has 3 roots, and go on, 


Гә) 
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I. Theorem: А quadratic equation cannot have more than 


iwo roots. 


Any quadratic equation that you һауе solved can be reduced 
to the form az*-+-ba+c=0, 


If possible, let this equation have three roots «, В, 7. 


So the equation must be satisfied by these three roots. 


ax*+b4+c=0...... (i) 
ab? +-b8-+-c=0...... (ii) 
av*+bY+c=0...... (iii) 


Subtracting (ii) from (i) we have 
a(x? – 8*)-4-b(« — В)= 0. 
or, («-P)la(«--B)-bl — 0. 
« and В are different roots (i. e., they are unequal), 


<. — В cannot be zero. 


г. a(«4-B)2-b — 0...... (iv). 
Similarly, subtracting (iii) from (i) we have 
a(x+7)-+b=0...... (у). 


Again subtracting (v) from (iv) we have а(В – 7)=0. 


/. Eithera-0, or, B- 7=0, but both are impossible, аз 
both are contrary to the hypothesis. If 8- У=0, we have В=7, 
but by hypothesis they are different. Again, if a=0, then 
from (iv) and (v) we get b—0 and substituting a=0, 6=0 
in (i) we have c—0. Then the given equation becomes 
0.22--0.2--0--0, and it is satisfied by any value of œ. Hence it 
is not an equation, but an identity. 


Hence it is found -that proceeding from the supposed 
hypothesis, we arrive at conclusions contrary to it. So the 
original supposition is wrong, 


Hence а quadratic equation 
cannot haye more than two roots, 
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9. Relation between the roots and the coefficients of a quadratic 


equation. 
Let « and В be the roots of the quadratic equation 
aa? d- boc 0. 
By solving this equation we have ge 05 NE 4а ` 
i a 
Then «= 2170. b+ Vb? —4ac ana fas abd vb? — 4ac — dac 
Фа 2a à 


Now, the sum of the roots —« -+8 


=x (-b+ Vo" - dac) +z (-b- Jb? —4ас) 


The product of the roots = «0 


кен — 
= (-b+ У da) xg b- JP Tia) 


= {(=b)? -( = 4ac)* -1% = СОА (В) 


Corollary : (i) Ifthe equation of the form aa*+bz+c=0 
be reduced to the form at +8, 2+5 =0 by dividing it by the 


coofficient of 2° (here by a); then we have : 

(1) The sum of the roots—the coefficient of x with its 
sign changed. 

(2) The prodnet of the roots=the absolute term (ie., 
the term independent of 2 ) 

Example. Take the equation 4%? – 3x — 1—0. Dividing it e 
4 ( the coefficient of а?) we have 2° - £z - £—0. 


Now, changing the sign of the coefficient of z we have $ and 
the absolute term hereis -%. 
hg stb 665) roots=%, and the product of the roots 


FUR n 
== ze 
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Corollary (ii) : Formation of a quadratic equation from the 
given roots. 


Taking the sum of the given roots and changing the sign we 
obtain the coefficient of z and the product of the roots will be the 
absolute term of the equation. 

Thus, if « and f be the given roots, then the coefficient of æ 
will be – (5-4-6) and the term independent of z will bo «В. 


The equation required is z? — («-Е8)ж-Е«В=0, 
i.e., z? — (sum of the roots) z--the product of the roots=0. 


Example. 1 -% and 4 be the roots. To form the 
equation. 


Here, the sum of the roots = -s+a=-i 
and the product of the roots— — $x = 
<. the required equation is z?--iz 


3. Conjugate roots. 


You know that of the two surds p+ vg and p - Ма, one is 
called the conjugate surd of the other and that each of the 
complex quantities p+ig and p 


— 49 is called the conjugate complex 
of the other, 


Now we shall see that if one root of a quadratic equation be 
a surd or a complex quantity, then the other root will be its 
conjugate, i.e., a conjugate surd or a con 


jugate complex quantity. 
Such roots are called conjugate roots. 1 


(а) Theorem: In a quadratic 


equation with rational 
coefficients, 


the irrational roots always occur in conjugate pairs. 
Let a,b and c in the equation ax*-+-be+c= 
and let one root of the equation be a+ JB, 


To prove that the other root will be «— 
of the root « 4- 4/8). 


- «-k JP is а root of the equation, . 


0 be rational 
МВ (which is conjugate 


"it satisfies the equation. 


we have a(4 + J/8)* -E-5(«-- ,/8)--c— 0, 
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or, (a«?--b«--aB--c)d- Jp(2ax+b)=0; but the sum ‘ofa 
rational quantity and an irrational quantity cannot be zero, unless 
each of them separately is zero. 
Неге ax*+b4+afb-+c=0...... (i) and 2ax+b=0......(ii) 
Now, putting the value «— „/8 for x in az? --bz-l-c, we have 
avi -+ba+c=a(x — JB) +b- JB)--c 
-(ах%--5х--аВ--с)- /p(2ax+6) 
-0- ,/2х0 [from (i) and (ii)] 
сез), 
2. The root <- a/f satisfies the given equation. 


Hence 4— Jf is the other root of the equation. 


(5) Theorem: In а quadratic equation with real 
coefficients, imaginary roots always occur in conjugate pairs. 


Let a, b,c in the equation az*-+ba+e=0 be real and let 
«18 be one of its roots. To prove that its other root will be 
« — iB ( which is conjugate of «4-18 )5 

«4-18 is a root of the equation, .'. it satisfies the equation, 

5. we have a («4d-if)? --b(«-- iB)-- c —0, 

or, (a«3-Fb« — af? -Fe)--i(2a«8--08)-0 [Г й=-Ш; 

Here we find that the sum of опе real quantity and one 


imaginary quantity is zero, which is impossible unless each 


separately is zero. 
ax? --b« — af? +c=0.. .(i) and 2ax8 4-58 — 0... (ii) 
Now, putting < — if for « in az* --bz-l-c, we have 
au? -ЕЪв-Ео= a(& — iB)? +l- 18)--с 
= (ax? -Fb« — aB* ^c) $ (Зав НЫ) 
=0-7 x0 [from (i) and (ii)] 
=0. 


The root 4 — if satisfies the given equation. 


6 A TEXT BOOK OF Н. S. ELECTIVE MATHEMATICS 


ТОГО, if one root of the equation is +26, the other root is 
«— 18. 

[N.B. (i) It is evident from Art. 3(a) that a quadratic 
equation with rational coefficients cannot have one root rational 
and the other irrational. 


(i) Also from Art. 3(5) it is evident that a quadratic equation 
with real coefficients cannot have one root real and the other 
imaginary. ] 


4. Reciprocal roots, 


When the product of tho two roots of a quadratic equation is 
1, one root is called the reciprocal of the other and the equation 
is said to have reciprocal roots. 


(a) Condition for reciprocal roots of a quadratic equation. 


Suppose the equation ад? +bz+c=Q has two reciprocal roots- 


Let the roots be « and 1. 


Now, from Art. 9 (ii) we have «х=? 


2% 6-1 от, а=с. 
a 
Hence, а quadratic equation will have two reciprocal roots, if 


its absolute term be the Same as the coefficient of z?, 


Example. In the equation 27? --55--9— 0, the coefficient of 
2° is 2 and the absolute term (1.е., the term independent of =) is 
also 2. Hence its roots will be reciprocal to each other. Solving 
the equation we have z— —9 and - $ which are reciprocal. 


ГМ. B. Also the two roots of one quadratic equation may be 
proeals of the roots of another quadratic equation. 

Let us take the e 
The roots of the firs 
other are 9 and 3. ] 


reci 


quations 67? —5¢-+1=0 and z?-— 5a+6=0, 
t equation are 2 and з, while the roots of the 
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Examples (1. А) 


Ex. 1. If« and В bé the rooots of x*+pr-+q=0, find the 


value of «24-/? and 1+} in terms of p and q. 
« and В are the roots of the equation z*-++pa+q=0, 
«-ЕВ= -p and «В=а. 
Now, &®-Е8® =(«+8)® — 8«8(« +8) 
=(-2)° – 34(-р)= -»*-F8pa ; 


паана ыр 
апа «ЕВ aB Т Ü 
Ех. 2. If < and В be the roots of aw*+da+c=0, find an 
expression for <2--0% in terms of a, b, c. [ A. U, 19] 


« and В are the roots of az? --bz-4-c-— 0, 


ie,ofz* PUOI =0, 
а-а 
а 


we have += IY and «B= 
a a 


Now, «9.02 = («-Е8)° - зав=(—|` ~9(2) 22—200, 


Ex. 3. 1 < and be the roots of az*--bz-Fc—0, find the 
E [ C. U. 1943 ] 


i 
value of opp (ED 


< and В are the roots of az? --bz--c-— 0, 


«--B-— -2, or, aX--aB — — b [ multiplying by a 1 


we have at-+b= — af, aB-rb= — as, and 20) 404 
а 


1 бі су жо жүр 
Now, (c GE (= ай® Hah 
J 1 


қуа 
Sah M nsa 
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«®--85_ — («--g)s - TP % Jj Ж a(2)(~2) 
-аЗ«5р8 — a*(«B)5 


-e(£)' 
NEUEM 
Ge = b*-F3abc _ 8 — 3abc 
ES 


=а%65 


4203 
Ех. 4. If <, В апа «', В' be the roots of 22 —pe+q=0 and 
£^ —p'c+q'=0 respectively, find the value of (« — «^? --(8 — <) 
+(x - 8? +(6 — в’). 


Оста 
< and f are the roots of 2° — pz--q—0, 
X-FB —p and «8—0. 
Again, * 


.. 


<’ and f' are the roots of g? - p'z--q'—0, 
«ЕР = р and «Ф-а. 


Now, («—-«)*-F(B - «'* -(« - 6)* (8 - g)* 
= 9(«* -F6*)4- 94^? + 02) – 2«'(« +8) — 98 (« +8) 
SAREA)? — 948--(« 6")? — 948 — («--B)(«'--9))] 
=2(p* — 2q-+p' — 94 – рр). 


[ Formation of equations ] 
Ex. 5. 


If < В һе the roots of ат? ъс 0, form an 
equation whose roots are < and A [C. U. 1877 ; P. U.] 
V^ < and f are the roots of az? +ba+c=0, 
«+в= —? апа 480. 
а га 

Here, 


the sum of the given roots of the required equation 
=<-„Ё <P +6? (446)? — ов 
AGP. ТЕГ 


E 


ОТ = 2са 


«B 


с таура 
а 
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ib 


БИР 


and the product of the roots = х= 
bF 


- the required equation is Co PM 0, 


ie, can? —(b7 — AD em, 
Ex. 6. Form an equation whose roots are the squares of the 
roots of the equation z 2 2+1=0. [ A. U. 901 
Let < and В be the roots of z? --z4-1- 0. 
Then the roots of the required equation are X? and f?, 
From the given equation we have <+8= -1 and «б=1. 
Then the sum of the roots of the required equation 
=42 46° («+в xB =(—1)*-2x1=-1, 
and the product of the roots— «38° = (1)? — 1. 
the required equation is а +24+1= 0. 
Ex. 7. Form the quadratic equation whose roots are the 
reciprocals of the roots of z? —-7a+12=0. 


Suppose ће roots of 2° — 7z--19—0 are < and В. 
Then the roots of the required equation are 1 and 
From the given equation <+8=7 and «f —12. 

the sum of the roots of the а equation 


Тег ЖЕ 


EL 
Ра та: 


-ld-i-l 
and their product = XB 58—19 
the required equation is z? —-тшй-Кт=0, 


or, 192? -Ta-+1=0. 
8. Form the equation whose roots « and satisfy the 


.. 


Ех. 
dition 4? +8? =113 and &8=98. 


Here, (+8)* = 241624948 =113+28 x 2=169, 


«-ЕВ= +13. 
The required equation is 2° 


con 
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JE 


Ex. 9. Find a quadratic equation whose roots are the squares 
of the sum and difference of the roots of az? +br+c=0. 


[ Raj. 451 
Let « and В be the roots az? A-baz--c— 0. 


Then « 4-£ = 22 and «б=© 
а a 


By the given condition the roots 
(<-+8)? and (« – В). 

Now, the sum of these roots =(«-+-£)?-+(4 — p)? 
—9(«2-Lg2|— B Ol toy оо 
SA+) =al +A)? - opes (( by а) 
2 [505090 = 2(b? —2ac) . 

x E аз : 
and the product of the roots=(« +B)? (x – В)? 
АНК — tap} = 2 57 = doa _ 4° — dac) 
а? а? 


а“ 


of the required equation are 


The required equation is 
д2 — 2(b? - 2ca) , b*(5* z 4ca) _ 


2 0, 
a a 
or, ate? —a?(p3 — 2ca)z-4-b* (b? — 4ca) — 0. 
X. 10. If a is not equal to b, but a? — 5a —3 and b? —5b - 3, 


1 
find the equation whose roots аге and b [C. U. 59] 
a 


Here ab, but a? —5g — 3 and b?=5b-3, from which it is 


evident that а and bare the roots of the equation z? — 57 - 3 
or z? — 5g 4-3— 0. 3 


a+b=5 and ab=3. 


Again, the roots of the required equation are pond 2, 


і =24 ba tb" _ (a+b)? — 906 35-6 19 
Now, а и = = ==. d 


and their product — 2% b Ш. 
ba 


The required equation is 27 -722+1=0, 
or, 3z* —19z--3— 0, 
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Ex. 11. Form a quadratie equation with rational coefficients, 
one of whose roots is 3— 4/3. 

By the conditions, the coefficients of the required equation 
are rational and one of its roots is the irrational quantity 
8-,/2. Hence the other root must be its conjugate 3+ 4/9. 


[vide Art 3(a).] 
Now, the sum of the roots—3 — /2+3+ /2-6, 
and their product= (3 — J3(34- /2)=9-2=7. 
-. Тһе required equation is z? – 674-7— 0. 

И», 12. Их, В be the roots of az?--bz-kc—0 and 7, д be 
the roots of lz?--ma--n-—0, then find the equation whose roots 
are «74-65 and «54-67. . [U. P. '89, '49]. 

« and В are the roots of ac? вс — 0, 
n А-а 4 


n > 


Again, У and 6 are the roots of la*-+ma+n=0,. 


=" —%, 
7-Һд- 1 and 76 i 
Now, the sum of the roots of the required equation 
— «y -Bó--x6--BY — (4-9) +8(7 +8) 


(кена) - bx - Ma ; 
a 1 а 


and the product of the roots= («/--86)(х4--87) 
4275 +978 +487? +485? =(«* +6?) Yo -+ (7° +-0°)х8 
={(x +8)? – 248}75-+4(7 +6)? – 276}48 


(5 7 2н y (m > вн) n(b* — дас) у ст? - Bin) 
= i 5 


* (ЖЫ. 12 lla а?1 al 
in(b? — ас) +ас(т? — т) | b? [n - m? ac — 4acln 
= ГЕ ГЫ al? Я 


2% ӛт, отт ac — 4acln 
the reqd. equation 18 up a A = 


273,2 — прут Нот ac- 4acln=0, 
or, a Pa ablma+ 
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[ Miscellaneous ] 


Ех. 13. Find the value of z*-F-4z?-LF6z?-F4z--9, when 
== 4-9-1. 
ш-,/-9-1, 2. а+1= 4/29, 
2. w*+292+1=-2 (squaring), or, 2?+22+3=0. 
Now the given exp. —z^(z* +2¢+8)+922(¢2+22-+3) 
— (22 +2s+3)+12=g? x 0420 %0-0+19=12. 


_/Ех. 14. Ifthe roots of az*-Lbz--c—0 bear to one another 
she ratio of 2 : 3, show that 65° —95ac. [O. U. '49] 


Here the roots of az? --bz-l-c-— 0 are in the ratio 9 : 3. 


Let the roots be 2% and 3«. 


Then their sum 24+34= — 2, or, 54= — Ж (7) and their 
a 
product 24x S4 5, or, үс Ed ius (2. From (1) we have 
2 г b? 
2 vr mE 
2543 =-—у...... (3). Dividing (3) by (2) we have а ax 
а 6« с. 
а 
2 
or, ==, г. 6b? =25ac. 
6 ac 


х. 15. If r be the ratio of the roots of the equation 


oz? +-be+c=0, show that «т >, [C. U. '84] 


Let < be one root of the given equation. Then the other root ` 
is ra (77 the ratio of the roots is 7 ), 


From the equation we have 


«ик -В, or, «(1+7)= - 


‚ Or, «2 =5...... (9). 


and < «у= © 
а a 
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Now, dividing the square of (1) by (2) we have 
9 
«а о or, (D? 8? 
aêr 5% T ac 
a 


м . 
— Bx. 16. If the ratio of the roots of the equation la*-+-na+n=0- 


be p : а, then prove mat 2/50 
[W. B. Н. S. '68 ; U. P. 56; Raj. '54] 
Let « and /:һө the roots of la? -«-nz-4-n- 0. 


Then «+6= 35 and «po^. From the given condition = 


Now, CLE ҒЫЛАР БЕТТЕГІ 
Eie -Si+ tso. 


V Ех. 17. What relation must exist between the constants of 
the equation z*--pz--q-—0, so that the sum of the roots may be 
equal to three times their difference, [0. U. '47 

Let < and В be the roots of а®-Ера-Еа = 0, and «>>. 
Now, by the given condition, «--В-8(«-2), 


=f, 
q 


i 


Again, "V % and В are the roots of z? --pz--q — 0, 
«-ЕВ= —p, or, 38= —p......(H) | from (1) 1, 

and «В=4а, ог, 9823 —g......(üi) [from (4) 1. 

Now, squaring (ii) and dividing the result by (iii), 


2 2 9 p? A 
we have n, or, ne or, 2p? —9q. 


The required relation is 2p? —9q. 
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„Ех, 18. If the roots of 2*+22pz+q=0 and z?--9qz-4-p-—0 
differ by a constant, show that p-+¢+1=0, unless p—q. 
[C. U. '44] 
Let < and В be the roots of z*--2pz--q—0 and У and ô bo 
the roots of 2 --9qz--p — 0. 
«--B-— —9p and «f—q, and 7+6= - 94 and 78 =p. 
From the given condition, the roots of the two equations differ 
by a constant. 
Then < — 7= k ( k being a constant ) and B—6=; (constant). 
4-Y=B-6, о, «-f-y-à. 
(6 -B)?=(¥-6)?, or («+8)9 —4«B — (Y 4-8)? — 470, 
or, 4p^—4q—4u* -4p, or, (р? -q?)+(p- q)— 0, 
or (р—а)(р-Еа--1)=0. 
^ either p-q=0, or, p+qt1=0, 
Now, if p and g are not equal, i. 
2+4+1=0. 
But if p— 9, then the two equations become the same equation, 
во pzéq. 
p+q+1=0, 


~ Six. 19. If the roots of az*+2bz+c=0 be <, р and those 
of the equation 42^--2Bz--0—0 be «+6 and В--5, show that 
b? — ac =( ay 
a-p). [C. U. '12] 
V^ <, В are the roots of the first equation, 


2b 
«+= - 7 апа “p= 222511 (i) 


бә if p—q is not zero, then 


Again, 7) «+ò and 4-5 are the roots of Aa*+2Bz+C=0, 
«84-95 = -28 and («-Е6)(8-Ев)=© 
Now, since < — f — («--8) — (64-6). 
(« - 8)? = (4-9) — (6-р), 
Or (4--0)2-448- (ған) — (ауы), 


* (Creo (799749). team 
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5 вы male 


v Ex. 20. If the roots of az?--bz-d-c— 0 are the reciprocals of 


those of a'z*-+b'x-+c'=0, show that a : 6:6 ::6 :' a. 
Lot x and В be the roots of a's? 4-b'z--c' — 0, 


t 


thon «--Й-- a nd «8-2, 


у and 3 are the reciprocals of x and Ё respectively, 


-Ь 
Па сан vU 2% 1] ITIN o: 
«Бра QE E EE ADI XI pL Eus 
а a’ 


Hence the equation, whose roots are the reciprocals of the 
roots of a’a*®-+b'e+e'=0, is ° Ent =0, 


i.e, ca*+b'e+a'=0; but by the problem, az? «-bz--c — 0 
is the equation. 
the two equations are identical, 


a tb o 
we have G=—=-» i46,a:0:0::0 5:0, 
c b a 


АА 21. Find the condition that the roots of the quadratic 
equation av*+bz-+c=0 should be one positive and the other 
negative. 

Let < and — be the roots of ax? -bx--c- 0. 
First, when < is numerically greater than В, then the sum of 
the two roots (i.e., < — В) is positive and their product (i.e, «x — в) 


ів negative. 


So, - b yill be positive and 2 will be negative. 
0, в @ 
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But – 2 will be positive, when b and а have opposite signs, 
a 
and ^ will be negative, when c and a have opposite signs. 
a 


Hence, we find that if the root that is numerically greater that 
the other be positive, then b and c of the given equation are of the 
same sign and the sign of a is opposite to that of b and c. 

Secondly, when a is numerically less than b, the sum of the 
two roots ($.е., < -В) is negative and their product is also negative. 


both сар ала © ате negative. But - 2 is megative, when Ё 
а а 


H H с. . 
and а are of the same sign, while ^ is negative when c and a are 
a 


of opposite signs. Hence, we find that if the root, that is 
numerically greater, is negative, then a and b of the equation will 
be of the same sign and c will be of opposite sign. 


Ех. 22. Form the two quadratic equations of which the roots 
are (а) 2+ ,/7 and 2— and (b) ,/7--9 and ,/7- 9 respectively. 
Distinguish between the coefficients of the two equations and try 
to explain the difference. [C. U. '48] 


(a) Here the sum of the roots=2-+ /7+2- J/7=4, 

and their product=(2+ /7)(2— ,/7)-4-7--8. 

the required equation is z? — 4 — 3 — 0. 
(b) Here the sum of the roots— J7+2+./7-2=2,/7, 
and their product —( 47--2)( /7 - 2)— 7 —4— 3. 

the required equation is z? — 2 JT z-1-3— 0. 

Again, (i) since of the two roots of the first equation, one 
(2+./7) is positive and the other (2 — ,/Т) is negative, 2 and the 
term independent of 2 are of the same sign (here, negative), while 
the coefficient of z? is of opposite sign (7.e., positive). 

Ав both the roots of the second equation are positive, æ? 
and the absolute term have the same sign (here, positive), while 
the coefficient of z is of opposite sign (2.е,, negative). 
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(ii) Ав both the sum and the product of the roots of the first 
equation are rational, all its terms have rational coefficients, 


But as the sum of the roots of the Second equation is 
irrational, the coefficient of тіп it is irrational. 


Exercise 1(A) 


1, Prove that the following ате identities and not 
equations :— 
j (а). (w—2)(a — 4) - 9(@- 2)(@—5)-+(w— 4)? —4, 
(a — a)(a — b) (x - bs -о) , (в—с)(х— а)” 
(2). (c — a)(c — b) ШЕ -b(a-c) (5-с)%-а) 1. 
a(a—b)(a—c) 1 ,ә(2-с)(о-а) a(@—a)(~— 6) _ à 
(0). ааъ ао) СЕР ТЕГ *° (оаа) == 
[C. U. 1884] 
2. Их, В be the roots of the equation az? +be+e=0, find 
the values of the following in terms of a, b and c. 


(i) «-8 (й) «8-48 (їй) ate (i) «зв 
Q $45 (wi) (5-0) Gu «utn 
| la у сын ee 


at+b aß+b 
Tf <, f be the roots of the equation z*-I-pz--q—0, find in 


(өш) БР 
8. i 
terms of p and q the values of the following :— 

( <" 10. U. 46] — уха араа 
(iii) «58-%-Е85а® (iv) «*-Ьх°8#--85 

29) a2 («3873 —B)-+62(8?4-* — <) [C. U. '41] 

(vi) «87-247 (vii) (&«4-2)-*--(8--5)7*. 
the equations whose roots are 
> npn 4; (ii) 5, -7; GH) 14/3, 1- J8; 


(iv) a+b, a-b; (v) a? +a+1, a? – a4-1. 


Ele, М.(ХІ) A—2 
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Б. (а) Form the equation whose roots are the squares of the 
roots of z? +3x+2=0. 

(b) Form the equations whose roots are the reciprocals 
of the roots of 

(i) а7--Ә2--4-0; (1) а2-2--1--0. [A. U. 7251, 

4/0) Form the equation whose roots are the A. M. and 
С. М. of the roots of 22--ф2--с-- 0. 

6. If« and Ё are the roots of az?--bz4-c—0, form the 
equation whose roots are 2« and 9f. 

7. If, В are the roots of az?--bz--c—0, find the equation 
whose roots are— 

(i) «* and $? [О. U. 1933] (н) «3-2 and f«^* 


[ C. U. 1336 1 
Gii) («--) amd («- 6)? [ C. U. 1924 ] 
Gv) «+272 and 8-71 [ C. U. 1939 1 
1 1 

erc талдар 
8. Form the equation whose roots < and В satisfy the relation 
«8=168 and «2 4-62 — 1600. [ A. U. 18] 
9. If one root of the equation 2° -ух--а=0 be twice the 
other, show that 9p* —9q. [ 9. U. '87.] 
10. If one root of the equation а22--02--с-- 0 be four times 
the other, show that 45? = 95ac. [ C. U. 1940 1 


11. If the roots of the equation az?--bz--c-—0 bear to one 
another the ratio of 3 : 4, prove that 195? —49ac.  [0. U. 19451 
12. Find the value of 
(Gi) а%-Та%--132-10, when s=3+ /2 
(1) 23-1022--35%-30, whenz-4--4 =3 
(Hi) а4--7а%4-912%--992--19, when «= 4 -3-2 
(iv) 42%-942%--492-40, when =3(3+2/ = 1)- 
13. Form the quadratic equation with rational coefficients 
one of whose roots is 4 — J/ b. 
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4. Ifthe roots of 10% --т2--т=0 be in the. ratio pia 
show that ,/2+,/2+,/™=0. [ C. U. '48 
J? V y 1 


15. If«and В be the roots of z*-Fpz--g—0, show, that 


zis a root of the equation qz? — (p? —99)z4-q— 0. [C. Т). '31] 


16. Пр and q be the roots of the equation 3x*°+62+2=0, 
= p? 


xa 
show that the equation whose roots are and —2- wi be 
2 
822-182--2--0. ГС. U. "541 


17. Их, В bethe roots of az?--bz--c—0, show .that the 


‘equation whose roots ate 2 E 7 апа (2+1) is box? -- (63 --ас)х+- 


48-0. ГР. 0. 37; н. 8.85.] 
18. If and В be the roots of the equation 2° —pz--g—0, 
form the equation whose roots are 


O 222-45. ІР. 0.7441 (i) 1.571 and «f, 


p-« 
Gii) 24-82 and 98- «. [ €. U. '28] 
19. If «ара В are the roots of 3z? — 6:--4—0, find the 
48 1,1 , 
value. of (5-8)-а(2+-2)--3«4. [ 0. U. 43] 


20. If <, be the roots of the equation 21z? —z — 2— 0, form 
the equation whose roots are «В and <*--6?, 

21. Пр, а denote the roots of 922 – 524-92=0, find the 
-equation whose roots are p--q and % ра. [.C. U. 1919 ] 

22. If < and В be the roots of #*+2+1=0, form the 
.equation whose roots are 4^ and В. Explain why you get the 
same equation as the given one. SAN 21 ] 

23 Их, В be the roots of the equation z*--z--1—0, find the 
.equation whose roots are 7 апа E, Account for the identity of 


the equation thus obtained with the original equation, 


[ C. U. '99] 
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24, Form the quadratic equation whose roots are the 


reciprocals of the roots of az? --bz--c — 0. [C. U. 19441 
6. Prove that the roots of 22*-+3z+4=0 are the reciprocals 
of the roots of the equation 4z? 4-3z--9. — 0. [0.9.2381 
26. Find the equation whose roots are twice the reciprocals 

of the roots of the equation az? +2bz+4c=0. | [U. P. '49] 
27. If the sum of the roots of az?--bz--c— 0 be equal to tho 
sum of their squares, then prove that 2ac=ab+b*. [Ajmir, 501 
28. Find the relation between a, b and c, if one root of the 


equation az*--bz--c—0 be gréater than three times tho other 
root by unity, 


29. If the ratio of the roots of ax*+ba+c=0, be m:n, them 
prove that , /?? ,-./ы 0. P. 1958] 
ЧЕ HE Je | 


2/80. If the ratio of the roots of the equation z?-Lpz-Lg-— 0 
be equal to the ratio of the roots of 23--12-4-т--0, prove that 


р?т= 124. [ Raj. '55 ] 
81. If«and В be the roots of w? —(1+h?)e+2(1+h?+h*)=0, 
show that «2 4-2 — x2. [C. U. 1909] 
92. Find the relation which exists between a,b,c when one 
root of az? – bz-|-c—0 is five times the other. [O. U. '55] 
33. If one root of the equation a? +pa+g=0 be the square of 
the other, show that р? — д(3р — 1)--q* —0. [C. U. '48] 


7%. If the roots of x*+Pa+gq=0 be <, В and the roots of 
2" +pa+Q=0 be 7, б, find the roots of д? +pa+q=0 in terms of 


4, B, 7, б. [O. 9.7141 
\ 85. Express the roots of the equation 030 — (р? — 9ад)ж-Е1=0 
in terms of those of z*+-pz-+g=0. [С. U. '32] 


1/58. Prove that the arithmetic mean of the roots of 
s 73az--b*—0 is the geometrie mean of the roots of 
% – 2604-0 — 0 and vice-versa, [C. U. '52] 
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37. Іп а quadratic equation of the form 2° --pz-l-q —0, the 
absolute term із misprinted 40 for 24 and the roots are therefore 
obtained as 4 and 10. Find the roots of the correct equation, 

“> 88. Find the condition that the roots of the quadratic 
equation ax 1-02 +-с= 0 should be 

(i) equal in magnitude but opposite in sign. 

(ii) both negative. (iii) both positive, 

5 ;/89. For what condition will the equation z?--pz4-q—0 have 
+ (i) one root zero ? (ii) both the roots zero ? 
40. Find the equation 
(i) whose roots are each less by 3 than those of 
z? —14z4-48—0; 
(ii) whose roots are each greater than those of 
g? -105--91=0 by unity. 
Уи. It 4, В and 7,6 are the roots of æ? —9pz--q?—0 ава 
ш — 9rz-- s? —0 and if <5 =ВУ, prove that p*s? —g?r?. 
./A2. If the difference of the roots of z^ — pz--q— 0 be unity, 
show that p? --49g* = (1--29)*. ГА. U. "171 
LAS. If the difference of the roots of the equation z? — pz-4-g —0 
be the same as that of the equation g? —qz4-p-—0, show that 
otq+4=0, unless p=q. 16 0.7411 
2/44. If the roots of az? J-bz-4-c-— 0, be the square roots of the 
J "оов of the equation pz?--qz-Fr-—0, show that pb*--ga? = арс 
and po? —a?r. Г 

45. If <, В be the roots of the equation az?-I-bz-l-c— 0 and 
xı, Bı be the roots of a,0°+bia+c,;=0, form the equation 
having the roots «€; --ff, and «81 +x. 

46. If one root of the equation az*-F-bz-Fc— 0 be square of 
&he other, then prove that b? --ac? ас = 3abc. [U. Р. '53] 

И. Tf the ratio of the roots of az*-+bz+c=0 be equal to 
that of the roots of ai2^-Fb,9--c,—0, then prove that 
ge : by :: 40: 2101. 
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46, If the roots of a1z?--bic--ci—0 differ from those of 
аз" +bex+Ce=0 by a constant, show that 
bg- faici | bj — 41262. 


ay ag 


49. The sum of the roots of a quadratie equation is 2 and the 
sum of their cubes is 97. Find the equation, [ C. U. '56 ] 


490. If < and f be the roots of az? +br+c=0, show that 
as? --Ьж-Ео= ala — «(в — В). 


5. Nature of the roots of a quadratic equation. 
(A) Inthe equation az? J-bz--c —0, we suppose that a, b and 


= Ey pay 
care real. Solving it we have в==?® Мила, 


2 ЕВ -b- ра ат 
Here the two roots are aot GF = dae and ЕЕ. 
а 


The character of the roots depends upon the value of b? — 4ас. 
(i) Ifb? ~4ac=0, i.e., if b? = 4ac, each of the roots reduces: 


to - 2. So in this case both the roots are real and equal, 


The roots will be irrational, if either a or b be irrational, 
Corollary: From the equation az*--bz--c—0, we have 


by 5*-4ac _ ay, Le 
(2+2. da? =0, when 0° – 4ac=0, 


Thus, az*--bz--c of the equation az*+ba+c=0 will be а 
perfect square, when 5? — 4ac — 


(ii) If b? —4ac is positive, i.e., if 5?7-4ac but not a perfect. 


Square, 4/5? — 446 is irrational and the roots are real, irrational 
and unequal. 


(ii) If b? —4ae is positive and a perfect square, the roots. 
are real, rational and unequal. But if either a or b be irrational, 
Ше roots will be irrational, even if 63 — 4ac be a perfect square. | 


( 
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(iv) Itb? — 4ac is negative, i. e, if b*«4ac, 4/2 —4ac is 
imaginary and so the roots are imaginary and unequal. 


(v) If b=0, the roots reduce to 0+ J0 — 4ac or xu =. 
2a G 


Hence the roots are equal but opposite in sign. Ifa and c are 
of opposite signs, the roots will be real, but if о and c are of the 
same sign, the roots will be imaginary. 1 

М. В. As the character of the roots is discriminated ( or 
determined ) with the help of b° – 4ac, the quantity b* —4ac is 
called the discriminant. i 

The above results may be stated as : 

(i) If the discriminant be zero, the tw 
equal ( not different ). 

(ii) If the discriminant is positive, 
unequal ( different ) ; 

(ii) I the discriminant is & perfect square, the roots are real, 
rational ani. unequal ; 

(iv) If the discriminant is negative, 


о roots are real and 


the roots are real and 


the roots are imaginary 


and unequal. 
The two roots of a quadratic equation will be 


Corollary : 455 
positive or zero. This сап be 


real, when its discriminant is 
expressed in азу of the following ways : 


(i) The roots are real, when the discriminat >0, 

(ii) The roots are real, when the discriminant 0. 

(B) The condition that two quadratic equations may 
have a common root. 

Suppose « to be a common root of the equations ax*-+-ba+c=0 
215,¢-+c,=0. Then satisfies both the equations, 
a« +b4+0=0...(i) 
and 014% +0110: = 0...(ii) 


and а12 
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By the rule of cross multiplication, we have from (i) 
and (ii), 


« 1 22 
ыы Сс riii) 
bc 1с саі-с,а abı — a4b 
« т x2 
EE ie 
сал — C10 bos — bic abı —a4b 
or, (ca, - c,a)* « (bc, – bic(ab,-a,b) which is the 
required condition, 
From (iii) we have 


x 1 x К | 1 
н. ee NR ЗАЛЕ ә. MÀ: 
C41 —~C14 ab,—a,b bey — bic сал — а1с 


.. The value of the common root is 


К à, —c ‚—Ь Я 
either 241 — с1а ог boa ~ bac (у) 
abı -a,b сау — азс 


(О) Function. 


3a? -424-9 is an’ expression and its value depends on the 
value of ш, Tt is therefore called a function of z. 

Here the value of z may vary (2.е., may be different),so z is called 
r à variable quantity (or independent variable). 
Y quantity that involves a variable quantity 2 is called 
a function of x and its value depends on that of z. 

Such functions are denoted by the symbols Ха), F(a), (2), 
%(а) ete. 

Suppose f(r) =95° - 82-5, Here, if we have to find the 
Value of f(a) or f(2) we have to substitute the definite values а or 
2 for т, and the value of the function f(z) thus obtained will be 
the value of f(a) or 2). f is 

Just g a (Sdn the remainder ma?--na--1 on dividing 
та? --лш-Е1 by 2-а, so also it may be said Шы! when 
Ха) = ma? +ng+] is divided by z — a, the remainder will be oe 

When y=z*, then у is said to be a function of g, i.e., іс . 
It should be noted that only one definite value of y a EL 
for any one value of 2. Thus if s=2theny=4, or if == — 
then y — 95. 


Thus an 
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Again, if y—22, then z— + Jy. But here т is not a function 
of y [wf(y)], because for any value of y, excepting 0, two values 
of æ are obtained instead of one definite value. v=+ Jy may, 


however, be separately expressed as two functions, viz.,c=+ /y 


and v= — Jy. 
The expression involving two variable quantities is said to be 


a function of two variables. Thus, 9хл?°-Е8ту-ЕБу?% is a function 


of (a, y), i.e., Хз, И). 


Here, for a separate 
value of the expression is definitely obtained. 


7(2, 8) signifies the value of f(x, у) obtained by putting 2 for 
т and 3 for y. 
Example. If Дт, y)= 322 4-2y*, find /(2, 3) and (3, 9). 
Here, /(9, 3)=3.22+2.37=30, 
and f(3, 9)— 3.83 -92.2* —35. 
It may be generally said that in the case of two variables 
; but if the function be a symmetrical expression 


Жа, b) z&f(b, а) 
in а and y, then only f(a, Б) may be equal to f(b, а). 
Similarly a function may consist of more than two variables, 


Note the following examples. 
Example 1. Tf f(a) zz? — 4, find the value of f(—2) and /(9). 


What do the results indicate ? 

Here, f( -2) 7 (7 9): -4=0 and f(2)=(2)? -4=0. 

These results indicate that here the expression is exactly 
divisible by both 2-2 and +2, i. e., each of z 2 and +2 is а 
factor of the expression. 

Exampie 2. If f(x) &a* - 612+, fnd the value of p for 
which f(a) will be exactly divisible by 2+1. 

Here /(в) will be divisible by 21, it f(-1)=0. 

Now. f(- 22(-D*- g1(-1) +o — 60--p. 

+ if f(—1)=0, then we have 60+p=0, 2. p= – 60, 


definite value of each of z and y, the 
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Examples (1B) 

Ex. 1. 
4g? —9. 

The given equation is 4g? = 


Discuss the nature of the roots of the equation 


, or, 4z?-9-0. 
Here, b=0, and a and c are of opposite signs. Hence the two 
roots of the equation are real, equal and opposite in sign. 


Ex. 2. Examine the nature of the roots of the equations 
(i) 2a°-62+3=0 and (ii) 45° — 19z4-9 — 0. 


(i) Неге, the discriminant (b? — 4ac)=(- 6)? – 4 x2x3-—19. 
2. The discriminant is positive but not a perfect square, 
-. The two roots are real, irrational and unequal. 
(ii) Here the discriminant = ( — 12)? – 4 x4x9 
—144- 144—0. 
The discriminant is zero &nd both a and Ыа= 4, b= – 19) 
are rational. 


The two roots are real, rational and equal. 


Ex. 3. Discuss the nature of the roots of (i) 22 – 624-2=0 

and (ii) z*-9 /75—2—0, [G. U. 48] 
-4x1x9-36-8-98. 

*. the discriminant is positive but not a perfe Square. 


the two roots are real, irrational and unequal. 


(i) Here, the diseriminant— (-6)% 


As the product © ( i.e., 2 here ) of the roots is positive, both: 
a 


of them may be either positive or negative, but as their sum (i.e.. 


~ or 6 here ) is positive so both the roots are positive. 
а 


(ii) Here, the discriminant =(~ 9 AJ)? -4x1x-2 
=28+8=36=(6)*. 
the discriminat is a perfect square, but b is irrational’ 
(5- –9 „/т). 
^ the roots are real, irrational and unequal. One of them 
is positive and the other is negative, as their product is negative: 


(-2). 
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Ex. 4. Show that the roots of the equation 3z? 4-42 -7=0 


are rational. 
Here, the discriminant=(4)* -4x3x — 7=16+84 
=100, which is а perfect square. 
the discriminant is a perfect square and each of th 
e 


coefficients of z? and 2 is rational, 


the two roots are rational. 


Ex. 5. Show that the equation 95° J-3z-I-5 — 0 cannot have 


any real value of 2. 
Here, the discriminant= (3) -4х2х5= — 31 (negative) 


Since the discriminant is negative, the two roots must be 
- the equation can have no real value of a. 


imaginary. 
Ex. 6. Show that the roots of the equation 990° --100: — 101 
are real, ГА. U. 212 
uation we have 995? --100z -101=0. 


From the given ed 
Here, the discriminant = (100)* -4х99х-101 
=10000+39996 = 49996 (бозуы). 


the discriminant is positive (і.ө.>0), 


the roots are real. 
Ех. 7. Find» if 23--102--р-0 has equal roots. 


Here, the discriminant = (10) — 4p = 100 – 4p. 
The roots will be equal, if the discriminant is zero. 
100 - 4p— 0, or, 4p —100, 1. p=25, which is the: 


required value. 
Ex. 8. Find ™ if c —9(5--9m)z--3(T-F10m)-0 have 
(i) equal roots and (ii) reciprocal roots. 010. "861 
(1) Неге, Ње discriminant 
Ax 1x 3(7+10m) 


={- д(Б-+9т)}* = 
= 4(25-4-20m--4m^) —4(91--30m) 


— 4(4m? --90m--25 — 30m- 21) 
=4(4m? — 10»+®= 8(2m* — 5m-+2) 


-8(т- 9)(2m — 1). 
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The roots of the given equation will be equal, if the 
discriminant is zero. 
We have 8(m – 2)(2m — 1)— 0, or, (m – 2)(2m — 1)— 0, 
m=2 or $. 
Hence m=2 or 3, if the roots are equal. 


(ii) The equation has reciprocal roots when the coefficient of 
2° and the absolute term are equal, 


Here the coefficient of z?—1 and the absolute term= 
3(7+10m). 


we have 3(7-+10m)=1, or, 30m= — 20, 
m= — $, if the roots are reciprocal, 

Ex. 9. Аге the roots of 22-92 A3z—18—0 free from surds 
though the part of the roots arising from ,/53 Sacis not a surd ? 
If not, why not ? (Cf. C.U. '46] 

Here, tho discriminant = ( — 2 A3) -4x1x -13—12--59—04 

Ў = (8) which is a perfect square. 

But b is irrational, it being equal to — 2/3. 


~ т=-&, 


Hence the roots ате not free fr 
irrational. 


"Vx. 10. Solve (a) а4*—2,/Ї7їл—8=0 ana (b) 2° - 10z--8— 0. 
Distinguish between the roots of the two equations and try to 


om surds, and they are 


account for the difference, - [0. U. '47] 
(а) Нввг-2МУ17-- J(-2 ЛЯ -4x1x —8 
9 


=2-Лт+ 100.2 STN ттар, 


(0) Here g= = W10*-4x1x8 104- J68_10+2 JIT 
; 2 2 2 
=5+ AIT. 


Now, (i) the roots of each of tho two equations are real, 
irrational and unequal. 


MAL = 
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The discriminant of equation (а)=10°. 
Here the roots are irrational, even though the discrimi 
1minantó 


is a perfect square, for the reason that here tbe coefficient of 
nb of z 


(i.e. — 9 JIT) is irrational. 
In equation (b), /b* — 4ас 


the roots are irrational. 
(ii) Of the first equation, one root (Т5) 15 росту ана 
n 


the other root ( JIT- 5) is negative, while both the roots (5+ / 17) 


and (5 = ,/17) of the second equation are positive. 
In the first case the sum of the roots is positive (as the numeri 
ae eri- 

positive here), and the product of the roots is 


1 с. 
ive and - із ne ativi is i i 
g е. This is possible 


= ./68, which is irrational. Hence 


cally greater root is 


negative, t.e., — bis posit 
a 
ө same sign and a is opposite to them in sign 


өш; of z? is positive, and the coefficient of ш 


th negative. 
he sum and the product of the roots 


when Б and c have th 
Here, the сое сі 
and the absolute term are bo 


In the second case, both t 
с йн 
and, Е are both positive. It is possible 


are positive, 4074 


а are opposite in sign 
е the sam 


when b and and c and а have the same sign 
ie, when a and 6 һау ө sign and b is opposite to them 


fficient of @° and the absolute term are both 
t of 2 is opposite in sign. 


f the equation (2--а)(е--8)- 


in sign. 
Here, the coe 
positive, and the coeflicien 
Ex. 11. Show that the roots О 


abu? ате always real, if a and b are real. 
Here, (оа) 0) =b" ог, c^ --(a-+b)u-+ab — ава =0, 


(1 — ab)" +(atd)erab =0. 

the discriminant= (a+b)? - 4ab (1 — ab) 

=(a+0)* - аһ балы =(а—)*+(@а&)*, in which each 
torm is а perfect square and both 2 and b are real, во the discrimi- 
nant cannot be negative. { 


Hence the roots of the givi 


or, 


on equation must be always real, 


80 A TEXT BOOK ОЕ H. 8, ELECTIVE MATHEMATIOS 


Ex. 12. Prove that the roots of (b--c)z? —(a+b+c)e-+a=0 
are rational, if a, b, c are real and rational. ГО. U. 47] 
Here the discriminant —1 — (a-4-b-4-c)]? — 4a(b-l-c) 
= {а--(®-Ес)}* — 4a(b--c) = 1a - (b+ c)}? 
—(a- b—c)*, which is a perfect Square, and besides this 
rhe coefficients of z? and x are rational. 
Hence, the roots of the given equation are rational, 


x. 13. Show that the roots of а2%--ф2--с--0 are rational, 
if a+b+c=0, where a, b, с are real and rational, 
Here the discriminant =b? — 4ac 
—-i-(a*oP-4ae [7 atbdte=0, 2. b= - (a4-c)] 
=(at+c)? — 4ас = (a —c)*, this is а perfect square and 
-@ and c are real. 
Moreover, the coefficient of 22 and 2 are rational, 
Hence the roots of the given equation are real, 


Ех. 14. Ifl, m, m are real, prove tha 
equation (2-0(2-т)--(2-т)а- n)+(a 
real and cannot be equal unless {= т-т 


8 the roots of the 
= n)(z-1)=0 are always 


Simplifying the given equation we have 


85? – 2--m-n)z-- (Im 4-mn4-n1) =0. 


the discriminant={ — 9(1-++т-Е)}* – 43 x (m--mn--n1) 
=4(l+m+n)? — 12(m-F-mn4-n1) 
=4(1+т-Ез)* )* = 3(Im+-mn-+nl)} 
= +m? +n? — Im -mn - nl} 
= 2121? +2mn? + 2n? — 2lm — 2mn — 91} 
= 24(1? – 2lm+m?)+(m? — үзө! Santi } 
ЕТЕ m)? + (т – п)? (в — 02} 
1, т, т ате real, .. (1-m)2, (т- n)? and (n—1)? are 
‘not negative. 
for the real values of 1, m and n, the discriminant of the 
:given equation can never be negative. 
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Hence, its roots are always real. K 
Again, the roots will be equal, if the discriminant is Zero, i. e., 
if 9{(1- m)* --(m — n)? (n – 1?] 0. But since none of the terms 
on the left-hand side is negative, their sum cannot be zero, unless 
each of them is zero. 
(L7 т)? =0 . Ё-т=0 l=m 
(m—n)*=0} , о, m—n=0+, on man 
(п-0%--0 n -l =0 n=} 
l=m=n. 

Hence the proposition is proved. 

Ex. 15. If the roots of the equation az?--9bz--c-—0 are 
real and unequal, then show that the roots of the equation 
x? --9(a-Fc)e--(a? --25* --с*)=0 are imaginary, where б Бс 
are real, 

77 the roots of the equation av®+2ba+c=0 are real and 
unequal, 

С. its discriminant is not negative, і. e, 40%- 4ac 4:0, 
ог, 4(6? — ac) £0. 

The discriminant of the second equation 

—4(a--c)? — 4(a? -- 95? 4-c2) = 4(2ac — 952) 
= — 8(b* — ас) = — 9x 4(b? — ac), which is negative 
Г 40° —ac)4:0.] 

Hence, the roots of the second equation are imaginary (itg 
discriminant being negative). 

Ех. 16. Determine the values of m for which 32?--4mz--9— 0 
and 22° 32 — 2—0 may have a common root. [C. U. '34] 

Let 4 be a common root of the given equations, 

Then 34?-F4m«-F2—0 and 2«4*-F3« -9—0, from which 2 
have by the rule of cross multiplication 

ы М E Е 5 Б ) T 2 1 
-8m-6 446 9-8m '\10/ (86) (9- 8m) 
2,2 = (8m4-6)(9 – З) =10°% 
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or, (8m--6)(8m – 9)=100, or, 64m? – 94т — 154— 0, 
or, 329m? – 127 —'/'1—0, or, 329m? – 56m--44m - T1— 0, 
or, (&m- T)(8m--11)—0, 
Е m-—i or - ES 
Hence, the equations will have a common root, whem 
m=} o – 4. 


Ех. 17. Show that the equations (b – с)? +(c-a)e+(a- b)=0 
and (c— a)z*-- (a – b)z--(b – c) - 0 have a common. root, 
The first equation is (b — с)23--(6- a)z--(a — 5)- 0 
or, (b-c)z? —{(b- ¢)+(a - b))z--(a — 5) - 0 
or, (b-c)z? -(b- c)z — (a — b)z-E(a — b)=0 
or, (b~c)x(e-1)-(a-d)(2— 1)=0 
ог, (z-1)(b—-c)s —(a— b)] 0. 
The second equation is (c — a)? +(a — b)z-- (b — с)=0, 
or, (c-a)z? – {(c— a)-- (b — c))z-4- (5 — c)=0 
or, (с-а)г(2-1)-(5-с)а- 1)=0 
or, (z-1)(c-a)z-(b—c)] —0. 
Hence the given equations have a common root 1 


[ “7 in both cases 2-1-01. 
Жы 18. If the equations az*+be+c=0 and by? +cx-+a=0 


have а common root, then either a+b+c= 0, or, a=b=c. 


If possible, let the equations:have a common root <, "Then. 
both the equations are satisfied by «. 


ax? -Fb«4-c-— 0...... (1) 
and b4*+c¢c%+a=0...... (2) t 
From (2) and (ii) we have by the rule of cross multiplication 
pm CURT, 


ab-c* bc-a? ca-b* 
^ (be— a3)? = (ab — c?)(ca — 53), 
or, b*c* —9a?bc--a* = a? bc — са — ab* -- 522, 
or, a(a?-F-b?-Lc? — 3abc) — 0. 
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az, -. aS 4-53 2-c? – 3abc 0, 
or, Манька - 9*6 —2* +e- a)*1—-0. 
-. Either a+b+c=0, от, (a-b)? +b- с)? +(e- a)? =0...(2) 


But (2) is possible, if a=b=¢ [Seo Ex. 14] 
if the equations have à common root, then either 


Now, 


Hence, 
at+b+c=0 or, а=0=0. 
з--іш-іс-(2- <)0--В, where f(a) is 
defined above. Q is the quotient and 
is divided by v- 4, < being & number. 


сұ; “Жа. 19. Let (т) ат 
the quadratic expression 
R the remainder when f(z) 
(a) Show that Q-a(zt-«)t* and R=f(*). 
(b) If < is a root of the quadratic equation f(z)—0, deduce 


from the above values of Q and В the following :— 


(i) f(a) is exactly divisible by 2-% 
(а) f(w)=0 has two roots, distinct or equal and that 
? [ б. U.'51] 


(iii) the sum of the roots is-7 


(a) “ f(z) zas? +b te= 
2 facere B. 
Again, from (1) we have (2— 40-а4%4с- В 
VT EIU E pa- oa(a? – <) +06 - 4) 
(а 


fle). 


2 Q-a(z-) to and R= 
ratic equation Да)=0, 


a roof of the quad 


(b) (). «is 

so it will be satisfied РУ <. f(3)70- 

Bo SU SOHO. 

Hence f(a) is exactly divisible by 27 a, 

(ii) “ f= -4)0-ЕВ, 2, when Да) =0, 
then (v - «)QT-E— 0 and f()— 0. 


Ele. М.(ХІ) A—3 
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But Е--/(<)--0 and 0-а(в4-4)--5.. 
л (с-Іа(в--4)--Мі-0, 
from the second factor а(с--«)--ӛ--0, or, az= — ax – b. 
A o g--4- b 
a 


2. the roots of the equation /(z)=0 are < and - (+ 5. 


If 640, then the roots will be distinct, but if b—0, then the 
absolute values of the roots will be equal. 


(iii) The sum of the roots=«+{ - («+2 }=< C em b. 
a a a 


Exercise 1(B) 


1, Examine the nature of the roots of the following 
equations :— 
(a) 2%-Т7Та--19-0; (b) 42*—25; (c) 4z*-4z4-1—0; 
(d) 92z?-2z-4-9—0 and (e) 2%-62--9-0. 
2. Show that the roots of the equation 427--952--81 
are real, 
3. Show that the roots of the equation 632° - 69%= 991 
are rational. 
4. Show that the roots of the equation 95° -82--4--0 
are imaginary. 
5. 12° 4-724-р= 0 have equal roots, find p. 
6. One root of z?--az--8-0 is 4, while the equation 
z^ --az--b-—0 has equal roots. ` Find b. A: [C. U. '58] 
7. (а) For what value of р will the equation 
s? — 9(1--3p)z-I-7(34-2p) = 0 have equal roots ? 
(b) For what value of m will the equation 


(m-I-1)2 +9(m-+3)0-+(m-++8)=0 have equal roots ? 
| (Р. U. '44) 
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8. Show that the roots of z*-I-9(3a--5)c--9(9a3 4-95) 2 0 
ате imaginary unless а= $. (P. U. 37) 

9. Show that the roots of (z — a)(z — b) — 2? are always real, 
На and 6 be real. 

10. Show that the roots of (a — b-Fc)z? --9ez--(b--c - a) 20 
are rational, where а, b, c are real and rational, 

11. If the roots of the equation z? — 9cz--ab— 0 be real and 
unequal, prove that the roots of. «* — 2(a-+b)s+ (a? 4-5? 4-902) —0 
ill be imaginary and vice versa. 

12. Prove that the roots of the equation 

(h° — ab)z? --9(gh – af)z--(g? —ca)— 0 will be equal, if 


T abo+2fgh — af? — bg? — ch? =0. (Baj. '45) 
ИЗ. If the roots of the equation (b —c)z?--(c — a)z-4-(a — 5) 0 
ibe equal, then prove that a, b. c will be in А.Р. (Ajmer '50) 


“44, 11, т. таге rational and 1--т--л--0, show that the 
roots of the equation (m-4-n-1)z?-F(n-l— m)z-- (L4-m — 2) 20 
are rational. 

15. If a0, find the value of c for which 
т?а? +2(mc — 2a)a-+c* = 0 have equal roots. 
16. If the roots of (a? —bc)z?--9(b* —ca)z--(c? —ab)=0 
are equal, prove that either 0--0 or, a? +b? +c? = 3abc. 

“47. Prove that if one root of #*-+px+q=0 be a root of 
g?—letm=0, its other root is a root of s? --(2p--)z4- 
(р3--р1--т)-0. ; 

48. Prove that the roots of c? +2(a+c)e+(a?+2b2+¢?)=0 
е imaginary, if those of az*+-2ba-+c=0 are real, 

149. Show that if the roots of the equation 

(a? +-2)e?+2(bo+ad)u+(c?+d*)=0 be real, then they are 
-equal. ГР. U. '37] 

30. Are the roots of the equation z? — 18 -3=0 rational ? 
It not, why not ? 

„Zi. Solve the equations (i) 4%-2,/82-99-0 and 
(8) 2° = 10z+22=0. Distinguish between the roots of the two 
tions and try to account for the difference, 


ar 


equa 
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22. If the equations s*-Fpz--g*» 0 and «*+p'c+q'=0 have 
а common root, shew that it must be either (pg'—p'q)/(q + 9) 
or (a -a)/( - 2). (0. U. 14] 
"93. И z^-Fpz--q70 and z?-Fqz--p-0, have a common 
root, show that either p—q, or, p+g+1=0, [Н.3.'68 ; C.U.'39] 
24. Prove that if the equations 2?+le+m=0 and 
z*-Fmz--i-—0 have a common root, their other roots will be tho 
roots of z? --z-4- im — 0. 
25. The eauations z*-Fbz--ca- 0 and z*-Fox-d-ab-0 have 
а common root, Prove that their other roots will satisfy the 
equation 2° -+ar+be=0. [ C. U. '56, '58 ] 
2/96. If the equations az? --9bz--c— 0 and 212^ +2b,0-+c,=0 
have a common root, then show that the'equation 
(b? — ас)ш* (20b, -acı — a3c)e-+(b.° — азс) —0 has equal roots. 
“27. Prove that the roots of Rie ICM SM е, are 
2-а 2-5 g-c 
always real and cannot be equal unless a=b=c, 
28. Show that, if the roots of «*+pz-+g=0 be real and 
, different, then those of 9«*-4(1+g)e-+(p?+2q2+9)=0 are 
imaginary. ; 
v/$9. Show that the roots of the equation 
(a*-++b*)a?+4abcda+(ct+d*)=0 cannot be different, if real. 


[ Pat. '46 ] 
40. Show that for all real values of A, the roots of the 


f 1 ТӘСІЛ 
equation Sr sed 0 are real. 


31. Find the condition so that y=mæ+c and у?=4ах may 
have equal values of a. 


31. (a) Ifa, b, care in G. P., then the roots of the equation 
ac? +2bz-+c=0 will be equal. 


(/82. Tf the roots of a(b — c)s? --b(c — a)e+ce(a—b)=0 be equal, 
thon show that 241 2 
a c b 
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4 
2-88. Show that the roots of 2° --рх--9=0 will be rational, if 
1 
o=kt4, where р, а and k are rational. 


2784, Obtain the relations between the roots and the cooflici 

of the equation a*—9pz-g—0. If the said а 
two equal roots, the equation (1-+y)2*-2p+y)e-+(a+y) o 
will have its roots real and distinct only when y is Me ey ie 


p is not unity. 
35. Let f(«)=ax*+be+c, where a, b, с are real numbers 


(a) What can you say about the roots of the i 
equat = 
in the following cases ? quation f(z) = 0, 
G) 5-0, acS0; (ii) с-0, а8»0; (iii) b=c=0, ау40; 
(іу) a=0, 2070. ; 
(b) ІН 270, show that the roots of f(z)=0 are either both 


real or both imaginary. 
(o) If = be real, find the least value of f(z) when а=2 
s ee 


b= -4 and c=10. [ 0. U. 52] 


6. Factors of à Quadratic expression. 


au?+bete is the standard form of a quadratic expression 


in 2. 


Let 4 and В be the roots of the equation az* --bz-lFc— 0 


Za c. 
Then a+B= xu «В 2 


b 
as? m ERAN aja? — (4+8)e +48} 


тас -«)-М(с-І-а(г-«)2-8). 
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7. Factors of a Quadratic expression in two unknowns w 
and y. 

az? --2hay-- by? d-2gz--2fy--c is the general form of a 
quadratic expression in z and y, where a, b,c, У, д, № are each а 
constant. Such expressions can be resolved into two linear 
factors under certain conditions relating to the coefficients, 


Arranging ax*--2hay-+by? +290+2fytc=0 as a quadratic: 
in z we have au? +2(hy +g)s+(by? +9fy+c)=0, 


~ p= 2900-0) JA — 4а(Бу* 3-27; Fc) 
oe ЧТР Тт дт Е р 
= бш-+а)-Е Муд)? = aby? Буу Fo) 
= Nyt 9)" = a(by* +2 fy Fo) 
a 


/. By Art, 6 we have aa +2(hy+g)s+ (by? +2fy+c) 


-а(2- one root of x)(x — other root of 2) 


ое 9+9) - Му +0)" - aby" ао) % 
[био Vp tg - alby? +2fy +c) } 


Hence, the two factors of the given expression obtained above: 
will be both linear, if (hy+g)? - alby? +2fy+c) is a perfect 
Square, i. e, if (h?- ab)y* -Е9(у% — af) y 4- (9? — ас) is a perfect 
Square. 

Now, the condition for (h? — ab)y? +2(gh – af)y (0° — ас); 
being a perfect square is {2(gh — af)? — 4(h? — ab)(g? — ac) —0, 

от, (gh—af)*— (h* — ab)(g? — ac), 

or, g*h3 +a2/2 — 2afgh=h? 0? — ach? — abg? +a? bc, 

or, a^bc--92afgh-— a*f? — abg? — ach? — 0, 

Or, abc--9fgh— af* — bg? —ch? —0, which is the condition 
required. 
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3. The sign of a quadratic expression. 


az$--bz--c is the standard form of a quadratic expression. 


Its sign ( positive or negative ) is determined from the nature of 
the roots of the equation axz*+bz+c=0. 


We have already seen ( Art. 6) that if < and В be the Toots: of 
av?-+be+c=0, then az? -Eba-d-c (s — «)(ш — B). 
Now, the roots < and В may be (i) real and equal, or (ii) real 
and unequal, or (iii) imaginary. 
(G) Let < and B be real and equal, i. е, «=В, 
Then, az? --bz--c —a(z — «)(a — В) 
=а(ш- x)(x- 4) 2 a(a - «)* 
=a xa positive quantity [ 77 (2- «)4 is positive ] 
Hence az? --bz--c will have the same sign аз а. 
(ii) Let « and B be real and unequal. 
(a) If is greater than 4 and В, then (z- <) and (2-0) are 


both positive. 
in this case, a(z — &)(z - б)=а ха positive quantity. 


ac*-+ba+c will have the same sign as а. 
(D) If ів less tham both « and f, then both (r—«) and 
(a - 8) will be negative and so their product will be positive. 
in this case, ag - bx -o  a(a - x)(x- В) 
=a Xa positive quantity, 


Hence az?-F bz 4-с will have the same sign as a. 


but less than В (i.e, if <<<, 
ifs lies between < and f), then (z—«) is positive and 
(к= В) is negative and so their product (z — «Y — В) is negative. 
(d) Ifa is less than < but greater than В (ie, if P<e<a), 
then (2 - 9 is negative and (ш — B) is positive and so their product 


(к- &)/(®— В) is negative. 


(o) Ifa is greater than 4 


1, 8 
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Hence in both the cases (c) and (d) 


az* cr bz-F c= а(ш— «)(z— B) — a x a negative: quantity. 
^. In both the cases the sign of аа?-ЕЬш--с is opposite to 


that of a. 
(11) Let « and be imaginary. 
Suppose 4=p+iq and В=р- iq. 
Now, az*-Fbz--c—a(a— «)(a — В) 


Salz- (ра) Не - (p -ig)} 
—al(z - p) — igWM(a -ә)-ча) 


=а{(@- р)? - (ig)*] aq — 
=4& Xa positive quantity. 


D) +E (i)? = -1] 


a2? +bs+c has the same sign as а. 


N. B. It is evident from the 
as? +be+c will have the Same sign as д 
2, but its sign will be opposite to that of a 


of az? --bz--c — 0 are real and unequal апа 


between the roots, 


9. The maximum and the minimum v 
expression aa? -- ba;-|-c. E 


аша Haec? ++ Я 
а а 


{өз г) 


е 60) 


discussion above that 


alues of the quadratic 


ze (10) 
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(i) Suppose а is positive. 
Now, since (2) i 
os being & perfect square is not negative 


for all real values of 2, 


2 
4+2) +0 (is not less than 0). 


Hence from (1) we find that the value of aa 224 
: can 

never be less th дас =b" ( by, 

an 7-42 | а 2+2) ів поб negative. | 


If; h bol E А 
owever, 2125 0, then az*-Fbz-o will be ОТО 
V LESS f 
ЕТ but not less than it. 
Hence, the minimum or least value of Ge Эшб ИВ 


4ac — b? tir 
52724 and then а= 7207 
o limit to the value of az? J-bz-F-c 


this case there is D 
t be determined. 


N.B. In 
ue canno 


and so its maximum yal 


(ii) Suppose ais negative. 
H b ti b 2 
is nO negative alot 
) | 2) ust be 


a nats 
Here, since (tas 


negative ( ^ @ is negative): 
а from (1) that th 


Hence we fin 

c-b? 
never be greater һап 45 ` 
2 4bute will b 


e value of az?°+bs+c can 


4ac — b? 
e equal + 
qual to ЛЕ , but not 


If ot =0, а? 

2a 
greater than it. 
Hence, the 


4ac — b INL. 
4ac—0 pnd then 2 2a 
o azi-d-bz-ro may be as small as we like, 

LI 


n be found. 


талітшт 07 greatest value of aa? tbate i 
i ів 


Б cas 


4a 
N.B. Іш tbi 
$ value of it ca 


go no definite leas 
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Examples (2) 
Ex. 1. Find the sign oí 222-52-56 for real values of v. 
22 — 5z-6— 2(z? — $a - 3) - 21(z — 5) --3 - 25} 
=2{(e - £)* +33} 
"^ wisreal .. (2-4%)% is not negative, 
Г. (z—2)?--22 is positive. 
Hence, the given expression is positive for any real value of v. 


Ех. 2. Ifc be real, show that the least value of 4z? — 45-1 
is zero and the corresponding value of z is 3. [C. 0, '37] 


443 — 4x--1— (25 — 1)*, which is a perfect Square. 


<. For real values of z, the value of (22 — 1)? 


is either 0 or a. 
Positive quantity. 


-. Its least value=0, 


Again, when (92 — 1)? =0, then 27 - 1—0, 


s=}. i 
Ex. Prove that for real values of v, the expression 
32° — 62--8 can never be.less than 5. (0. U. '35] 
32° — 6z--8—3(s3 — 22 1-1)4-5— 3( - 1)? +5. 
Now, (z — 1)? is not negative for any real value of д, 


the value of 3(2 — 1)?-L-5 is never less than 5. 


Hence, 32% – 624-8 can never be less than 5, and when the 
least value is 5, then z—1 


Ex. 4, For what value of z is 9294-52-39 negative ? 
(0. U. '50] 
2a* 50 — 8— 92? + 6x — æ — 3= (ш--3)(дж— 1) = 9(ш-Е3)(ш — 2). 
When z-« – 3, both the factors are negative, and so their 
product, 1.е., the given expression, is positive. 


Again, both the factors are positive when 2>2, and so their 
Product, i.e, the expression, is positive. 
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When а= -3 or $, the value of the expression is zero. 
Again, if z is greater than —3 but less than 2, than (c--3) is 
positive and (ш —1) is negative. So their product, ie, the 
expression is negative. 

Hence, we find that the given expression is negative for any 
value of z between —8 and $. 

Again, 92° 65 — 8—2(z* +32 — EH 

—9[z?--$a-- (8? – (* - 8l 
—9(z--5)* -2x18$-3-—9(z- 2^ – <. 

Here, (z4-2)? is not negative for any real value of c, So 

9(z-- 5)? — 4? (i.o. the given expression) is never less than -42, 


Hence, the required least value= — 5°. 


д? — 82-4 |. 4 
Ex. 5. Show that gx um lies between 7 and 3, if œ 
[C. U. '40] 


be real. 
3- 4 
Then y(z* -F9z--4)-a* - 
or, z?(y - 1)-+3a(y+1) 4C 


82-4, 
y —1)=0, it is a quadratic equation 
е 


in 2. 
Since z is real, the discriminat of the equation is not 
negative. 
13(y 4-1)? - 16(y – 1)* 


Here the discriminant = 


= — (Ty? – 5004-7) = – 10 - Dy - 7) 
т being real, — Uy = 3X 1)«0 (is not negative) 
о, 100-00 7) $0 (is not positive). 
ess than i, both the factors (y — 7) and (y - 1) 
duct is positive. 
both the factors are positive, so 


Now, ify is 1 i 
are negative, and so their pro 
Again, if V is greater than 7, 


their product is positive. M | 
When y=7 01 7, then the discriminant is zero. 
Again, if Y is greater than 2 but less than 7, then (y - 3) is. 
awe egative and so their product is negative, 


te d (у= 7) is n 
positive ап (у en 7 and 7, if z be real, 


+ The given expression lies betwe 
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2z? — 924-4 А 
Ex. 6. If a be real, prove that мы cannot Пе 
between 1 and —7. (0. U. "441 
— 92° — 9:44 
Suppose, у ЕЕ 68° 


Then, ylz? – 424-3)=92° — 9:--4, 
or, 2*(y—2)—22(2y-1)+(8y-4)=0, this is a quadratic 
‘equation іп 2, and w being real, its discriminant is not negative. 
Here, the discriminant—4(2y — 1)? — 4(y — 2)(3y - 4). 
2 being real 4(2y — 1)? — 4(y —2)(3y — 4) 4:0, 
ог, 4(y?+6y—7)+0, 
or, 4(у--7(у-1)“0. 


Now, if у<-7, both the factors (ут) and (у-1) are 
negative and so their product is positive. If y>1, both the 
factors are positive and so their product is positive. 


When y= — 7 or 1, the product of the factors is zero. 


Again, if y is greater than - 7 but less than 1, then (y-- 7) is 
positive and (y — 1) is negative and so their product is negative. 


Hence, evidently, if д is real, the value of у, i.e., the given 
expression, cannot lie be&ween — 7 and 1. 


2 
Ex. 7. Show that for real values of 2, 22 iml в 


z?--Az--2 , 
‘capable of having all real values. (0. U. '47] 
25? 4-424-1 2 hoa 
Let y= ET, h 4z--9)— 9x? 42-51 
et y deta Then y(a?-+42+2) Й 


ог, a^(y—2)--4a(y -1)--(2y – 1)=0, which is a quadratic 
equation іп g. 


д 13 real, .. the discriminant of the equation, i.e. 
16(y - 1)? - 4(у - 2)(2y – 1) £0, 

or, 8y^-19y--840, or, 8(y?-$y)4-84:0, 

or, 810° —$y+(2)?- 2st +840, or, 8(y-2*-4-$4:0. 
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ба perfect square, is not negative and 


Here (у = 8)°%, bein 
{ог any real value of у. 


therefore it cannot be negative 
So 8(y-4)2 +4 is always positive for any real value of y. 


Hence, if = be real, y or the given expression can have all 


real values. 
2-21 


Ex. 8. Find the limits between which таг must lio for 


tho real values of 2. 
Suppose коре En. Then 7(22--ш--1)-2%-а-- 

2% +211 2+1, 

or, s'u- 1)-+а{у-Е1)+@ -1)=0, 


equation in 2. 
Its dicriminant is nob negative for real values of 2, 


е (y-+1)? – 400—1)" 40, or, —3y2+10y-8+0, 
-4gy? -9у-у+31+0% 9, -(8y - 3v - 8) £0, ` 


which is a quadratic: 


от, 
or, -30-80- 3-0, or, 3(v- 4)(y - 3)}0 (not positive). 
Now, if y <5 both the factors (y - 4) and (y - 3) are negative 


ositive. 


and во their product is p 
factors are positive and their product is. 


If у>8, both the 


positive. 
When y=5 or 3, the discriminant is zero. 
Again if V is greater than i but less than 3, then (у= 5) is 
positive and (v - 3) is negative and so their product is negative. 
Hence we find that if 2 is тов], y (1.е., the given expression): 
, which are the required limits. 


can have any value from 2 to 3 
х. 9. Show shat the greatest and least values of 


622 — 922 +21 for all rea 
Da? — 1824-17 


to the values 1 and 
gr? — 294-91, 


Let 0= 52518217 
29924-91, 


then у(бж° - 182--17)= 67 
29(50 = 6) - 22099 7 11) +(17y - 91)=0......@). 


Б 
ате 5 and 1 corresponding 


(0. U. 49), 


1 values of T, 


9 respectively of 2. 


от, 
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It is a quadratic equation in z. .. for real values of a, the 
discriminant of this equation is not negativo. 

ie, 4(9y— 11)? – 4(5у – 6)(17у – 21) £0 ( not negative ), 

or, ~4(4y—5)(y-1)+£0, [simplifying and factorising ] 

or, -16/-%(у-1)<0, 

or, 16(у-1)(у-1)Ъ0 ( not positive ) 

Now, if y<1, both the factors (y — 5) апа ( 


3 Е à y —1) are negative 
:and so their product is positive, E 


Again, if y>%, both the factors are Positive and so their 
‘produat is positive. 

The discriminant becomes zero, when У=1 or 

Again, if y>1 but <4, (y — 1) 
cand so their product is negative. 


5 
T 
18 positive and (у— 4) is negative 


we find that for real values of z, y may have any value 
from 1 to 4. 


Hence, for real values or т, the minimum value of the given 
expression is 1 and the maximum value is 5, 

Again, putting y —1 in equation (1) we have g? — 4244-0, 

о, (д-2)*=0, 2. w=2; 

апа putting у = in equation-(1) we have д? — 22--1— 0, 

or, (с-1)%-0, `> ш=1. 

-. when z—1, the maximum value of the given expression 


is 5, and when v2, its minimum value is 1, 


Жа. 10. If be real and а have any value between 1 and 3 


КОНОМ that az*+a—-2 can have any real value, 


а--а- 2s? 
345-92 
Suppose imr: Then, y (ate 20%) - ag tg- g 


or, а%(9у--а)- a(y-1)-(ay2)-0, it is 8 quadratic 
-equation in а. бо, æ being real, its discriminant ig not negative, 
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ie, (y—1)2?+4(2y+a)(ay+2)£0 
or, (Sa+1)y?+2(2a? +7)y+(8a+1)+0, 


зат 
or, (8а--1/у3--9. fa Ely tuto 


С ЈЕ 


The above condition will be satisfied, if the conditions 


(a-+1)£0...(1) and {›+ ү) +1 d (2211 “\+о...@) 


are satisfied. 


Now, from condition-(2) we find that for any value of y, 


jerry is alwa it i 
t AOE у52>0, for it is a perfect square. 
(v+ 8a+1 


2 
The second condition is satisfied when 1 - GE 3 40 
эт 
or, if (227) +1, or if (2a? 4-7)%>(8а--1)3, 
or, if (94° +7)? -(8a+1)? 0, 
or, if (20^ +8a+8)(2a° — 80-6) 0, 
or, it Жаз --4a--4)(a? — 4a--3)- 0, 


or, if 4(a-I-2)* (a – (а - 3) +0. 


Here (a+2)* being а perfect square is not negative. 
‘So, the above condition will be satisfied when (a — 1)(а – 3) $0. 


Now, following the reasons in Ex. 9, we find that the value of 
а must lie between 1 and 8 to make the above condition satisfied. 

We also find that if а lies between 1 and 3, the first condition, 
i.e: (8а-Е1)+0 is also satisfied. 


Hence, if # be real and if a have any value between 1 and 3, 


the given expression can have any real value. 
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Rx. 11. If 2 and y are two real quantities connected by the 
equation z*-F-19zy-d-4y? — 967; — 44y+89=0, then 2 cannot lie 
between 4 and 1 and y between $ and 1. 

Expressing the given equation as & quadratic equation in z, we 
have z^-F22(6y —13)--(4y* — 44y 1-89) — 0. 
“7 wis real, .. the discriminant 4(6y — 13)? — 4(4y2 — 44-89) 4:0, 
or, 4(32y* -112y--80)«40, or, 64(2y* — 7-5) 40, 
or, 64(2y-5)(y-1)40, ог, 128(y – £)(y - 1) 4:0. 
[ Here give the reasons as before ] 
Hence we find that if z is real, 


y will have no value between 
$ and 1. 


Again, writing the given equation as a quadratic equation in 
У, we have 4y*--4y(3z — 11)--(z? — 262-1-89)— 0. 


7 y is real, "the discriminant 16(3= — 11)* 
or, 16(822 – 402-32) 0, 
or, 198(2- 4)(z —1)4:0. 

[ Here give the reasons ав before ] 


Hence we find that if y is real, 2 cannot lie between 
4 and 1. 


-16(22- 926%--89)<0, 
or, 198(52 – бш>--4)<0, 


“ж. 12. If p>1, then for Teal values ofa t 


3 К M he expression 
diri ми lies between 7—2 and DEL 
ж°-Е2ш-Ер pl 2-1 
_а° - 9g p? 
pa gi mun 


Then y(z? 4-2z4-p?) 222 — 22-р, 


or, a*(y — 1)Jd-2a(y--1)-p*(y .— 1) 


—0, % 
equation in 2. 


iB а quadratic 
Since 2 із real, 2. its discriminant 4 
or, —4{y?(p?-1)- 2y(p°+1)4(p2 - 


а 
о 


U+) 4-1) 240 
Dio, 
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m 
«tel BY HUE ag 
Жш -{- ка |). ME ka 

е е HY) 

= Mat (oF Ye BT нь 
or, ms T Ti - ЫЧ, 

on alot o resi) 


Now, 4" pol, =. p? — 1 is not negative and ptl.p-1 
DIU NL. 
[ Here give &he reasons as in previous examples ] 
‘Hence, if vis real, y (i. e, the expression) lies between 
= же; р>1. 
ЖІ Рт 1 
fix. 13. Show that the expression 2a°+ ay - 82 — ЖА; 
is resolvable into two linear factors. 
as? +2haytby*+2ge+2fyte is a standard quadratic 
expression and it can be resolved into two linear factors, 
if abe-+2fgh— af? —bg* —ch* =0. 
Here, in the given expression, a=2, h= i b-—-6, 
| е f= and с=6. 
Here, abo-+2fgh — af? – bg* —ch* — (8x – 6x 6) 
(2x 8x -4x8) - (2x 9) - (7 6x16) - (6x3) 
= —72-10-4-+96 -f= -96--96=0. 
Hence, the given expression can be resolved into two linear 


factors. ` 
Elo. M.(XI) Al—4 
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ix, 14, For what value of D is the expression 


3z* --"7zy — 5z ру* +Ty – 9 capable of resolution into two 
linear factors ? 
In the given expression а=3, h=4, b= -p, g= -& 
J=] c= -2, 
“© abot Bfgh—af* — bg* —ch* = (8x —px 9) 
+(@хїх-#х)-3хАе 


a +p xAP+2 x 42 
=6р+52р — 248 CH +4240) 204. 


Now, the given expression is 


resolvable into two linear factors, 
if “Pp – 204.0), 


49-394. 0, ог, f$p—394 2. p=6. 


AEN 15. Find the two 


linear factors of the expression 
5a*+13ay – бу* - 724-13у -6 


Here, 5a*+182y — 62 — 553 +lbzy — Qay – 6y? 
= (ш-Е3у)(5л — ду). 
Now, suppose 5z* --18zy — 6y? — 724-18y – 6 
7 (z-3y-Fa)(5z — 2y +b). 


< the terms of second degree (52* +182y - бу 


*) are the 
ваше on both sides 


Л —Ta+18y - 6=а(5:- 2y) --b(z-4-3y)--ab 

= (ba--b)z--(35 — 2a)y+ab 
1. 5a+b= -7...(1), 8% ~ 2a=13...(2), and ab= - 6...(3) 
Now, the given expression cannot be res 


Unless all the equations (1), (2) and (3) are sati 
values of a and 6. 


olved into factors 
sfied by the Same 


Here solving (1) and (2) we have a= —2,.b=3 and these 
values satisfy the equation-(3) also, 


the required factors aro z--3y – 9 and 5; — 2y --3. 
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Exercise 2 


If z be real, find the sign of : 

1. 22-5244 2. 192-32-15 8, 409-8247. 

4. І д is real, between what values of x will the function 
25? —1la+14 be positive ? 

5. Find the maximum value of (1 - 2)(9--32) for real values 


of v. [ 0. U. 46 ] 


6. Prove that ERES lies between 3 and $ for real 


values of z. [ C. 0. '55 ] 


7. Ifa be real, prove that Hen can have no value 


ibetween 5 and 9. [ 0. U. '54 ; G. 0. '48 ] 
8. Find the maximum and the minimum values of 


Se- = ED when z is real, 
stot s 


9. Find the limits between which the expression 21-42-59 
23--4>--9 
must lie for real valucs of =. [ ©. U. '48] 
i 32° --38z – 85 
1, h ЕЕ 
10. Ifz is real, prove that eT сап have no 
value between 7 any 11. [G. U. '49] 
11. Е х be real, show thet. a= сс L3 js cum 9 must lie between 
land — [C. U. '53 ; P. U. '41] 
2. If be real, show that the value of (г-2)--3) 
: (2—3) а) “вов 


Тө between 25 and 1. 
2 


2 
43. Show that the expression es "nds is capable of 


having all real values for real values of 2. 

1 
Qa аа 15 сй Cannot. lig 
(between 1 and 9 for апу zaal values of 2. 


14. Prove that 
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15. For real values of z, find the greatest and least values of 
z?--14z--9 


5 ІН. S. '65 ; P. 0. 401 
z^-r9z4-8 
\A6. Show that the greatest and least values of 2142-9 


224-92-43 
for all real values of z are 4 and – 5 corresponding to the values 


1 and 2 respectively of a. [ Pat. U.'40] 
xA7.. Show that the expression 92? --3ay --5z -= 2y? +5y+3 
can be resolved into two linear factors. ` 

A8. Find the two linear factors of 807+ Tay — 5 — 6y? +Ty — 9. 

19. Find the values of m which will make 22? +-may+8y2 - 
5y — 2 equivalent to the product of two linear facto: 

M20. Find m so that z? — 7z-I-m and ах? — 182 
a common factor. 

“21. If the expressions pz? —gr+r and 
common linear factor, prove that either p=0, 
^ 22. Show that x must lie between 3 an 
between —2 and 2, if the equation y? 4-2 
satisfied by real values of z and y. 

28. Show that the expression 82-15 52 
only for values of 2 which lie between certain 1 
these limits. 

«24. Find the condition that the expresssions ал 
and a's?’ +2h'zy +b'y? may have factors of the form 
тух respectively. 

25. Show that if aw? Hby? "Foz? + 2ay2+ Зеро, 
resolvable into linear factors, then a*--55-L-65 = Заро, 

4/26. Show that, for real values of >, the expression аа? --ba--c. 
has the same sign аз a, except when the roots of the equation, 
ах? --bz-l-c— 0 are real and unequal and s lies between them. 


rs. 
3m may haye 


42° —ra+p have a 
or p* а? +r? = Зра, 
d 7 and y must lio 
-102--921--01 to be 


сап be positive 
imits ; and find 


*+Bhay+by® 
3 У-7т5 and 


is 


[0. U.'53]. 


27. Ifa be real and p have any value between land 7, show 


that uui can have any real value. 
ртә2 – t 


PERMUTATIONS AND COMBINATIONS 


10. Permutation: Each of 
ў : the different a 
which can be made out of a given number of Mex ы 
зоте or all of them at а time is called their кул уза, ЫК 5 
ion 
Thus taking the letters a and b | 
together, two arran 
and ba can be made (i.e., first putting b after a and je ж 
„а after b). en putting 
Again, let us see how man 
ү у permutations m 
taking iwo letters at а time out of the three letters RAM. A " 
Here, six arrangements, n д 
m. , namely ab, ba, ac, ca, be, cb can be 
So, the number of i i 
s permutations in this casei 
arrangements be made taking all the three letters a, b i 1 Y i % 
evidently we have 6 permutations abc, acb, bea, bag. fes e» ee 
3 з П Д а. 
11. Combination: Each of the қар 
s groups or selecti 
bo made by taking at a time some or all of a de ciue: o 
things (without regard to the order of the things in each MR Ін 
called & combination. group) is 
Thus only one selection ab can be m i 
ade taking th 
И un ie id g the two letters 
Ав combination does not depend on the order in which 
things are arranged, we have only one group here. Th Ns 
ba are but one combination. Akon. 
The combinations of the letters a, b and 
, cb ki 
timo are ab, bc, ca. "erret АЫ 
There will be only one 'combination 
. abc by t 
letters all at а time, for abc, acb, bac, bca, cab, nes dE 
ibut the same combination. IX 
12. Distinction between Permutati 
: ation and Combi n 
It has ies said before that in permutation the order jd eee 
things in orn group are arranged is taken into 3x чун mi 
in combination only groups are selected without regard Ж i but 
0 the order 
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of things in each group. In permutation, first the groups are 
made by taking two or three things at a time out of a number of 
things and then the things in each group are arranged in all 
possible orders, whereas in combination only &he selections of tho 
groups are to be made but the things in each 
arranged in all possible orders. 


Let us take the three letters а, b, c. If Selections are made 
taking two at a time out of them, then we haye only three 
different combinations, namely, ab, ас, be. 


group are not to be 


But if arrangements (permutations 
аба time out of those three letters, then we first select the three 
groups ab, ac, be and then arrange each group in different orders, 
Thus the group ab can be arranged as ab and ba. 
two permutations ab and ba out of the single comb 


) are to be made taking two 


Hence we have 


ination ab, 
Similarly the permutations from the 


other two groups are 
ac, ca and be, cb. 


13. An important principle. 


"If. one operation can be performed in 
been performed in any one of these ways) 
then be performed in n ways, the number 
two operations will be туп”. 


m ways and (when it has. 
@ second operation can 
of ways of Performing the: 


Suppose the first operation 18 performed i 
of the m ways). We can then associate with this one way any of 
the n ways of performing the second operation and have т ways of 
performing the two operations. Thus Corresponding £o one way 
of performing the first operation, we have 1 Xn ways of performing: 
the two operations. . 


п any one way (out 


Similarly, corresponding to euch of m ways of Performing the 
first operation, we have n ways of performing the two operations. 
Hence, associating the n ways of the second operation.with the 


т ways of the first, we altogether have mxn ways of 


performing, 
the two operations. | 
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Example 1. Suppose there are 3 horses at the Howrah 
station and 4 cars at the Liluah station. 

Ifa man goes from Howrah to Liluah on a horse and returns 
from Liluah to Howrah by a car, let us see in how many ways 
he can perform the journeys. 

Evidently there are 3 ways of making the first journey, for he 
can go to Liluah taking any one of the three horses, and for each 
of these 3 ways there are 4 ways of returning to Howrah by any 
one of the 4 cars. Hence the number of ways of making the two 
journeys is 3x 4 or 12. 

[Since there are 3 horses at Howrah, he can perform his 
journey from Howrah to Liluah in 3 different ways and for each 
эку lol going to Liluah, he can perform the return journey in 4 
different ways 89 there are 4 cars at Liluah. Hence the two 
operations can be done in 3x4 ways.] 

М. В. The above principle can be used when there are more 
than two operations. We have seen that the first and second 
operations can be together performed in m хт ways. Now, if it 
is said that a third operation can be performed in ф different 
ways for each of these mxn ways, then the number of ways of 
performing the three operations i8 m x n x p. 

Example 2. There are 3 seats іп а room. Let us see in how 
many ways the seats can be occupied by 5 men. 

Here any опе of the 5 men can occupy the first seat. So the 
first seat can be occupied in 5 ways. Then any one of the remaining 
4 men can occupy the second seat. So for each way of occupying 
the first seat, the second can be occupied in 4 ways. Hence the 
first and the second seats can be occupied in 5 x 4 different ways. 

Now the first two seats being occupied in any one of the 
5x4 ways, there remain 3 men and one vacant seat. бо any 
one of the З men can occupy the third seat, 1. e., the third seat 
can be filled in 3 ways for each of the 5x4 ways in which the 
first two seats can be occupied. 

Hence the total number of ways required =5 x 4 x3=60, 


PERMUTATION OF THINGS ALL DIFFERENT 


14. To find the number of permutations 
taken т at a time (where rn or т=п). 

Suppose there are n marbles of differ 
‘holes. 


of n different things 


ent colours and 7 vacant 


The number of permutations of л 
a time will be the same as the n 
fill up the 7 holes by п marbles, 
this can be done. 


different things taken v at 
umber of ways in which we can 
Let us seo in how many ways 


Now, we can place any one 


of the n marbles in the first hole, 
So the first hole can be filled up i 


n n different ways, 


there remain (n — 1) marbles, 
by any one of these (n — 1) marble 
can be filled up in (n —1) ways. 

first hole can be associated with 
the first two holes can be filled 
When the first two holes have 


second, 
up in n(n—1) different ways, 
been filled up, the third hole can 
maining (-9) marbles, so the 
different ways, 
Ways can be аѕвосі 
the n(n- 1) ways of filling up the first two holes the first three 
holes can be filled up in n(n — 1)(n —. 9) ways, 


So far three holes have been filled u 
are as many factors in the number of У 
filled up. We also notice that as we р 
from the first, the number of factors g 
factor and each new factor is less by 

‚ Hence the number of ways in wh 
up -n(n -— 1)(n- 9)...... to r factors, 

Here the rth factor={n — (r - 1) =» — 74-1. 

The required number of permutationg 
=п(п = 1)(® — 9)(% — 3)......to r factors 
—n(n - 1n - 2) = 3)......(n =r+1). 


ated with each of 


P and we find that there 
ays as the number of holes 
roceed filling Up 8 new hole 
oes on increasing by a new 
1 than its Preceding factor, 

ich the т holes can be filled 
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Corollary : In the above example, if all the i 
о » n things b 
at а time, the number of premutations pm 
—n(n — 1Y(n — 9)......&o n factors —n(n — 1)(n — 9)......8.2.1 
( Here the эй factor —n — (n —1)— i 1 

15. Symbol: (i) The product of'the natural numbers 1, 2, 3 
ete. up to л is denoted by the symbol [n (or, т! ). E^ 

This symbol is read as ‘factorial n'. 

Thus, [5=5. 4. 979.5 

6126. 5. 4. 8. 2. 1, eto. 

(ii) The number of permutations of n things taken 7 at a time 
e symbol "P, or „Ру. The number of 
gs taken З ай a time is denoted by 9P, 
of permutations of n things taken all at 4 


is represented by th 
permutations of 8 thin 
Similarly, the number 


time is denoted by "Pa. 
ap, =n "Р,=щп-1)(%—9)...... (n - 74-1). 


[N.B. "Pr is called an 7-permutations as it denotes the 
number of permutations of n things taken r ata time. Similarly 
if 3 things are taken at a time, the arrangements are called 
3-permutations. In the symbol "P;, 7 also represents the number 


of factors in the permutations.] 


16. Some Corollaries : 


(1) |п-тіпт- ug 
Proof : [n= (п —1)(®—9)......8.9.1. 
Again, ВЕЧЕ J. [n=n -і 


Similarly [n= n(n- 
(2) ^P, can be expressed by factorial symbol. 
ар,-тп-1)п- ӨБ soe (n—r-+1) . [already próved] 
Multiplying and dividing the righthand side by 
(n-7(n-r-1)..8.. we have — ' 
(n —r)n-r—-1)...8.9.1.. SITTING 


1)|n = 2, etc. 


ар,- 
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spe №, 
n-or 
(3) The meaning of 10. 


Though strickly speaking |0 
the definition of permutation, [0 
having the value 1, i.e., [07 1. 


has no meaning according to 
1s regarded simply as a symbol 


Proof: From the corollary-(2) above we have 


RETR Again "Р, =» [Proved] 
% n= 2, qom lay, 
ШАШУ з [0' [ые 


(4) The meaning of = 


кет Eli чү i 
Stricktly speaking E is meaningless as per definition, 


but it 
is regarded as a symbol having the value 0. 
т n(n — 1)(п — 9)...... (n- rh» -, 
Proof : [б=т EXE 
х —n(n — 1) (в – 9)...... (n-r+1) ; 
0 
Now putting 0 for n we ате jl =0, but [o=1, 2 E; 
! — у “Ж 


(5) "Pm" P, 4. 
Proof: "P,=[n [proved ] 


i ы; “i tle. = Jf. 5.’ "Dp Rh 
Again, "P,., |=(=1 n In n Ба-а. 
(6) The number of permutations of 2 things taking at will 
1, 2, 3,...up to n things at a time— ^P, F^P,-E"p.. —— P... 


PREMUTATIONS OF THINGS NOT ALL DIFFERENT 


17. To find the number of permutations of т things taken all’ 
together when the things are not all different. ad 
e the m given things. Suppose p of them to be: 
b, т of them to be c, and the rest to be all 
Let a be the required number of permutations 
of the z permutations, all the p Mier 
of a's be changed into P unlike letters different from any of the- 
rest and only the arrangement of these p new letters be changed: 
among themselves without altering the position of any of 
the remaining letters, then |p new permutations will be formed 


from each one of the æ permutations. 
Hence, if this change is made in all the а permutations, we 
‚ ме: 


have 2 x|? permutations. 

Similarly, if in each of the new др permutations, the 9° 
number of b's be changed into 4 DOW letters different from each 
other and from any of the rest and ifthe order of these new @ 
letters only be changed without altering the order of any other: 


letter, we bave |4 tations from each of the 2|p permuta-- 


permu! 
tions. Hence the 


Let » letters b 
a, q of them to be 
different or unlike. 
Now, if in any one 


total number of permutations will then be- 


2х [р xlt ) 
In the same manner, py changing the т number of св into 
r unlike letters different from the rest, the total number ot 


permutations will be s X|? X |a xr. 

Now, the p 49; 4 Ь'в and 7 c's are all changed int | 
different letters and we now have n letters all different E 
- the permutations of these т letters taken all at á time= 
( тхірхілхіт-і|?, ишер 

[2 
ІРІ" 
[N. В. Ше und method is also applicable if there be 
n three kinds of things, ie, in any с more: 
у case where the things. 


tha: 
are not all different. ] 


PERMUTATIONS INVOLVING REPETITIONS 
[Each thing may be repeated once, twice, etc.] 


18. To find the total number of r-permutations of n differnt 
things taken т at a time, when each thing may be repeated up to 
wr times in any arrangement. 


Let the т things be n different kinds of letters ( there being 
mot less than 7 of each kind ). Suppose there are T blank places. 

Here the required number of permatations will be equal to 
whe number of ways in which the r places can be filled up by 


т kinds of different letters, each being taken once, twice, thrice,... 
wp to r times. 

The first place can be filled up by any one of the letters and 
во it can be filled up in я ways. When the first place has been 
filled up in any one way, the second place also can be filled 
up in п ways, for we may use the same letter again. Hence the 
first two places can be filled up in NXN огл? ways. 

The third place also can be filled upinn ways and therefore 
the first 3 places can be filled up in ж? ways. 

Thus we find that at any stage the index of n is 
‘the same.as the number of places filled up. 


Proceding in this way we have пт 
in which the 7 places can be filled up. 


The required number of permutations = п”, 
АМ. B. Неге, the number of things in an 
different n kinds of things must not be les 
thing is permitted to be repeated r times, ] 
PERMUTATION IN A CIRCLE 
19. If a number of things be placed ina row, the arrangement 
"is called a linear arrangement and if the things are placed in a 
circle (or ring), the arrangement is called a circular arrangement. 
Distinction. A linear arrangement has two ends, while 
there are no such ends in a circular. arrangement, Again, a 
linear arrangement depends on the absolute Positions in which 
the things are placed, while a circular arrangement depends only 
оп their relative positions, i.e., on the positions of the things 
relative to each other. 


always 


as the number of ways 


у one kind of the 
8 than r, since each 
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Tbus abcd, bcda, cdab, dabe are four different linear- 
arrangements, but there is no essential j 
difference wben they are regarded as 2 
circular arrangements. If the four 
letters a, b, c, d be read in cy clic order d 
beginning from each letter successively, b 
the above four arrangements are 
obtained. Hence, here we have four c 
linear arrangements from each circular Fig. A 
arrangement. : 

20. Two circular arrangements in which the same relative: 
positions of the things are maintained, are regarded as the. 
same. But they are regarded as different, if the relative. 
ons of the things are different in them. 


positi 
tters а, b, c, d іш Fig. B are not placed: 


Thus, though the le 
in the same places 88 in 
tain the same order 


r relative positions 
are the same. For in both the " 
figures, if the letters are read clock- 
wise in a cyclic order, starting from 


exactly 
Fig. A, they main 
in both, i.e. thei 


any one of them (а or bore or d), 
tho letters will be obtained in the 4 
Hence Fig. B: 


same order in both the cases. 
the arrangements are the same here. 

Again in fig. C, 
positions of the letters a, b, c, d are 
not the same as in figs. A and B, 
for if the letters are read in cyclic 
order in fig. A starting from a, we 
have abed, but from fig. C we have 
adbc. Hence the third arrangement 
is different from the first two. 


the relative 
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We, therefore, come to the conclusion that to arrange a 
number of things in a ring, one of the things may be placed in 
-any one position and then the remaining things may be arranged 
in the other positions in all possible ways. 

Suppose there are four different positions in a circle, Then 
‘keeping a fixed in any one of the positions, the letters b, c, d can 
fill the remaining positions in [3 ways. Hence the number of 
‘permutations = |3. 


Similarly, if т different things be arranged in a circle, the 
‘number of permutations = һ-1. ? 

Г М. B. In revolving round a circle there are two directions 
‘the clockwise and the anti-clockwise. In the above Шетінен 
distinction has been made between the two directions and we 
have |n 1 permutations. But if there be по such distinction then 
‘the number of permutations is halved and we have {п-1 
permutations. 74); 

As for examples: (1) Suppose there will be а round table 
‘conference with 20 persons. In how many ways can they be 
‘seated round the table ? 

(2) In how many ways can 20 boys sit in a ring (or merry- 
.go-round) ? 

(3) In how many ways сап 20 beads of different colours 
‘form a necklace ? 

Now ір (1), the arrangements donot depened on the positions 
of the persons relative to each other but only on the positions 
with respect to the table. i H 

Hence the number of permutations = |20. 


(2) In (2) we are concerned with the positions of the 8 
relative to each other. Now, if we fix one boy in one y 
and arrange the remaining 19 boys with respect to 
have | 19 arrangements. 

Hence the number of permutations here — [19, 


position 
him, we 
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(3) It is also a question of relative arrangements, but there 
is а difference between (2) and (3) In (8), if we keep one bead 
fixed and the necklace be formed arranging the other 19 beads 
in different ways with respect to the fixed bead, either in the 
clockwise or in the anti-clockwise direction, we have the same 
kind of necklace and there will be no distinction. For, 
corresponding to any such arrangement, if the necklace be turned 
on its other side, it will look the same necklace. Hence, the 
‘total number of permutations will be haved, i.e. we have 1119 


permutations. ] 
Examples (3) 


Find the numerical value of 


(а) 18 апа (ii) "Pa +°Ps. 
E 


Ex. 1. 


Д 5х[4 
Мож, (0 ees E 


E 

m 3 7х6х5х4 
za QUIE m 

Екі, e Pays n-1p,—72 : 5, find т, 

, n+p, T2 2 (n+1)(n)(n —1)(n- 2) 79 

- ap, 5' (n-1(»-2)m-3) 5 


n(nd-1).72 or, 553-F5n— T2n 916 
n-3 5 ) 


bn? —67n+216=0, or, (п-8)5п-97)-0, 2 ЕЕ 
Here, the other value of т, obtained from the oth . 

‘being an integer is rejected, er factor, not 
Ex. à. Show that ^"*P,—(n-r) "Р, 

n-i 
Py =(n = 1)(% = 9)(n = 3)e*(n -r+1)(n ы s) 
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Again, "-ір, i—(n- 1) -2)*-3)- (n—74-1) 
1. (%-т).*®7®Р„-а = (%— 1)(n — 2)0n-3)...(n —r+1)(n - 7) 
ы "Тар —(n-—r)?-^*P. i. 


Ex. 4. Two boys enter a hall in which there are only 5- 
vacant seats. In how many different ways can they seat 
themselves ? 


The required number of ways=the number of permutations of 
5 things taken 2 at a timo— "P, =5x4=20. 

[ Otherwise ; The first boy can sit in any one of the 5 seats, 
So he can sit in 5 ways. Now, the first boy having seated, 
himself in any one seat, the second boy can sit in any one of the 
remaining 4 seats. So for each way of the sitting of the first boy, 
the second boy can sit in 4 ways. 


н i They can altogether 
seat themselves іп 5x 4 or 20 ways. 1 


Ex. 5. In how many way сап one consonant and one 
vowel be chosen out of the letters of the word neighbour ? 


There are 4 vowels and 5 consonants in the given letter. One 
vowel can be taken out of 4 vowels in 4 ways, 


Corresponding to each way of choosing one vowel, ong. 
consonant can be chosen out of 5 in 5 ways, 
The required number of ways=4 x 5-920. 
[ М. В. The reqd. number of ways=*P; x *Py=4%5=90, ] 


Ex. 6. In how many ways can the letters of the word. 
‘balloon’ be arranged ? 


There ате 2 /в and 20's in the given word consisting of Y 
letters, 


-. Тһе required number of arrangements 


"EE LUXÉXBXAXSXSxI io 
pci ipe MART 57 7190. 
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Ex. 7. In how many ways can the letters of the word 
‘daughter’ be arranged so that the vowels may never be separated ? 


[ О. U. 46 ] 
There are 3 vowels ( а, п, e ) and 5 consonants (dig, hitr) 


in the given word. As the vowels can never be separated, they 
may be regarded as one letter. Then there will be 6 letters 
(a, u, e), d, g, h, t, r.. These 6 letters can be arranged in [6 or 
720 ways. 

Again, in each of these arrangements, the 3 vowels can be 
arranged in |3 or 6 ways among themselves. 

-. The total number of ways= 6x 720= 4390. 


Ех. 8. In how many ways can the letters of the word ‘cotton? 
be arranged, so that the two t's donot come together ? 

The given word consists of 6 letters, of which there are two 
ів and two ов. ы 

The number of arrangements without any restriction 
= 16 _8x5x4x3x2x1_ 13) 
[212 2x1x2x1 

Now, to determine the number of arrangements in which the 
two 28 come together, the two 25 are to be considered as one 
letter. Then we have 5 letters including two o's. 

-. The number of such arrangements 
-15. 5х4х8х2х1 60, 
pe 2х1 

The required number of arrangements in which the two 
t's donot come together —180 — 60 — 190. 

Ex. 9. How many different words can be formed out of the 
letters of the word ‘accommodation’ ? How many of them will 
have the three o's as consecutive letters ? 

There are 18 letters in the given word, namely, two qs, 
two c's, two m's, three o's and 4 other different letters. 

The reqd. number of different words— . 118 
i [{2х129х|9х[8 
= 129799600. 
Ele. M. (XI)—5 
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Now, to find the number of words in which the three o's may 
‘be consecutive letters, the three ов are to ‘be considered 'as one 
letter. In this case there will be 11 letters including 2 a's, 2 c's 
and 2 m's. 

-. The number of such words= (LL = 4989600. 
[21212 

Ex. 10. Show that the letters ofthe Word ‘anticipation’ can 

be arranged in thrice as many ways as the letters of the word 
‘commencement’. 

In the word ‘anticipation’, there are 9 d's, 9 тв, 2 t's and 8 i's, 

the other letters being different. There are 12 letters altogether. 


а, wos a 
12121218 

Again, ‘in ‘the word ‘commencement’ there are 2Qc's, 
3 ев and 2 n’s, the other letters being different and 
altogether 12 letters. 


The number of arrangements = 


8 тв, 
‘there are 


The number of arrangements=_ [12 (2) 


- 12181312 
Now, dividing (1) by (2) we have 
| Па 19131312 (3 3x8x1. 
(82,435 |а а 3xl - 
^. . The number of arrangements in the first ‘case is thrice as 
many as in the second case, 


3. 


Ex. 11. In how many of the permutations of 10 things taken 
4 at a time will one particular thing (i) always occur, (ii) never 
occur ? 

The total number of permutations of 10 things taken. 4 at a 
time without restriction= 1°Р,=10х9х8х7=5040. 

(ii) As in the second case one particular thing will never 
occur, arrangements will have to be made of the remaining (10-1) 
or 9 things taking 4 thinges at time. 

`. The required number of such permutations 
= °Р,=9х8х7%6—3094. 
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(i) Hence the reqd. number of permutations in which a 
‘particular thing will always occur= 5040 — 3094 = 2016. 

Ех. 12. In how many ways can the letters of the word normal 
‘be arranged, so that the vowels may occupy only.odd positions ? 

There are two vowels ( a, o ) and 3 odd positions in the given 
word. Since the vowels will occupy only the odd poitions, they 
«can be arranged in ?P, or 6 ways. Corresponding to each of 
‘these ways, there remain 4 positions to be filled up by the 
-4 consonants. This can be done іп |4 or 24 ways. 

The required number of arrangements = 6 x 94=144, 


У Ex. 13. Find in the how many ways can the letters of the 
word ‘purpose’ be re-arranged (i) keeping the positions of the 
"vowels fixed, (ii) without changing the rélativo order of the vowels 
:&nd consonants, 

(i) There are 7 letters in the given word. Three of them 
sare vowels and the remaning 4 are consonants. 

As in the first case, the positions of-the vowels are fixed,-so 
"the arrangements will have to be made with the 4 consonants 
‘including 2 p’s. 

The number of arrangoments=L$ — 19, 

Since the given word ( purpose) also is included in £hese 19 
-arrangements, the reqd. number of re-arrangements —19 — 1-11. 

(ii) In the given word, the consonants occupy the first, 
third, fourth and sixth places, while the vowels are in the second, 
fifth and seventh places. By the problem the relative positions of 
-the consonants and the vowels are to be maintained here, 


Now, the 3 vowels can be arranged in the 8 fixed places in 
18 ways. 
As there are 2 p's, the 4 consonants can be arranged in their 


d 4 
d places in-l* ways. 
-4 fixed р. E 
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2. The total number of arrangements=|3 x - 72,in which 
[2 


the given word also is included. 


2. The reqd. number of re-arrangements=72-—1=71. 

Ex. 14. How many numbers, each lying between 100 and 
600, can be formed with the digits 1, 2, 8, 4, D each of the digits 
occurring once in each number ? 

As the numbers lie between 100 and 600, each number will 
consist of 3 digits. We have 5 digits here. So we have to find. 
the number of ways in which 3 places can be filled by 5 digits. 

The required number— Рз —5x43 3— 60. 

Here all these numbers will lie between 100 and 600, since the- 
digit in the hundreds' place in all cases does not exceed b. 

Жа. 15. How many of the numbers formed by using all the. 
digits 1, 2, 3, 4, 5, 6 only once are even ? 

Here the number of the digits is 6. Evidently the numbers 
ending with the digits 2, 4, 6 will be even. 


Now, the number of permutations ending with 2=the number 


of ways in which the remaining 5 places can be filled up by the 
remaining 5 digits — ^P, =120. 


Similarly, the number of permutations ending with 4- and 6. 


is 120-each. 


B the required number of even numbers —190 x 3— 360 
E 


x. 16. How many odd numbers of five significant figures- 


can be formed with the digits 0, 2, 3, 4, 5 ? 
Evidently the odd numbers must end with the digit 3 or 5, 


Here, we have to find how many permutations сап bo made. 


ending with 3 and how many among them begin with 0, 


The number of arrangements ending with 3—*P,—94 


[ "7 here the remaining 4 places are filled by the remaining. 


4 digits taken all at a time. ] 
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Now, the number of arrangements beginning with 0 and 
ending with 3=°Ps=6 (77 here the remaining 3 places are 
filled up by the remaining 3 digits taken all at a time. 1 

The number of odd numbers of 5 significant digits ending 
swith 3=24-6=18. 


Similarly, the number of odd numbers of 5 significant digits 


-ending with 5=24- 6=18. 


Hence, the reqd. number of odd numbers —18--18 — 36. 


Ex. 17. How many numbers less than 1000 and divisible by 
5 can be formed with the digits 0, 1, 2, 3, 4, 5, 6 each digit 


-oceurring only once in each number ? 


Since the numbers are divisible by 5 here, the digit in 
them must be either 0 or 5. Again, since the numbers are less 
Бал 1000, they must consist of 1, 2 or 3 digits. 

(i) Now, there will be only one number (i.e. 5) consisting 
of 1 digit and ending with 5, 

(ii) There will be °P or 6 numbers consisting of 2 digits and 
-ending with 0. 


Now, to find how many numbers consisting of 2 significant 


digits and ending with 5 but not beginning with 0 can be formed, 


wo have to find the number of arrangements that can be made 
with 5 digits ( 0 and 5 being excluded ) taken one at a time. 
The number of such numbers= *P4 = 5. 

Hence, there will be (6+5) or 11 numbers consisting of 
2 digits and divisible by 5. : 

(ii) The number of nümbers consisting of 3 digits and 
.ending with 0=the number of ways in which the first two places 
сап be filled up by the remaining 6 digits taken 2 at a time 

=8Р.=30. 

Again, the number of numbers of 3 digits ending with 5="*p, 

=6 5=80, in which the numbers beginning with 0 are also 
included and they should be excluded. 
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Now, the number of numbers of 3 digits of which the first is. 
О and the last is 5-5 [ `7 the middle place is filled by the 
remaining 5 digits in 5 ways. ] 

2. The number of numbers ending with 5 is (30 — 5) or 25. 

Hence, the number of the required numbers 

=1+11+30+25=67. 
> Ех. 18. In how many ways сап the letters of the word 
‘player’ be arranged ? How many of these arrangements begin. 
with p ? How many begin with р but do not ‘end with r ? 

(i) There are six letters all different in the given word. 

The letters can be arranged in |6 or 720 ways. 

(ii) In the arrangements that begin with р, the remaining five- 
places are filled up by the remaining 5 letters taken all a£. 
a time. ! 

-. The number of such arrangements = | 5 —120. 

(iii) Here the total number of arrangements is 720 of which. 
120 begin with p. 

.. Тһе number of arrangements that do m i i 

ot begin : 
p=720 - 120— 600, Ed 

(iv) Now, in the arrangements that begin with p and end 
with 7, the remaining 4 places between them are filled b the- 
remaining 4 letters. 2 


The number of such arrangements=|4= 94, 

*' The number of arrangements beginning with p=190, 

2. The required number of arrangements that bogin with 2 
and do not end with r=120 - 24=96. 

Ex. 19. In how many ways can 8 prizes, one for i 
conduct, one for regular attendance and one for sports, be given: 
away to 20 boys ? 

** Hach prize can be given to any one of the boys, 

-. any one of the prizes can be given in 20 ways. 


ALGEBRA 71 


Then any one of the remaining prizes can also be given in 20 
ways, as it may be awarded even to the boy who has already got 
а prize. 

Two prizes can be given away in 20x 20 or 20? ways. 

Similerly, the three prizes can be given away in 20? or 8000 
ways. 

Ех. 20. In how many ways can 6 boys form a ring ? 

Here, it is a question of relative positions, 

Suppose one boy is fixed in one position. So, the remaining 
5 boys can be arranged in | b ways. 

4. The required number of ways=(5=5x4x%3x2x%1=120. 


Ex. 21. In how many ways can 6 pearls of different colours 
be strung.on a necklace ? 


[See the reasoning given in question (3) at the end of Art. 90.] 
Here, the required number of ways— ў [5= +x 190 = 60. 


Ех. 22. In how many ways сап 6 persons be seated in a 
round table ? 


Here, the arrangements are in relation to the table but not 
with respect to the relative positions of the persons. 
г. The read. number of ways = |6=6х5х 4x 3x2x1—790. 


“Bx. 23. In how many ways 5 boys and 5 girls sit at a 
round table so that no two girls will be in consecutive positions ? 


(i) [For positions relative to the table]: Keeping one boy 
fixed in one position the other 4 boys can be seated round the 
table in [4 or 24 ways. 

Now, if a girl be seated in between two boys, no two girls will 
be in consecutive positions. As there are 5 positions in between 
the 5 boys. they can be filled up by the 5 girls in [5 ways. 

Again, in fixing the one boy in one position, he can be seated 
in any of the 10 vacant positions, 

The total number of ways = 10 х|4х|5= 28800. 

(ii) [For positions relative to each other]: The required 
number =|4 x |5— 2880. 

(іі) If no distinction of clockwise and anti-clockwise arrange- . 
ments is made, the required number-— 3 x 2880 = 1440. 
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Ex. 24. Find the number of different arrangements that can 
be made of bars of seven prismatic colours ( violet, indigo, blue, 
green, yellow, orange and red ) so that the blue and green, shall 
never come together. (C. U. '55] 


The 7 colours can be arranged in [7 ways. Now, if the blue 
and the green colours be taken together as one colour, we have 6 
colours which can be arranged in |6 ways. But the two colours, 
the blue and the green, can be arranged in |2 or 2 different ways 
among themselves, 


The number of arrangements in which the two colours 
come together= 2| 6. 
.. The required number of arrangements in which these 
two colours will not come together 
=11-2х16=16-9|6=|6(7- 9) 
—5x|6- 3600. 
` Ex. 25. Find the total number of 


things taken 7 things at a time 
always occurs. 


"Let the different letters a1, аз,..... › аһ be the’ я dissimilar 
things. We have to determine only the number of those 
permutations (out of the permutations of n things taken r at a 
time without restriction ) in each of which one particular letter 
(say a4 ) always occurs. 

Let the particular letter а, be taken out. Then the number of 
permutations of the remaining n — 1 letters taken r- 1 letters at a 
time will be 775Р,-1. Now, if ау be put in the first place in each 
of these ""*P,-1 permutations, we then have the number of 
permutations of n letters taken 7 letters at a time in each of which 
the particular letter ал occurs. Evidently this number три 

Similarly we also have "^ "P,-; permutationg by putting а, 
in the second place. Since here 7 things arg to be taken at a 
time, there are evidently 7 positions (places) where the letter аз 
may be placed. If ал is put once in each of these 7 places, each 
time we have ”~*P,-1 permutations. 

The total number of such permutations =r, арм, 


„Permutations of n dissimilar 
‚ in which a particular thing 
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(i) The number of permutations in which a 


Corollary. 
ur=""*P,. 


particular thing will never осе 
(ii) np, 271 P, tr” Pra 


Exercise 3 


1. Find the numerical values of :— 
|8; (1; тє°Р„; "Ес 
SIE: 


2. It ^*1p,—10x"^7 "Ps find я. 
a. Pea БЕ BED A n 


Show that :— 
4. зар, 7(nF D x "Pr: + 
5. np =nx™ Pra ы 
®. [3r [7.37 1.3.5..... (0r DI 

^. AE AE en 
D з Two persons 50 in а railway carriage where there are six 
vacent seats; In bow many different ways they may seat 
(0.77.7101 


themselves ? 
9. Find the number of permutations of the letters of the 


word Paresh’ taken all together. 
mber of permutations of the letters in India. 


10. Find the nu 
: [C. U. '20] 
ospitals in 8 town. In how many ways 


11. There are 8h 
to hospital, so that no two of them may be 


-can 3 patients be sent 


in the same hospital ? 
12. There are 20 stations on а certain railway line. How 


many different single third class tickets must be printed so that 
ible to travel from one station to another ? 
30 stations on а Railway line, how many 
s tickets will be necessary to make it 
possible to book fro station to any other station ? 
(11. In how many ways can the letters of the word ‘laughter’ 
vowels may never be көрігі? 


be arranged so that the 
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15. Find the number of permutations which can be made 
with the letters of the word ‘approximation’ ? How many of 
them will begin with ‘p’ ? 

16. Ноу many different words can be formed out of the 
letters of the word multiple ? In how many of these will the 
two J's be consecutive 2 
ў» 27. In how many other ways can the letters of the word 
struggle be arranged (i) without changing the order of the 
vowels, (ii) without changing the relative order of the vowels 
and consonants, (iii) keeping the positions of the vowels 
unaltered ? 

18. Show that the letters of the word ‘Calcutta’ can be 
arranged in twice as many ways as the letters of the word 
‘America’. [C. U. '44] 

19. In how many ways can the letters of the word ‘pointed’ 
be arranged so that the vowels may occupy only odd positions ? 

20. How many numbers lying between 100 and 1000 can be 
formed with the digits 5, 6, 7, 8,9, each 
only once in each number ? 

21. How many numbers between 3000 
formed with the digits 1, 2, 3, 4, 5,6? 

2. How many odd numbers of five si 
formed with the digits 0, 3, 4, 5, 6 2 

43. How many of the numbers formed Ъ 
3, 4, 5, 6, 7, 8, 9 only once are even ? 
How many even numbers, each of 7 digits, 
with the digits 7, 5, 4, 7, 6, 5, 7 ? 
(>-5. How many different numbers, each of 5 digits, ean be 
formed by means of the digits of the number 32302 9 


257 How many numbers less than 1000 ала divisible by 5 
н сап be formed with the digits 0, 1, 2, 8, 4, 5, 6, 7, 8, 9 each digit. 
not occurring more than once in each number ? [C. U. '49] 
+7. 259. Find the number of ways in Which я different books can 
be arranged on a shelf so that two particular books are not- 


together, [C. U. 47] 


of the digits occurring. 
and 4000 can be 
gnificant digits can be 
y using all the digits 


can bo formed 
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> 58. In how many of the permutations of 12 things taken 3 at 
a time will one particular thing (i) always occur, (ii) never oocur ?' 
1599. Find how many words can be formed of the letters in the 
word ‘failure’, the four vowels always coming together. [O.U.'40] 
280. In how many ways can 4 prizes, one for recitation, one 
for sports, one for smartness and one for general proficiency be: 
given away to 8 boys ? ГС. U. '49] 
4^ 2/31. There are 36 candidatés for an examination, 20 boys and: 
16 girls, In how many ways can they be seated in a line so that: 
no two girls may occupy consecutive positions ? 


t^ 82. In how many ways can 7 examination papers be 


that the best and the worst papers never come 


arranged во 
together ? [ O..U.."51 ] 
33. In how many ways бап the letters of the word ‘blossom 


be arranged, so that the two o's do not come together ? 
V4, In how many ways can the letters of the word 'Friday" 


be arranged ? How many of these arrangements do not begin 
with ‘7’ ? How many begin with Е and do not end with у? 
© /35, А шап has to post 4 letters and there are 3 letter-boxes, 


in how many ways can he post the letters ? 
236. In how many ways can 10 examination papers be: 


o that the pest and the worst papers never come: 


arranged 8 
together ? ) | [ C. U.’53] 
37. In how many ways can 10 chidren sit іп а merry-go-. 
nother ? ГО. U.'97 ] 


round relatively бо one a 


38. how many ways can 8 boys form a ring ? 
"39. 8 


how many ways can 8 different pearls be strung on a 


necklace ? . 
40. Find how many different words can be formed with 5. 


given letters of which 3 are consonants and 2 are vowels, no two. 


g together. LO. U. 991 


consonants comin 1 
2 ано many ways can 8 persons sit at а round table во 
that all shall not have the same neighbours in any two 


arrangements 25 
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YS 457. In how many ways can 6 teachers and 6 students sit at a 
round table, so that no two students be in consecutive positions ? 

1243. In how many ways can 5 Indians and 5 Englishmen be 
‘arranged alternately at a round table ? 

44. In how many ways can 15 I.Sc. and 12 B.Sc, candidates 
‘be arranged in a line so that no two В, Sc, candidates may 
‘occupy conscutive positions 2 [ P. 0. 421 

~/45. In how many ways can 5 LSc. and 2 B.Sc. students be 
arranged at a round table if the two B.Sc. students (i) sit together, 
(ii) are separated ? 

46. Find the number of ways in which 5 boys and 5 girls can 
‘be placed alternately in a ring, 
“47. In а library there are 4 copies of one book, Б copies 
y ‘each of fwo books, 7 copies of each of three books and single copies 
of 6 books. In how many ways can all the books be arranged ? 

1/48. Alibrary has 5 copies of one book, 4 copies of ench of 

‘two books, 6 copies of each of three books, 


апа single copies of 
eight books. In how many ways can all the b 


ooks be arranged ? 


[C. U. '34] 
49. How many words can be formed taking together 2 conso- 


nants out of 7 and one vowel out of 3 so that the vowel is always 
in between the two consonants ? [0. U. 7921 
Ù 50. There are two works of three volumes and two works 


‘each of two volumes ; in how many ways can the ten books bo 
placed on a shelf so that the volumes of tho Same work are not 


Separated ? [P. U. '46] 
УТ5Е Show that the total number of Permutations ( with 
repetitions) of different things, not more than D being taken ара 
time, is n(n? -1) 

4 n-1 


t 52. How many different arrangements can be made out of 
the letters in the expression z^y?z? when written at full length ? 
# 53. If words be formed by taking only 5 at a time ont of the 
letters of the word ‘sulphanomide’, in how many of them does the 
letter ‘h’ occur ? 


COMBINATIONS 


21. We have given the definition of combination in Art. 11 
and discussed the distinction between permutation and combination 
in Art, 12. 

Each of the groups or selections that сап be made by taking 
at a time some or all of a given number of things (without regard. 
to the order of the things in each group) is called a combination. 

You have already seen that in combination only the selections. 
made, but it has nothing to do with. 


or groups of things are 
n each group among themselves in all 


arranging the things i 
possible ways. 
The number of combinations of т different things. 


Symbol : 
presented by the symbol "О, or nOr. 


taken т at a time is re 


Combinations of things all different 


To find the number of combinations of n different 


22, 
me (rn). 


things taken” at a ti 
Let 2 be the required number of combinations. There are r 
things in each combination. If the 7 things in each combination 


“рө arranged among themselves in all possible ways, we have |7 


permutations in each case. 

/. From 2 combinations we have v x7 permutations. It is 
also evident that when the 7 things in each of the z combinations 
are arranged among themselves in all possible ways, we have OK 
total number of permutations of п things taken r at a time. қ 


So cx[r-2"Pn 
Y ng, xr nin - D(n - 2X - 3). esta (n —r-4-1). 
ъа 2n 9) n7 H1) 

Lr 515] 


nO, 
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Now, to express (1) in factorial form, we multiply both its 
‘numerator and denominator by [n —7. Thus we have 
ng, =n - 1(» - 2) ....(n=r +1) x (n - e) — 7 — 1)......3.9.1 

E БАЛЕТ эсу енен; 


Alternative Proof: This can be proved without assuming 
‘the formula for the number of permutations. Let the total 
number of combinations be ^C, 

The combinations in which a particular thing occurs сап be 
-obtained if this particular thing be associated with each of the 
‘combinations that can be made taking (r — 1) things at a time out 
-of the remaining (n — 1) things. 

"^. "The number of combinations in whic 
-occurs=""7C,_4, 

Each of the » things occurs 7-10 
„combinations of n things taken т at a time. 


Һа particular thing 


The total number of letters in those combinations 
=n x" 10,4. 

But as the number of combinations ig here assumed to be 
‘nO, and as there are 7 things in each combination, the total 
«number of things in all the combinations is ROP, 

TX "О,-пх aa nea 


= "Op уяа, 


(ee „= 
Similarly, "230 еше с=т оО. 
"2025 =P Cys, 


fetta. aT she EER а-на, 


a-rng, rl 


-and 1 


1% 
r-i times in all the | 
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Now, taking the products of the left hand and the right hand 
-війев separately and cancelling the common factors in the two 
«products we have 


n n=l т"-9 n-rl 
х 


Пи Dla)... (n -r-E1) 
e(r – 1)(7 -= 9)...... 91 


nln- 1)» — 9)...... (n —r4-1) 


2561 1 
i " a) 
_ n(n — 1)(n — 9)...... (n-r--1)n-r 
ж Lr |n-r 
== tal 
i rac: (д), 
J [с 
Corollary. (i) "0,=n. 
nm at Ln ite: Sages I» —nn-1_ 
Proof. '. ^O, (abo oe 1 [Tac pA — 


(1) "О,-і. 


Proof. °’ "C,= ш ке: КЕ». АМ 

Lr Inr [n|n=n |n 
(iu) "P.o9prx?O, 

Proof. "Pa E = их а РР IPM 


(iv) "C,=1. 


Proof. Putting r=0, we have "0,= іп =1. 


COMPLEMENTARY COMBINATIONS 


28. Тһе number of combinations of т things taken 7 at a time 
is equal to the number of combinations of n things taken (n —7) at 
a time. 


If r things are taken from x things, (n -т) things are left. So. 
every time 7 things are selected from z things, (п-т) things are 
also separately selected along with it. Hence the second operation 
can be done in as many ways as the first. 


^0, —^0O,-,. 
Otherwise : [Proof with the help of formula] 
Du "беек" (1) 
-. Putting (n —7) for т in (1) we have 
Um ТАС 


= Ean: ala 
[®—т|»-(ш-) [nry 
A O EO A 
Corollary: (i) It ”Op="”04, then either D—q, or, p-q—n. 
Proof: Here, the number of combinations of n things taken p 
things at а time is equal to the number of combinations oF 
things taken 4 things at a time [ `7 here ^0,-^OQ. 2. js 
Again, ^ "0,—"0,-, and 77 ^05—^0 (given), 
?O,-s—"Oq. :. п-р=а, .. ptg=n 
(ii) 77 °О„-„=”О, (proved), 


Putting n for r we have "O,-,—"OC,, or, "0,="0,=1, 
24. To prove that "O,+"Cyr-1="**C,, [H. 8. 1966] 


Evidently the number of combinations of (n--1) things taken. 
7 at а time=the number of combinations including a particular- 


thing+the number of combinations excluding that particular 
thing, 
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Here the number of things =n-+1, and 7 things are to be taken 

at a time. 

the number of combinations including the particular thing 
=the number of combinations of the remaining т things ‘taken 
(7-1) фа time="C,-3. 

Again, the number of combinations excluding that particular 
thing=the number of combinations of % things taken r at a time 

zr 4 

Honce ^*!0,— "0,-2--"0.. 

[N. B. To find the number of combinations in which a 
particular thing occurs, suppose we first take out that paticular 
thing from (n+1) things. Then» things are left and we have 
to take (т = 1) things from the remaining т things. The particular 
thing, already taken out, together with these (7—1) things will 
givo 7 things. 

Again, to find the number of things in which that particular 
thing does not occur, suppose that particular thing is removed 


from the (n--1) things as it will never be taken. Then 7» things 
are left over and r things are to be taken from these n things.] 


Alternative Proof : 


In 


n n ina — ————— 
Ort nr rinse [= [n — Gr -1) 
Le In 


| ае есеї 
Now, V 17=" КЕ ара |2-r+1=(n-r+1) | п-?, 


n ln 


п -- ^0, 4 — — —————-I———————u— 
n ЕЕ Ею 
Her ina (В. Duc n т-т--1--» 
[r=1 БЕ hea) eC ea 
BPW у Р аы (n1) |» 

[r-1 [n-r “а-т-Һ1) v|r-1.(n-r-1)| n —7 
= be aH. 

Lr In - 71 


gi, М.(ХІ) Al—6 
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25. To find the number of combinations of n things taken r at 
a time in which p particular things always occur. 


Here evidently 777p. Suppose the D particular things are first 
kept separate from the n things. Then (n-p) things remain. 
Now all possible selections of (7 -2) things aro made from the 
(n-p) things. If these Selections be then ad 
particular things already kept aside, we 


have all the combinations 
in which the p particular things occur, 


Since (r — p) things are taken at a time from (n — р) things, 
the required number of combinations—-^-?g, — 
26. To find the number of combinations of n things taken T 


at 
а Ите in which 2 particular things never occur, 


7 things at a time, then the p particular things do 
any one of the selections, 


The required number of Combinations ~"- °C... 


27. То find the total number of combing 


tions of т different 
things taken any number at a time. 


Here selections are to be made out of 
Evidently there may be two kinds of 
to each thing, for it may be either 
entirely. 


^ things all different, 
Operations with regard 
selected or left out 


Since there will be two operations with each 
and since either operation with any one thing m 
with each of the other (п — 1) things, 

the total number of operations with all the 
=2х2х9х...$о n factors=9", 


of the п things, 
ay be associated 


т things 


ded to the D, 


[i 
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Now these 2” operations include the case in which all the n 
things are left out. “Воб as there cannot be any selection in which 
not a single thing occurs, this case is inadmissible. 

The required number of combinations =2" — 1, 

[*N. B. (i) If the operation in which the first thing has been 
excluded be associated with the operation in which the second 
thing has been excluded, we have an operation in which both the 
first and the second things have been excluded. Again, this 
operation will once be combined with the operation in which the 
third thing also has been excluded. Proceeding in this way, we 
have an operation in which all the т things are excluded. So, that 
single operation is not admissible. d 

(1) Неге selections are made from » different things taking 
at will any number of them (say 1, 2, 3,...... up to п things) at a 
time, 

If 1 thing be taken at a time, the number of combinations is 
^O,,if 2 things be taken at a time, we bave "Og combinations, 
and so on. 

"OC, 3-" Cs E "Og 3-...3-*0,—2^ - 1,] 

28. To find the total number of ways in which a selection may 
be made by taking any number ( some or all ) out of ptqdr4... 
things, of which p are alike of one kind, а alike of a second kind, 
v alike of a third kind, and so on. 

Tbe p like things may be disposed of in (p+1) ways; for we 
may take 1, 2, 3,...от, p of them ata time (this can be done jn 
p ways) or in one operation we may take none of then (so 
there are p--1 ways), Similarly а things may be disposed of in 
(q+1) ways, the 7 things in (r4-1) ways, and so on. 

Now, each of the (р--1) selections of the first kind may be 
combined with each of the (4--1) selections of the second kind, 
So p and q things may be disposed of in (р--1)4--1) ways, 

Hence the number of ways in which all the things 


(p+a+r+:) may be disposed of is (р-Е1)(@-Е1)(©-Е1).... 
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But this includes the case in which none of the things are 
taken and this case should be rejected. 
total number of combinations 
Е DE I pu 
Division into groups 
29. To find the number of ways in which (m+n) things can be 
subdivided into two groups containing m and n things respectively. 
If a group of m things be selected out of (m+n) things, then 
with each of these selections n things are left out to make up the 
second group of n things, 
Now, the number of ways in which m things can be selected 
out of (m+n) things="*"C,,, ; and each time m things are selected, 
the other group can be selected by taking n things out of the п 
things left out. The latter selection can be made in 20) 
The required number of ways=™*"0 x1 
Inn [m+n 
“іт | mn =m mis 
Corollary. (i) If here n=m, the groups are equal ( 


being in each group) and hence it is possible to interch 
two groups without having a new subdivision. 


Hence, the number of different ways of subdivision 
_|mtm | am 


n Or l way, 


m things 
ange the. 


Lm Lm (2. {үт [9 
Illustration ; Suppose the four letters A, B, O, Dare to be 
divided into two equal groups. Evidently there will be 9 letters 
in each group, and we have the following groups : 


(i) (ii) (iii) ч (у) (vi) 
|| lsa] | a0) 12| |% 


BD AD 
Here of course we have (21876 БТОйр8 as per formula in 


Art. 29, but the groups (i) and (vi) are the Same and во also are 
the groups (ii) and (v) and the groups (iii) and (iv). 


i 6 
Hence in this case the number of different duc ra 
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Here we have to divide the letters into two groups and find 
that |9 number of groups have been identical and so the required 
number of groups has been found by dividing the result, obtained 
as per Art. 29, by |2. 

Hence, in such cases the factorial of the number of groups 
into which the things are to be divided will be identical and the 
result obtained from the formula of Art. 29 is to be divided by 
that factorial. 


In the above illustration the division is to be made into 2 
parts and the value of 2 and [2 being the same, it may be asked 
why the result is divided here by |2 and not by 2. 


To be free from doubt let us take another illustration. 


Dividing the 6 letters A, B, О, D, Hand F as before into 3 
equal groups, we have 90 groups, but of these 6 ог |3 groups will 
be the same, so to have the number of different groups, the 
result (90) is to be divided by [3. 


It should be noted, however, that if 2m things are to be 
| дж» 
(т)? 

(и) If (m-+n-+p) things are to be divided into three groups 
containing т, ® and р things respectively, it can be done in 


distributed equally among two men, it can be done in ways. 
& 


тіл“? ways, 
pm |” LP 
Now, if m=n=p, then the number of усе Из ч) 
imi? |8 


But if 3m things are to be distributed equally among three men 


3 
shen this can be done in ат ways. 
(qm) ; 


(ii) The results will be similar for any number of groups, 
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30. Ifthere are different things in each of the different 
groups, t.e. if there be m different things in the first group, n 
different things in the second, p different things in the third, and 
so on, and if selections are to be made taking r things at a time 
from the first group, p things from the second, £ 
third and so on, then the total number of 
be "C, x ^Oq x "Cr x ...... 

Proof. From the m things in the first group + things can he 
selected in "C, ways. Then 4 things can be selected out of n 
different things of the second group in 76. Ways Hanos 
combining the two kinds of operatio 


ns, the total number of 
combinations will be аја. After tho two kinds of 


of the p different things 


thiogs from the 
combinations will 


are done together, the number 
of combinations will be WO? x"Oix"Orx -..&nd so on, 


Hence the total number of combinations —"Q, у, "Os x?*O, x... 
[N.B. Now let us see what will be the number of permutations 
in such cases. When all the three kinds of operations have been 
done, there will be (r--g--1) things in each combination, The 
(7495-2) things can be arranged among themselves in | Tq 
ways. Hence the total number of permutati 
combinations is "Oy x ^O x 0, х [Akg kr 
Hence, generally the number of permutations 
="C,x"0a x0; х... х Ira ts. 
Greatest value of С; 
31. For a given value of », what value of + 
^C, greatest ? 
Or, То find for what value of т the number 
of n things taken v at a time 33 greatest, 
We have already shown shat 
uem. m. (1), and ^Q,.,— 
Lr [n77 


will make 


of combinations 


Іт 


кекте = с, 
[r= а= 
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From (1) we have "Q,—  |* ^ 
r|r-1|[n-r 


and from (2) we have aun r-1 x 31) n-r 
Dr smsy шей 


"б„=”=+1 ilo a. 

Hence, "С,>,-ог «?0,.,, 

илы = or <i, 

$6, Ип-т--1> =ог <r, 

$6, ifm+1>= or «92», 

20, М т< = or >=, 

Here the value of r must be a positive integer. 

(i) Now, if x be even, then 7) must be a fraction (m-+1) 
being then an odd number). Go, in this case, the greatest value 
ofr may be 5. For, И r be greater than 3 by at least 1, then 


(8-1 | will be greater than =! (i.e, 2) and consequently 


nO, will be less than "O,.,. 
In this case "C, is greatest when т-% and the greatest 


value is "Оһ. 


will bean integral number. бо 
n+l 
2 


(ii) Tt m be odd, then 251 


in this case "O,—^O,.,, if r= ‚ but if the value of > 


eod eH by at least 1, then "C, will be less than "C,_,, 


In this сазе "C, is greatest when =” n-i 


or g^" 


same result being obtained for both the values, and the greatest 


the 


таїдө=”Оз+ъ_ and "Oa-i. 
4 2 
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Examples (4) 
Ex. 1. Find the value of : 
G) "C. Gi) *O,x[5, (ii) DET 
; ғ 7 7 7.6.5 
Now) 0.2 АСЕ Е |7 бО ВБ 2. 
BIT |814 Bu —3xgy1795- 


ii Py [5a S8XTKEXS 2. 


ЛС 161 _16y15 14 
(iii), => —16x15x | 
418 Taxi =. 


Ex 2. It"0,=21x С, find n. 


^g, — "(n - Yn - 2) — 3) 
4x3x29x1 ^" 
and 91x 90,— 91 х4%-1)(%- | y elm = 9)(% = 4) 
3x2x1 8х3х9х1` 
Now, from the given condition we have 
nl — 1)(n – 9)(»— 3). 21 x ala — Wn – 4) 
4x9x2x1 8x83x9x1 ' 
or, (n-1)»-3)—33(4- 4), 
or, 25*—8n-c-6—91n-84, or, од? 29-1-90—0, 
от, (а-10)9-9)-0, ог, n=10, 2. 
the required value of »=10, ' 


(72 the fractional value is inadmissible), 
Ex. 3. If"Cio="Cg, find "C4,. 
"С:о="”Ов, .. n=10+8=18, 


=. ть 
^0,,7180,, =18 0. —35z17— 153, 


Ex. 4. How many committees each consisting of 6 members 
can be formed from 9 men ? 


Here the number of committees will be equal to the number. 


of combinations of 9 things taken 6 at a time, 
the геа4. number of committees=°C,=°Q, == окт. 84. 
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Ex. 5. How many words can be made taking 3 consonants 
and 2 vowels out of 13 consonants and 4 vowels ? 

Here selections are made from 13 consonants taken 3 at time. 

the number of selections =**Cs. 

Again, the number of ways of choosing 2 vowels out of 4= *C,. 

The number of combined groups, each consisting of 3 
consonants and 9 vowels=*°Cs x “Cs. 

Since formation of 'word" means different arrangements of 
letters the different 5 letters in each group are to be arranged 
in all possible ways among themselves. 

Now, the 5 letters їп each group can be arranged among 
themselves in [5 ways. 

The required number of words=**O3 x *О« х| 5 
= aged ent x SEE XO X 4 x 38 x A= 205920. 

[N. B. In forming words and numbers, the question of 
permutation always arises with each combination, for formation 
of words or numbers means different arrangements. Thus the 
number of possible combinations are to be determined first and ' 
then the letters or the digits (as the case may be) in each 


combination are to be arranged among themselves in order to find 


the total number of words or numbers. 

But in forming & ‘committee’, only the combinations are to be 
determined, for а committee remains the same in whatever 
different ways the members may take their seats.] 

Ex. 6, From 12 things in how many ways can a selection of 
4 be made (i) when one particular thing is always included and 
(i) when a particular thing is always excluded ? 

G) 7 а particular thing is to be taken in each selection, 

- only 8 things are to be selected from the remaining 11 
things and each selection is to be added to that particular thing 
This can be done in 110, ways 

the required number of combinations 


11 --11х10х9-- 
= 11 О: =Р хех“ = 165. 
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(ii) Here а particular thing is not to be taken in any Selection. 
So keeping it aside, selections are to be made from the remaining 
11 things taken 4 at a time, 

^ The required number of combinations — ET 

Вене 330. 

Ex. 7. From 7 gentlemen and 4 ladies а Committee of 5 is to 
be formed. In how many ways сап $ 
least one lady ? 

Since of the 5 persons forming the committes at lea 
be a lady, the committee can be formed in the followin 

(a) with 1 lady and 4 gentlemen, 

(b) with 2 ladies and 3 gentlemen, 

(c) with 3 ladies and 2 gentlemen, 

or (d) with 4 ladies and 1 gentleman, 


(a) In this case 1 lady out of 4 and 4 gentlemen out of 7 are 
to be selected. { 


the number of selections = *Cix 


his be done to include at 
[C£U. '48] 
st 1 must 
5 Ways :— 


70,—*0, x "Gs 


=4x --140, 
(b) In this case 2 ladies out of 4 and 3 men out of 7 are to be 
selected. 


^^ the number of selectiong= “Cex "O,= 4x8 х $5825=910, 
(c) Similarly in this case, the number of Selections 
="Csx"Ca=4G, х "Os — 4x 1x8 gy, 
and (d) here the number of Selections — *0, x Hom E 7. 
the required number of committees 
=140+210+84+7=441, : 
Ex.8. How many words can be formed taking 9 consonants 
and one vowel out of 7 consonants and 3 vowels so that the vowel 
is always between the consonants ? [C. U. "201 
Here, the number of permutations of 7 Consonants ta 
time="P,=76=49, 
Again, a word will be formed by placing anyone of the 3 
vowels in between the two consonants in each Permutation, 
3 words will be formed from each permutation, 
The required number of words = 423—196, 


ken 9 aba 
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Ex. 9. How many different triangles can be formed by 
joining the angular points of a polygon of 14 sides ? Find also the 
number of the diagonals of the polygon. 

As the polygon ‘has 14 sides, 16 must have 14 angular points, 
A triangle is obtained by joining any three of the 14 points, 

Hence, there will be as many triangles as the number of 


selections of 14 points taken 3 at a time. 
14.13.12 


The required number of triangles =**Cs= A =364, 


Again, a straight line is obtained by joining any two of the 


14 points. 
К { 4. 
The number of straight lines = мо, = 18—91, КОСЕ 


number (91) includes the 14 sides of the polygon, which are not 
its diagonals, ‘ 
The required number of diagonals=91 - 14 — 77, 


Ex. 10. А man has 5 friends, in how many ways may he 


re of them to a feast ? 


invite one or mo р 
or 3 or 4 or 5 сап be invited 


Out of the 5 friends, either 1 or 2 


at a fime. S 
Tho required number of ways 


= Oi+ 50, E505 4-50, "0, —5-F10--10--5--1— 81. 


Otherwise : The number of selections of 5 friends taken any 
number at a time—2^ - 1 =38-1=31. 
Ех. 11. А man has 4 sovereigns, 3 guineas and 5 shillings. 


In how many ways can he subscribe to a poor fund ? 
Here the 4 sovereigns are alike coins of one kind, the 8 guineas 


of another kind and the 5 shillings of а third kind. 
The required number (4--1)(8-4-1)(5--1) - 1— 119. 
[Vide Art. 28] 


Ex. 12. In how many wayscan 6 pens be equally divided 
among 3 boys ? 
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Let X, Ү, Z be the 3 boys. Here sach boy will get 2 pens. 


Now, 2 pens can be selected for X from the 6 given pens in 
°С. ways, and after each such selection, 4 bens willremain, Then 
2 pens can be selected for Ү from the remaining 4 pensin *C; 
ways. Evidently corresponding to each selection for X and Y, 
the two remaining pens can be given to Z in one way. 


The required number of Ways— ^0, x *Os x1 = 5543.00, 


Ех. 18. In how many ways сар 19 things be divided in three 
groups of 3, 4 and 5 things respectively ? 


3 things can be selected from 12 things in 2205 ways, After 
each selection 9 things remain. 4 things can be selected from the 
9 things in °C, ways. After each of these second selections 5 things 
will remain and 5 things can be Selected from these remaining 5 
things in °C, ways. 


The required number of groups 


-190, 90,0, aE ал, La arm, 


Ex. 14. How many different factors may 1155 have ? 


3, 5, 7 and 11 are the four prime factors of 1155, Each of 
these factors may be dealt with in two ways in forming a new 
factor of 1155, for it may be either selected or left out, Again, 
one factor or more than one can be taken at a time from the 
4 factors, for each of the prime factors as well as the products of 
more than one of them may be the factors of 1155, 


Hence, neglecting the case in which none of the 4 factors occur, 
we have tho required number of factors=24 — 1=15, 


[Otherwise : There will be as many factors as the nambor of 
‘combinations of 4 factors taken any number at a time. 


^ The requd. number of factors = "0; --*0, +40, 440, =15.] 


r 
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Ех. 15. Inagroup of 15 boys there are 7 boy-scouts. In 
how many ways can 12 boys be selectedso as to include (i) exactly 


6 boy-scouts, (ii) at least 6 boy-scouts ? [C. U. '43] 
Out of the 15 boys, 7 are boy-scouts and 8 are other boys 


In case (i), as 6 scouts must be taken, so 6 other boys must be 


taken to have a selection of 12 boys. 
The number of selections of 7 scouts taken 6 at a time— 70, 
and the number of selections of 6 boys from Sother boys= eq 
в. 


Hence, the required number of selections 
="0. x 0, 7 "01x °Os =7х61=196. 


In саве (ii), as the number of scouts cannot be less than 6, the 


selections can be made either with, 
(a) 6 scouts and 6 other boys, от, 


boys. 
Now (a), the number of selections of 7 scouts taken 6 at a ti 
is "Ce, and that of 8 other boys taken 6 at a time is °C, ; a time 
an be selected in 70; ways and 5 other 


Again, (0) 7 scouts 0 
n be selected in 80, ways. 


(b) 7. scouts and 5 other 


boys са 
* The required total number of combinations 
=106 X 80,70: X 50, = "С: x 90s - 7C, x ?C 
Fa ixit 180--56= 200, _ on 
“Ex. 18. А boy is required fo answer 8 questions out of © 
containing 7 questions, and he is not 


groups, each group 8 
permitted to attempt more than 5 questions from any group, In 
how many different ways can he choose them? . 

Let G4, and ба be the two groups, each containing 7 questi 
The boy has to answer 8 questions, but not more than nS Due 


group. : қ 
Hence he сал select the questions as follows :— 

(1) 8 questions from group G, and 5 from group Ga 

, 


or, (2) 4 from G4 and 4 from Gs. 
or, (8) 5 from G4 and 3 from Gs. 
Now, from (1) the number of selections 


zs. sz "Oix 19, — 165 7.6 


=391%o17 135. 
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from (2) the number of selections 


—0,x"0,—"0, x dem 7.6.5. 7.6.5 


and from (3) the number of selections = "05 x '0, — 785. 
The required number of Ways in which he can choose 
=1735--1995--735= 9695. 


Here 4 sailors must be on each side. So 2 of the 5 men, who 
can row on both sides, are to be placed on the side of X and Y. 
This can be done in 50. or 10 ways. Now, for each of these 10 
ways, the 4 men on the side of X and Y can be arranged among 
themselves in | 4 ways. 


Similarly the 4 men on the other side may also be arranged in 
[4 ways. 


Hence, associating each arrangement on one side with each 

arrangement on the other side, we have 14х14 arrangements, 
for the above 10 ways of selections the total number of 
arrangements = 10 x | 4 x|4=5760, 

Ex. 18. Find the number of ways in Which (а) а selection 
(b) an arrangement of 4 letters can be made from the letters of the 
word ‘successive’, 

In the given word there are 10 letters of 6 different kinds, viz,, 
(з, з, 8), (о, с), (е, е), ti, v, à. 

The selections of 4 letters can be made in the following ways: — 

(1) Three alike letters and one different, 

(2) Two alike and two others alike of another kind, 

(3) "Two alike and two others different, 

(4) АП four different. 
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Now in case (1), there can be 5 selections, for here any one 
of the 5 different letters c, i, 4, v, e can be taken with the 3 alike 
letters, i. e., the 3 s's. 


In ease (2), selections сап be made from the 3 different pairs 
(s, з), (с, c) and (e, е), taken two pairs at a time. 


= 8x2 


The number of selections = °C, = 2:2 — 3, 


In case (3), selections are to be made of one pair of like letters 
out of the three and any two of the 5 different letters. 


The number of selections = ?0, x ^0, = 3 x pt = 20. 


In case (4), selections are to be made from the 6 different 


letters s, c, $, %, v, e taken 4 at a time. 
the number of selections °C, = °C, =$% 
Hence, the required total number of selections 
—5--8--304-15— 53, 


(b) To determine the total number of permutations, the 4 
letters in each of the above selections in the different cases are to 
фе arranged in all possible ways. 


Now, from (1) the arrangements=5 x =20, 
18 


Mt ^ PPM Pam Sene 
(512 


[ - ofthe 4 letters 2 are alike, the other two are alike] 


„ (3) the arrangements = 30 x 15-300, 
È 


and 5). (2), s -15х|4--860. 


Hence, the required total number of arrangements 
720--184-360--360— 758. 
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Exercise 4 
1. Find the numerical values of : 


(i) 20. (ii) 290, (ii) #°б,„ (iv) i 


2. Bind n, if 890,,,-390, ,. 
3. (i) Findr,it 2x70,—35 0 
(ii) Te "C, —?O,, find е. 
У) If т= "Са, show that "С. 3,19, [0. U. '19] 
V4. If°"C,=9"0,49, find r. [C. U. 30] 
9. How many different selections can be made of 5 members 
out of 8 ? 


6. Out of 9 Swarajists and 5 Ministerialists how many 
different committees can be formed, each consisting of 6 Swarajists 
and 2 Ministerialists ? (0. U. '31] 


f5 is to be 
include at 
[C. U. "871 
е 20 Councillors and 
formed Consisting of 


Be 


7. From 6 gentlemen and 4 ladies, a committee o 
formed. In how many ways can this be done so as to 
least one lady ? 


8. Ina Municipal Corporation there аг 
8 Aldermen. How many committees can be 
5 Councillors and 3 Aldermen ? 

9. How many words of 9 vowels апа 
formed from an alphabet of 5 vowels and 
letters of the word being all different ? 

10. A basket contains 10 mangoes. Find how many different 
selections you can make of 3 mangoes so as to always include a 
particular mango. . м [C. U. 7911 
©. From a company of 15 men how many selections of 9 men 
can be made so as to exclude threo particular men?  [O, U, '54] 

12. А committes of 6 is to be made from 7 teachers and 
4 students, In how many ways can this bg done, (i) if the 
committee contains exactly 2 students, (ii) at least 9 stud 


[C. U. '39] 


ents ? 


17 Consonants, the 
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‘43. А candidate is required to answer 6 out of 10 questions 
which are divided into 2 groups, each containing 5 questions and 
he is not permitted to attempt more than 4 from any group. In 
how many different ways can he make his choice ? [C. U. '89] 
{> 14. At an election there aro 5 candidates and 3 members are 
to be elected and a voter is entitled to vote for any number of 
candidates not greater than the number to be elected. In how 
many ways шау а voter choose a vote ? [С. U. '35] 

15. How many different triangles can be formed by joining 
the angular points of & hexagon ? Find also the number of the 
diagonals of the hexagon. 

16. There aro 16 points in a plane, no three of which are in 
the same straight line. Find the number of straight lines which 
can be formed by joining them. [C. U. 1909] 

е 17. There are 10 points in a plane, 4 of which are collinear, 
Find the number of (i) straight lines, (ii) of triangles which result 
from joining them. 

718. There are points in a plane of which no three are ina 
straight line except m, which are all in а straight line. Find the 
number of (i) different straight lines ; (ii) different triangles formed 
by joining the points. [C. U. 1998] 

19. A certain council consists of a chairman, two vice- 
chairmen and 12 other members. How many different committees 
consisting of 6 can be formed including always the chairman and 
only one vice-chairman ? (0. U. '14] 

Mog, If nO, =20 and "P, —120, find the т and r. 

t 20 A man has 6 friends ; in how many ways may he invite 
one or more of &hem to dinner ? [C. U. '50] 

22. A cricket team consisting of 11 players is to be selected 
from two groups consisting of 6 and 8 players respectively, In 
bow many ways can the selection bo made on the supposition that 
the group of six shall contribute no fewer than 4 players ? 


(0.17. '38] 
Bl, M. (ХІ) Al—7 
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22. (a) A cricket team is to be selected from 15 players of 
whom only 5 can bowl In how many ways can tho team be 
formed so as to include at least 3 bowlers ? 

23.” Find (i) the number of different straight lines that can be 
had by joining 15 different points on a plano, no three of which are 
collinear excepting 4 points which are collinear ; find also (ii) the 
number of triangles formed by joining them. 

“24, І һауе в money bag containing a rupee, an eight-anna 
piece, a four-anna piece and a two-anna piece. In how many ways 
is it possible for me to contribute a Sum to a relief fund ? 

x. How many combinations can be formed of eight counters 
marked 1, 2, 3, 4, 5, 6, 7, 8 taking them 4 at a time, there being 
at least one odd and one even in each combination ? (0, U, '41] 

26. In how many ways can 22 people be divided into 9 cricket 
teams to play against each other in a friendly ваше?  [O, U. '50] 

У 27. Given я points in Space no three of which ате collinear 
and no four of which are coplanar. For what value of n will tho 
number, of st, lines be equal to the number of planes obtained by 
connecting these points ? 

28. In how many ways can one or more of 8 
to a hospital ? 

29. In how many ways can 12 things bo equally divided 
among 4 persons ? . [P. U. '46] 

“Уз0. Find the number of ways in which p positive 
negative signs may be placed in a row во that no t 
signs shall be together. given p+1>n, 

81. How many different factors can 2310 have 2 

у 82. Iinvite 8 friends to а party and place 4 at one round 
table and 4 а& another. In how many ways can T arrange the 
friends ? 

У 88, There are 7 gentlemen and 3 ladies contesting for 2 
vacancies ; an elector can vote for any number of candidates not 
exceeding the number of vacancies. In how many ways is it 
possible to vote ? É ІР. 17. '43] 


patients be sent 


signs and % 
мо negative 
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У 84. If the total number of combinations of 4m different 
things : the total number of combinations of 95 different things 
=957 : 1, find m. 

“35. Show that the greatest value of *?C, : the greatest value 
of 29-1 O,=2:1. 

36. In how many ways can 68 cards be divided (i) into four 
sets of 17 each, (ii) equally among four players ? 

37. In how many ways can 9 things be divided in three 
groups of 2, 8, 4 things respectively ? 

88. In how many ways can 12 different things be divided 
into four groups of 3 each ? 

39. Find the number of (i) combinations, (ii) of permuta- 
tions that can be made from the letters of the word impression, 
taken 4 at a time. 

40. А boat's crew consists of 12 men, 4 of whom can only 
row on one side and 2 only on the other side. In how many 
ways can the crew be arranged ? 

4i. Show that in (?^,)(— ^05), the number of combinations 
in which а particular thing occurs is equal to the, number of 
combinations in which a particular thing does not occur. 

e 42 Fina the number of (i) selections and (ii) arrangements 
that can be made taking 4 letters from the word ‘alliteration’. Ы 

[C. U. 1887] 

43. Prove that the total number of selections that can be 
made out of the letters ‘daddy did a deadly deed’ is 1919, 

[B. U. '10] 

44. Show that the number of all possible selections of one or 
more questions from eight given questions, each question haying 
an alternative, is 3* — 1. [C. U. 1928] 
5у ag At an election three districts are to be canvassed by 
19, 16 and 23 men respectively. If 51 men volunteer, in how 

, . 
many ways can they be allotted to the different districts ? 
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[v] X There are 4 boys of class IX, 3 of class X and 2 of 
class XI. Find the total number of selections that can be made 
with them so that no two of the same class may be included in 
any selection. 

47. Find the number of different ways of dividing pr things 
into r equal groups. 

48. From 3 mangoes, 4 oranges and 2 apples, how many 
selections of fruit can be made, taking at least one of each kind ? 
[Here fruits of the same kind are of different shapes.] 

49. In how many ways can five things be divided between 
two boys. 

50. There are 10 male and 8 female patients seeking admission 
into a hospital having 8 beds of which four are reserved for male 
and three for female patients and the remaining bed for either a 


male or a female patient. In how many ways can the admissions 
be made ? 


ЧЧ eoo l1 A SS 


THE BINOMIAL THEOREM 


32. Binomial expression: Any expression consisting of 
two terms only is called a binomial expression. 

Thus +a, 304-40, etc. are binomial expressions. 

Binomial Theorem: ‘Tho algebraical formula by which any 
binomial expression can be raised to any assigned power (i. e., 
the expansion of any power of a binomial expression can be 
found ) is called the Binomial Theorem. 

This theorem was discovered by Sir Issac Newton. 

33. Multiplying the four binomial expressions (2-а), (e+), 
(e+e), (24-4), we have (%+a)(a-+b)(a+e)(a+d) 

=e*+(a+b+e+d)z’+(ab+actad+be+bd-+ cd o? 
+(abe+abd-+acd+bed)e+abed. | 

It appears from this product that— | 

(ii) the first term z* is obtained by taking the product of 
the 4 в out of the 4 given factors ( none of the letters a, b, c, d 


has been taken here) ; 

(а) the second term involving z? is formed by taking v from 
any three factors in all possible ways and one of the letters 
a, b, c, d from the remaining factor ; 

(iii) the third term involving 22 is formed by taking 2 from 
any two factors in every possible ways and two of the letters 
a, b, c, 4 out of the remaining factors ; 

(iv) the fourth term involving т is obtained by taking x 
out of any one factor and three of the letters а, b, c, d out of the 


remaining factors ; 
(v) The last term, which is independent of т, is the product 


of all the letters a, Ь, с, d. 
Tf we put a=b=c= d in the above factors, we have 


(w-+a)* =“ 4-4aa5 + 6a? a? 2-42? 2r a*. 


This process is generally followed to prove the Binomial 


Theorem. 
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Binomial Theorem for a Positive integral Index 
34. To find the expansion of (a +a)” 
integer. 
Or, To prove that when n is a positive integer 
о —a^--"0, a^"! a-E^O,q^-352.L.... Eng днс» 


when n is à positive 


Ф" 


ва. ys 
-а”--лал- ep 1) Па: 


nln —1)(%.- 9)...(%- EE атата да 
Lr 


We know that (a--z)? = (а +2)(a+a)(a+z)...to » 

In the continued product of 
each term is obtained by a 
"n number of letters, 


Hence 
each term is of n 


the sum of the powers of a 


In case of the first term, only the letter а 
taken from each of the » factors. We 


product is a^. So the first term is a”, 
Similarly, the last term is form 
{ and not any a) from each of the 
product. So the last term is x^, 
The second term also is the product of x letters. 
term is formed by taking one а less, i. e, 
of the factors and one z from the remaining factor, Then their 
product is G^^*z. The number of Selections in this сазе is 
the coefficient of the second term. 50 "О, огт is the cnefficient. 
^. The second term is "O,a"~*z or nan-ty, 
In the third term one more a is dropped. Thus a is taken 
А factors and two 2’g fro ining’ 
pandas os peto. n. This selection a е оша "OS 
r n(n — 1) ways. Thus the third therm is "G,gn-2,,2 
12 
n(n - 1) ann 382. 


E 


(and not any w) is 
have n ав and their 


ed by taking only the letter z 
^ factors and having thoir 


The second 
taking a from any (2—1) 


о 


ог 
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Thus it is found that in any general term, if (n—7) number 
of a’s bo taken, then r z's are to be taken with them to make 


the dimension x. Now the selection of n a's taken 7 тз at a 


Н т 
time can be made іп С, ways. 


Hence, any general term is of the form "O,a"~"x". 


So, the terms in the expansion of (a-+a)” can be obtained, 
putting 0, 1, 2, 8,.....- up tox forr in the general term. Hence 
it is proved that (а-ға)! —a" --"C1a"7*z4-"Osa"-?2* 4 ... 


scp'OQattat-b.-be" qs "бос, Оһ=]! 


"n (аза mana! asp Dansat estes 
non -1-3)....(n-rtl)a n n pan, 


lt 

N. B. (1) The above formula is called the Binomial 
Theorem, 

(2) Тһе series on the right side of the formula is called the 
expansion of (a+). 

(8) 706, 7035 ба. rA US "On are the coefficients of 
the terms of the expansion. These are called the Binomial 
coefficients. е 

(4) It is evident from the formula-(1) that the expansion is 
finite and the number of terms is z-F1, ĉe, 1 more than the 
index of (24-2). 

(5) In each term the sum of the indices of a and х is п and 
in each term the index of т is one less than the serial number of 
the term [i.e., the index of Ф in the first term is (1—1) or 0, 
in the second term 16 is (9-1) or 1, and so on]. This index of 
тін also equal бо the suffix of C. 

(6) Itis clear from the formula-(2) that in each term the 
number of factors of both the numerator and the denominator 18 
oss by 1 than the serial number of the term. 
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35. Proof of Binomial Theorem by Induction 
By actual multiplication we have 
(ata)? =a? Tras z^ —a* 430 antat, 


(a-F2)* =a? За Sas? 4-29 оз. *Cia*z-4-*0.ag2 4-55. 


(ata) атт am- "e", qm-2,2 |. 
CF"O,a"-Tyt-b pam 

Multiplying both sides of (1) by ata 

И 

ca"! EO, рата (т, mG, ата 

(0, т, )дт- +2 

Now, 7/ "Oil-m4LI-eng,. 

"Or UO, =™1Q 
(arat нна amg meae 
mig, qn-rei 


Hence, it is found that if the 


we have 


ех +a} 
х*+... 
2"... атка 


and generally 


агац... 


2" ^... атн 


thoerem is true when n=m, 
it is also true when nim], We have already seen that the 
theorem is true, when 7,758, во 


it must be true when »=4, 
Again, since it is true for n=4, it is also true for n=5, and 
80 on. 


Hence, it is proved that the theorem is true for all positive 
integral values of n. 


36. When is a positive integer, proye that 


(14-2) 51--"O.s- "Oan? V... HO, ar 


D oet STORED) 
[Ne (4-1) -9)...(n — r--1 r 
н ва 


— 


К мұқ патент. алыл. nm 
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By multiplication we have 
(14-2)? 2 14-2z 2? —14- ?*Ciz- zr), 
(12-2)? —]14-3z4-32?-4-23 —14- *0iz4d- *0sz? --х5. 
Thus, it is evident that the theorem is true when x=2 and 3. 
So let us assume that the theorem is true for some particular 
value of n (say m), i.e., lot us assume that 
(1+)"= 1--70,2 4- "O52? or... -"O,z7 4-5. 3-2". > 
Multiplying both sides by (1-->) we have 
(1--z)9** 2 (12-2) - "05 -"O aa? +... "Oa? +... а" 
— 1-4 (7C, 4- 1)z4- ("05 4-701)? +... 
TK (^C, 4-"O, -1)z* 4-... tat, 
Now, s -"0,+1=m+1=™+10, and "O,-F"O,., —m*39, 
(La) * — 1 4-"* 1 Q4 z--"* 10552 4, tO pe? LL mhi 
Thus, we find that if the theorem is true for n=m, it is also 
true for 5 — m4-1. 
It has been shown before that the theorem is true when n=3 
it is therefore true when n= 4. | 
Again, it being true for »=4, it must be true for n=5, and 
so on. 
Hence, itis proved that the theorem is true for all integral 
values of n. 
[N. B. We obtain the expansion of (1--z)", putting а=1 
in the expansion cf (а--2)”. (1--)” is therefore a particular 
form of (a-4-2)", the binomial coefficients being the same in both 


cases. ] 
37. То find the expansion of (a-++«)" from that of (14-2)^. 


(аға e (iy ыы ат)" tontting у tor z] 
=0"(L1+”0i1y+"Cay? T... y") 
"wis а” 
=ar(1+ C4 at Os 2t) 
=a" -fC,a971g4- "0407? 2? +. =a” 
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Hence the expansion of (&--<)” is obtained from that of 
(1+y)”, i.e., of (1--z)^. 
38. To find the expansion of (a с)" and (1—)". 
the expansions of (a+s)” and (1+a)" are true for all 
values of a and g, 
putting —2z for тіп those two expansions we have 
G) (a— 2)" —a^--^0,a^-1( —2)--?0,an-3(— x)? -+...+(-a)* 
=q"- "0,a^71g--^Q,qn-s y Г-Қ — 1)”ш”. 
(и) (1-ж)”=(1)”-Е”О,(— )+"б„(—-)#+...-„(— х)" 
=1-70.5-Н "Ох" — {Е (-1)7 т. 

[N.B. If » is eyen-in (i) and (ii) above, then ( — ж)” is 
positive, 4e, (-a)^—g^. Ша is odd, then (- z)^ = — 4^, Ag 
it is поб known in (2) and (ii) whether л is even or odd, (~ 1)". 
is put for (- œ)”, (— 1)” will be positive or negative according as 
n із even or odd.] 

It appears from (4) and (ii) that the numerical values of the 
terms in the expansions of (a— 2)" and (1— a)" are the samo ag 
those of the terms in the expansions of (a+z)" and (1+g)” 
respectively, only they are alternately positivo a 
The first term in both cases is positivo and th 
positive or negative according as n is eyen or odd. ] 

39. To find the general Term. 

The (rJ-1)th term in the expansion of (а--а)з 
referred to as the general term, for any required t 
expansion can be found by putting a suitable 
(r--1)th term. А 

Thus ¢1 or the tenth term сап be found by putting 9 for r. 

Just as the first term is represented by Т, oy i, and the second 
term by Ta or ta, во also the (r+1)th term is respresonted by 
T... or tys1. From the expansion of (aka) we havo 

first term=(1+0)th term = "Оса" = qn. 
second term —(1--1)th term="C,a"-1y, 
third term —(2-- I)th term="Cya?"*z8, 
fourth term —(3--1)th term —"C,0^- 35, 


nd negative. 
9 last term is 


їз usually 
erm in the 
value for r in the 
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т 


Similarly (r+1)th term —^O,a^^"z*, 
The general term in the expansion of (а-ға) 


РЕ а (1) 


aln- In- rD а-ал, (2) 
[7 
Again, similarly, the general term in the expansion of 
(1-Ez)^ =" а” РЕНА (3) L 
n(n-1Yn-9..— (в) (4), 
= Lr 8) 


Tho general term іп the expansion (a — a)” 
="0,a"-"(-«)"=(- 0)" * Oa? 7 *g* ......(5) 


and the general term in the expansion of (1 — 2)" 


="0,(- 2)! =(- 1)? "Osa"... (6). 


40. To find the middle term. 

We have already seen that the number of terms in the 
expansion of any power of a binomial expression is one more than 
its index. Evidently there will be one middle term, if the index 
of the power (say п) is even, but two terms will be the middle 
terms, when the index (т) is odd. 

Let the index n be even, i.e., leb n=2m. Then the number of 
terms in the expansion is 2m--1l.(which is an odd number). 
Hence Ње (m+1) th term or ($+1) th term is the only middle 
torm here. 

Again, let the index 2 be odd, ie. n 2m-4-1. 

Then the number of terms in the expsnsion-— n--1- 2m--9 
(which is an even number). Hence we have two middle terms 
here, the (m+1) th or 2:145 term and the (m--2)/h ох (94-1) 
term being the two middle terms. 


Example. To find the middle term in the expansion of (14-2)". 


(i) I£m be even, suppose 2= 2m, 80 m=} 
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Here the total number of terms in the expansion of (1d-z)" is 
a+1 i.e.. 2т--1 (which is odd). So (m+1)th term, i.e., (2-+1)th 
term will be the only middle term here. 

The middle term ^O, gu. 18. EZ 
: 3 VEDE 

(ii) Ifn be odd, let n=2m+1 so m-— (n - 1). 

Here the total number of terms in the expansion is 2m-4- 2 
(which is even). So there will be two middle terms here, (m-+-1)th 
and (m-+-2)th terms, i.e., {2(n — 1)+1}th and {3(n+1)+1}th terms 
being the two middle terms. 


1 
. EM a(n Y 1) = 
the middle terms = Ox, -1)% 


n 3(n-+1) 
pgs Оз, уе 


= [2 EC P 1) 
1$0- 1). | $4-1) 


an 


d Ln 3(n+1) 
| 34-1) .| $$ - 1) - 


М. В. In (ii) above, the numerical coefficients of the two 
middle terms are equal] 


41. Equidistant terms 


If the serial order of a term from the beginning of a series bo 
the same as that of another term from the en 
the end to the left), then the two terms are 
terms of the series. 

Thus the fifth term from the beginning and the fifth term from 
the end (counting towards left) are equidistant terms, 
the (r-+1)th term from the beginning and the (74-1) 
the end are equidistant terms. 

42. To prove that in the expansion of (а-Еа)" or (1-Ea) the 
coefficents of terms equidistant from the beginning and the end are 
equal. 

In both the expansions the coefficient of (r--1)th term from 
the beginning is 70,. 


d (i.e., counting from 
said to be equidistant 


Generally, 
th term from 
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Now, the (r+1)th term from the end has. {(m-+1)-(r+1)} 
ог (п-т) number of terms preceding it, as the total number of 
terms in each of these two expansions is (24-1). 

Hence, tho (7-+1)th term from the end is the (n —7-++1)th term 
counting from the beginning. 

.. the coefficient of the (7+1)th term from the end 

=the coefficient of (n — r--1)th term from the beginning 
="C,-r="0,. [355 "О„-,="О„] 

Hence, the coefficient of the (r--1)th term from the beginning 

=the coefficient of the (r+1)th term from the end. 

Similarly it can be proved that the ccefücients of any two 
equidistant terms are equal. 


43. Properties of the Binomial coefficients. 
"Оо, "Ci, "Os,...,"C,,...,"O, are binomial coefficients and they 
are often briefly written as Оо, Ci, Ce...,C,,...,C, respectively. 
So we have 
(1-4 -2)" 2 14-"C a -"OCsz? Е...” . (1) 
—0,-4-0,z4-Os.*-F...--O.s" ...(9) 
B. ?O,—?0,—1] 
I Now putting z—1 in (2) above we have 
9^ — Qs 0, 4-Cs +... +0n [ ^ any power of 1—1] 
=the sum of all the coefficients. 
Henoe, we find that the sum of all the coefficients in the 
expansion of (1-+x)"=2". 
II. Again, putting а= - 1 in (2) we have 
(1 1)" 20, - C1 0s ...+(- 1)", 
or, 090, - 0+0 - Г(-1)70, 
С.О, 0.0, 0+0 1 by transposition] 
Hence, in the expansion of (1 +a)", the sum of the 
eoefficients of the odd terms=the sum of the coefficients 


of the even terms. 
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III. Since the sum of all the coefficients— 9^, 

7. the sum of the coefficients of the odd terms 
=the sum of the coeflicients of the even terms 
=#@хвщш of all the coefficients —1 у 9» 9-1 x9"—9"-i 

IV. 7 С+0,+0.+...-0,=9", 

d 1+0, Cs... -05— 9^, on O0, 4-0, 9^ - 1. 

[N. В. 16 can easily be proved by putting а= 


a=a2=—1that the numerical coefficients 
(a--z)" have the same properties.] 


w=1 and 
in the expansion of 


44. Greatest coefficient, 


The coefficient of (r--1)th term in е 
(L4-)" ала (а-ға) is "О,. 
chapter ‘combination’) that 


ach of the expansions of 
It has been shown in Art, 31 (in the 


(i) When л is even ^C, is greatest, if r— in; 
and (її) when т is odd ^O, is greatest, if 7—$(n - Lor &(n4-1), 
Hence, it is proved that (i) when n is even, tho (r--1)th, i. o., 
(&n--1)th term, i.e, the middle term of the expansion has the 
greatest coefficient ; 
and (ii) when п is odd, the two middle 
expansion, i. ө., the (3(u — 1)--1]th ana i --1)2-1 
the greatest coefficients, these two coefficients bein, 


terms of the 
}th terms havo 
в equal. 

45. To find the greatest term. 

Suppose we have to find the greatest term in the COM, 4. 
(a+a)". Let the rth term be denoted by t, 

In the expansion of (a--2)", t, "CO, ,gn-r*1,r-i (1) 

and 4444 = "Ora" To" ...(2). 

Dividing (2) by (1) we have 


trsa norte o. вых [Ert 2), 
ty Y a r a 
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Hence, tr+1 >= or <tr, 

it (n-r+l)z>= or «ra, 

io, if (nd-1)»2 = or «rara, 
ie,if (а--Ца>- or <(а- а), 


: 1 

ie, № т< = Pat 9) 

ion 107, еситу 2 

- 1 i 

(1) Now, let zil, be an integer denoted by m. 


Hence,so long as 7 <, tr+1> tr, 1.6., each term will be greater 
than its preceding term, and thus the terms go on increasing up 
to tm Whon r=m, then £443 =, 16, Ipsa tm 

Again, when r2 (i.o. 7 is m+1 or more), p.i «i, and the 
succeeding terms go on diminishing. 


Hence tm+1 204 tm will be the greatest terms and £543 — tm 


(ii) If, however nthe be not an integer, 


let і--рі-а positive proper fraction. 
n+l 
а--> 
But if r is equal to or greater than (p+1), then #,+: «t, and the 
succeeding terms go on diminishing. 


Hence, for values of 7 up to 2, т< . aNd 80 ііі > 


Hones, 54, is the greatest term here. 


[N. B. (1) The greatest term in the expansion of (1-2) 
can be derived in the same way, putting 1 for a. 


(2) As we are only concerned with the numerically greatest 
term (i.e. with the absolute value of the term), the greatest term 
in tho expansion of (a —g)^ will be the same as the greatest term 
in the expansion of(a--z)^. So to find the numerically greatest 
term, the sign of the second term of the binomial may be ignored. 
The greatest term in the expansion, of (1-а)" can be similarly 


obtained] . 
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Examples (5) 
Ex. 1. Expand (а--50)е, 


Putting 3b for z in the formula of Art. 34, we have 

(а--35)° — a9 +° C:a"(30)--*.a*(35): 4 60 sa * (35)? 

T *C,a*(35)*-- 5G Csa(35)5 +60 в(3$)°. 

Now, °C, =6, "Com $585] 15, "Os ба 90. 
"0,7 %0, — 15, *0,— 50,6 and *0,—]1. 

(a-1- 35)? = a* -- 655 -3b--15a^.952 


+20a°.2752 +15a?.815* 
-Е6а.943Ь5 -+ 72958 


74 F162*5--185a492 15405259. 115,854 
7-1458ab* -- 79955. 


Ex.2. Find the expansion of (a - 1)". 


а 
7 
( -D =a"- "Cat. 70.25.1 т 


=a" - Ta" +21a? — 364-35 91 


Ех. 3. Expand (ia - 35)5. 


АСЕ (ay 


Pe (з. (89) 
Б 2) tl 


= - 08, жа 25 
БЕТІН 


05-155. 1146 s ath 255 
"gs 164 5--7а% 474 


а5 


таир сату 


UE - 24355. 
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Ех. 4. Find the expansion of (z?--z4-1)*. 
Taking 2-1 as one term we have 
(x? -+-a+1)*={2*+(2+1)}* 
=(u7)*+403(2*)°.(@+1)+*0o(a*)*(@+1)? 4- *0 52? (z-1-1)* 
Hr *O.(c4-1)* 

==@8-Е42%(а-Е1)+ 6z* (z* --2ш--1)--4*(ж®#-ЕЬ8*-Е3х-Е1) 

T z*--4x* -- 62? 4-4z4-1 
—g9 4-42" 40° -- 65° 4- 1925 4-6z* 4-475 4-195 -- 1972 

+42% --z* d- 4? -- 6x? -- 424-1 

-29--427--102%--162%--1924--1622--1042--42--1. 


Ех. 5. Find the value of (a – VI = 52)*--(a-4- Nas). 


Here putting z for /i—@® we have to find the sum of the 
expansions of (a -а) and (a+2)*, in which the numerical values 
of the terms are equal, but the second and fourth terms in the 


first expansion are negative. 
Hence, the second and fourth terms of the first expansion will 
cancel those of the second expansion. 3 
The required value= 9(a*-- 40,02% 4- *0,2*) 
= 9а* 6a? (1 - a?) --1(1 — a3)*] 
—9(a*--6a? – 62*--1 — 2a? 4-a*) 2 94-8a? - 8a*. 
Ех. 6. Find the 5th term in the expansion of (2 — 5у)?, 
Here the fifth term will be positive. 
ts =°0.25( — 5y)* = 1262* x 625y*= 7815025y*, 
Ex. 7. Find the term containing 218 in tho expansion of 


(x3 — 32) *. 4 = 
ГЕ 


кі. М. (ХІ) Al-8 
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1 ; 3 
containing —, in the expansion of (1— З. 
2 


3 ro y 3 в 
`` the term of (1 -2) in which (3) 
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the term containing 218 will be obtained if the term 


=) be multiplied by 229, 
gF 


г WC 
occurs will contain тіз» 


8 6 
the required term =g20 y осу =) 


zi 
T Sq 10х9х8х7 в А Б 18 
=g XAXI XII x3 X тъ = 1580902 . 
Ех. 8. Find the Coefficient of 515 in the expansion of 
10 
2d 


J. (r+1)th or the 4th t 


(е 


Suppose the (r+1)th term in the ex 


Pansion containg (0415; 

-rf ау” 

Нете br+1=*°C(m8)10 (=) 
T 


—90,580-8r чат + 
—190,580-5r ar. 

curs in (r+-1)th term, 

=а?®®, 80 -5r=15, 

erm contains 215, 

The required coefficient = 190,48 

Ех. 9. Find the coefficient 


1M3* 
"el 


Now, `2 25506 
480-57" r=3. 

= 30202848 = 12048, 

of g-7** п the expansion of 


Suppose the (r+1)th term containg (4150 


(rd-1)8h term in the expansion of (а = ij" 


= оа) LY 


= 7)? 
120,489" ( 1) 


аё" -(-1)”х240,499-а, хат?" 


—(-1) 180, xa92-5r, 


Now, if a~** occurs in this term, the 


here 


^ The required coefficient = ( — 1)7 x 


n the index à 
is – 11, 46, 39 - 5r— — 11, or, orb үй 7-10. 


"Os =(-1)19.180, , 
= 286, 


13x12x11 
ep 
=1х O; 8x2x1 
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Ех. 10. Find the term independent of zin the expansion of 


(а Де, ІН. S. '65 ; С. U. 341 


Suppose the (r4-1)th term to be independent of т. 
Here аа = 120, (g2)127r, пана, zt 


—120,,24-8T 
Now, this term will be independent of т, if the index of x here 
is zero, ie. if 24- 3r— 0. 77 24 - 3r20, .. т-8, 
Hence (8+1)th or 9th term is independent of д. 


12.11.10.9 


аа 490. 


the required term=**C,=7*°C,= 


Ex, 11. Obtain the term free from z in the expansion of 


(e+2)”. ' [C. U. '31] 


Suppose ("--1)6 term to be independent of =. 


Apt EM " 
Here, er = ТОШ)" "(= = 290 43% тт PONG ЫЫ 


This term will be independent of > if 2n- 2r=0, or, ifr=m 
the (n+1)th term is independent of 2. 


the required term —?^O,, =_№ — 2n. 2n 
[n n — [npn 


‘Ех. 12. Find the middle term in the expansion of (8: * iy. 
v 


Here, the number of terms in the expansion is 9 and go the 


6th term will be the middle term, 


4 
the required middle term= 4(8а)“ (- =) 


_ 8.1.6.5 "T «Qr. 
493^ 3) 4% 
— 2835. 1 9885 
POL TER 
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" 
Ех. 18. Find the middle term in the expansion of (а - 1) s 


Evidently the number of terms in the given expansion is 8 and 
it will have two terms as the middle terms. 


the (4x8) or 4th and ($ x8+1) or 5th terms of the expansion. 


The 4th term= "oa (-2- =f eD! Sat x -4= -35a ; 


4 
and the 5th term = "Gaa*( Jyr- 


2. 
555,1 35 
8.51" “af 4" 


-Әба and 3 are the required middle terms. 


29n*1 
Ex.14. Expand (+5) ‚ giving in particular the generali 


term and the two middle terms, 


[C. U. '39]. 
torres gry 
nm Ж (+. st t 


A enirn segre 


this is the required expansion, 


һ\їл+ї 
+) Ld 


The general torm = (»-I-1)th term 


zoe (y ebur sc sey 
—(@л-Е1).9л.(9» 3-а = Не r 
^s (2n-4-1).2n.(25 — De Or p n a) 2п+1-2 

lr b 


These two terms are: 
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Here the number of terms in the expansion beimg 9224-2, the 
{n-+1)th and (n+2)th terms will be the middle terms. 
One middle term =(n+ 1)th term 
= (9n.2-1).9n(9n — 1)...(9з--1--+1) рү 
b а 


[2 
= yin n- 2.12) [ we (= ir] 


"The other middle term=(n+2)th term 
T (9n +1).2n.(2n — 1)...(8n--1— soy" aan (085 
т n+l b a 


_(2n+1)2n(2n = 1)... (n1) b [ 22 GETI 


|n+1 a 


Ex. 15. Find which is the greatest term in the expansion of 
(1 -2a)® when а=$. 


Here trex 9-741 94 (numerically) 
ty T 
Azar Е 9900) 
P х2х а (Бе aep Sn 


2 tres > = Or <t,, if 2(10-r)>=or <3r 

i.e., if 202 = or <5r, i.e. if r<=or>4. 

2. і>іҙ>іа...... ‚ &=ї and ts >to ty. 

2, Here, the 4th and the 5th terms are equal and the greatest, 


Ex. 16. Find the value of the greatest term in the expansion 
of (2a--32)" when 1-13, a=9, ш--4, 
фиат T-18s, 14-712. 98-9 
ty r ‘2a r 18 3r 
tesa =0r <tr, if 28 - "> —or« 3r, 
i.e., if 5r =or>28, ie. if r —or7 5f, 


Here 


here ig is the greatest term. : 
the greatest term = 18, (Qa)8(3x)®=2°O5.2°.3%.a8a5. 
Now find the value of this term putting 9 for a and 4 for x. 
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Ex. 17. Find the numericall 
expansion of (i) (1--a)**, (ii) (3 


+ Sr 
(6) Here te НЕ, 


я т 


:19- 
ais tr+1>tr, if а 
Hence, the coefficien: 
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У greatest coefficient їп Ње 
-б2)8, 


71, or, if т<6. 


ts of the 6th and 7th terms Will be equal 
and the greatest, 


the required greatest coefficient 


Iz -11х10х9,8 7 
=ug — х8х7_ 

$ 7 5хахзха ^ о: 

(1) Неге Ші. 8- r1 5 


i, T 3 Lonly the numerical value is to 


Od tr+1>t,, if (9 
le, if 45>8,, "or, if 


Ех. 18. If three success: 
(1+2)” be 252, 210 and 199 ; find n, 


Let the coefücients of 
terms be the successivo сов 


Here, "0,—959, "0 


n 
O. 959 
Bons ap. en 


or, 6n-6r=5r+5, or, 6n —-lir—5 


7+9 210 7 
2-т-1 190 4 


i. 305. 210 
Again, "Cree 190' 


от, Tn-Tr-'7—4r--8, 


ME o 


Or, 


be taken into consi 
-1).5>3,, 


T«bÉ 


the (НТ, (у-н) 


ficients, 


ive Coefficients 


r+1=210, "с 


deration and not the sign ], 


ts has the greatest Coefficient, 
the геаа. coefficient— (С), (з)з( ) 


S) = 85758 от 8195 
=4725000, 


th and (r+3)th: 


т+а =120, 
Ёз 
T|n-y қ 


[r1 [n-r-1 


п-т Br 


=210_7 


or, Tn-1lr= Т (д), 
Now, solving (1) and (2) we have и=10. 
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Ex. 19. Find the coefficient of а in the expansion of 
1 8 
(1 -2a°-+80")(1+1)". 
The given өхр.--(1- 2а2--Әа%)х 
1 1 erem 
(15303-5505 10, H0, + nr +) 


-(- далала 14 9.99.89 704...) 


Now, in the multiplication 


28 _ 70 


-9a° х 55 = – 5ба, and 3a5x —;=910а, 
а а 


and а has no other coefficient in the product. 5 
the required coeflicient = — 564-910 —154. 
Ex. 20. Prove that 3?^—85-1 is divisible by 64 for all 
positive integral values of n greater than 1. 
32% —8n —1=9" -8n —1=(1+8)" -8n-1 
— (1-2-n.84-*0,.8? -^O,.8? 4-...... )-8n-1 
="0,.8°-++"05.8°-+...... 
Now, since each term on the right hand side is a multiple of 8° 
ог 64, .. -each term is divisible by 64. 
3?" — 8» — 1 also is divisible by 64. 
Ех. 21. Apply the Binomial Theorem to find the value of 
(1999)* correct to З places of decimals. 
(999)*= (1 – '001)* 21 — *C, x 001+ *C; x ('001)* -... 
—1-4x'0014-6 х 000001 - ... 
=1 – '004 = 996 (correct to 3 places of decimals). 


Ex. 22. Show that the coefficient of z" io the expansion of 


1"; СЕЙ 
(2) ШЕСЕ ЭШЕ CER?) 


Suppose 2? occurs in the (r+1) th term in the expansion, 


Шт ee ee n-o 
Now, tr = "6,2" (2) mfÜ,g" g^" —"Q.g"-?T. 
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This term will contain 2”, ifn- 2r —p. T—i(n— p). 
++ the required coefficient 
="C,="¢ = In x 
iM =. Е 
ЕЕ NOE) 


Ех. 23. If in the expansion of (L+-2)29+2, tho coefficients of 
a” and z^** be equal, find у, 


Here, the coefficient of 27- REOR that of 27 tt —antig 
here "Mig, etg (hyp.) 

either r=r+ 1 ог Gr -1)— 25-411, 
but r can never be equal to т+1. 
-. here "АҚ-Ы 24-1, 


Ex. 


9+1. 


ог, 2r+1= 90-1. or 
24. Itnisa Positive integer, Show that 

-1 
(1+а)" – 9ла(1-Еа)` P Daa d aja-a A 


L. H. S.=(1+a)” — n(1--a)n- * (9g) 


Hesperus à 


=(1+а)" - "Os(L-Fa)*7 (29): о +a)" -2 (95) 
={(1+a) - 2a]^ — (1 - a)", 


Ex. 25. If клы Ed ge ЕУ prove 
that O5 +03-+024 туе kot. ат [0.0.41] 


(1+2)"=0,+ Ore Cas? +. бла, 


-(1) 
and (24-1) =0o2" +0101 4O т-а TRE 


C,...(2) 
Now, multiplying (1) and (2) we haye 


(1--2)?^ — (бо Cis Osa? +.. 4O 


па") x 
(Ooz*--0,5^-1..9 


aona ОК 
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As this is an identity, the coefficients of z" on the two sides 


must be equal. 


- Тһе coefficient of æ” on the №. Н. g.=270,= 2%, 
[nln 
and that of z^ on the В. H.8.=0>+0:+Ogt...+ On, 


е 2 2 2 s (9n) ! 
+. O°+0,+0,+-:+0,= Tal т 
Exercise 5 


Expand the following binomials :— 


(а-а 2. (@-y) 8. базу" 4. (2-3) 


1. 

5. Expand and simplify : (34-1)? -( v3- 3b 

6. Find the value of (1+ Ji-a3)-4- МІ =a*)*. 
7. Expand the trinomial (a? -a-2)°*. 


Write down the following terms -- 


17 
8. 8th term in the expansion of ( 1+1) s 


9. 5th term in the expansion of (x — 5y)?. 


an 

10. nth term in the expansion of ( +1) F 
“40. (a) Find the p th term from the beginning and the pth 

term from the end in the expansion of (1-+3a)". 
Find the middle term ( or terms ) in the expansion of :— 


и. (а-2)" 5 («1 зз. («-1)° (о.о. 191 
ҮЛЕН 


Го, U.” 
Аб. Show that the middle term in the expansion of PA 
13% 715955. ere (On s) 
+3) sese (AM n 
( зк) 18 ИТЛЕ Se ІР. U. 49) 
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17. Find the coefficient of z*5 in the expansion of (z—52)19, 


[C. U. “951 
18. Find the coefficient of z!9 in the expansion of 
(902 —2)19. [C. U. '47] 
19. Find the coefficient of 2759 in the expansion of 
A 1)“ 
(^-3)- 
20. Find the coefficient of 510 in the expansion of 
(1+-a-+2?)(1—2)*5, ' [M. 0. 7201 
21. Find the coefficient of zx in the expansion of 
10 
(1-90-32) ( 1+1) ‚ап@ that of z? in the expansion of 
it 7 
(<a 


” №. Find the coefficient of 227+ in the expansion of 
1 ад+1 / 

(2-2) 

[5 3. Show that the coefficient of z" in the expansion of 

(1--а)%% is double the coefficient of 2” in tne expansion of 

(52) 55817 


Find Ње term independent of @ in the following expansions :- 
1\12 T AN 
244 ) == 1 
м. (y^ 10. 0.134] oss. (++) (O. U. '86] 
1\2» b Na ДАТ 
26. (241) teo чв] 5. (1 2 (zy. 


o deg. 


6) Find the term independent of t in the 
1 10 

(+4) у 
2 


expansion of 


(0. U. 10, '91] 


[U. U. '47] 
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30. Find the greatest term in the expansion of (== 4/)5, 
when x=} and у=$. 
31. Which is the greatest term in the expansion of (2a — Зу)" 
when n=13, ш--9, y=4 ? 
32. Find the value of the greatest term in the expansion of 
(14-25)? when a—$- 
33. Find the numerically greatest coefficient in the expansion. 
of (1-+§ga)**. 
34. Find the sum of the coeflicients of (1— 22)5. 
35. Find the sum of the coefficients of (9 — 3y)". 
2-86, Prove that in the expansion of (a-- b)" the coefficients of 
terms equidistant from the two ends are equal. 
(> “87. Find the sum of the squares of the coefficients in the: 
expansion of (1--2)^ when л is а positive integer. [C. U. '41] 
38. The third, fourth and fifth terms in the expansion of 
(2-4-а)" in descending powers of ж are 84, 280 and 560 respec- 
tively ; find 2, а and n. (0. U. '55] 
39. If three successive coefficients in the expansion of (1-++a)™ 
be 98, 56 and 70, find n. 
40. If three successive coefficients in the expansion of (1-Е 2)”: 
be 165, 330 and 462, find n. ІР. U. 451 
(5 >41. In the expansion of (1-Еа)"*” where m and n are positive. 
prove that the coefficients of 2” and z^ are equal. 
4 [ C. 0. '35 ] 
MA Show that the sum of the coefficients of the odd terms in 
the expansion of (1+«)*” is 0140524, [O. U. 7] 
+48. Iftherth term in the expansion'of (z--1)*? has its 
coefficient equal to that. of (r+4)th term, find r. [C. U. '46] 
ý 74. In the expansion of (1-+a)*°, the coefficient of the 
(4r+5)th term is equal to that of (2r-- 1)th term, find 7, 
10. U. 491 


integers, 


ane 
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(5-45. Show that the coefficient of the middle term of (1-+a)?” 
is equal to the sum of the coefficients of th 
of (1+2)9"-1, Г. U. '18] 

2 PAs. If a,b,c,d be the 2rd, 4th, 5th and 6th terms res- 
pectively in the expansion of (ш-ЕА)", n being a positive integer, 


2 = 
Фо А 3 =e 5e, [ C. U. '57] 


e two middle terms 


47. Apply the Binomial theorem to find the value of (99)5 
and of (‘99)* correct to 2 places of decimals. 5 . 


(2.48. Show that 9" – 3r —1 is divisible by 9 for all positivo 
integral values of r greater than 1. 


49. Show that for all integral values of ;i 
6*^ — 355 — 1 is divisible by 1995. 


750. In the expansion of (1--o)^, it Co, 0,, Cas. On be the 
coefficients, show that 044-9. 0,--3. Cs -...-n.0,—n. 9n-i. 


Ф [ C. U. '38 1 
751. If (1-F2)" = Co--C, 2--Caa* ^... 40g” Prove that 


С, - 205-30; - ...--(- 1)^ 1,0, —0, [C. U. '49] 


752. In the expansion of (1+2)", the Successive coefficients 
ALE Qo, 01, Ga, бз,..., Gy ; Show that 


dot аа Заз +...--(п-НШа, =" 9 
It (14-2)^ 20-0120. 22-4 


greater than 1, 


дет, (0. U. '99] 
nT”, prove that :— 
4^ Jg. Su ЛЕМ Un e 


AY axi SUL CON 
fe EO Tout: orden 
ч 5 Oo dE (=) "Ellaxq1" ET 


| (5%, o 20: -F30, E... (n-1)0, — (n--g)gns. 


ГН. 8. 1966 ; B, U. Е. '63 ; Rangoon, '50 ] 
56. Ок=бО»„-у. 


S52, O,OsC.0,...--0,0,. 4... 10,0, 


Е 
(|n) 
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(Go = 1) 


Y> M58. Co F0, $0, +.. „б ЖОРТ "EL [ Delhi '50 1 
* «59. If (14-z--2?)? —aod-a12d- asa? |... as 3^ 
B+ 


show that a@o+d@st+ast+...tden= a: 


(> 60. If(1+2)"=CotCit+Orr*+...+Cyx®, find the value. 
of :— 
* Vi) 909 30; --4Cs — 505 +...to (n--1) terms. 


(ti) б,б,++0,0,+0,0,+...+0,,0,. 


v2) 6 КИШЕН Eo nln, 


On- 28 
“бі. Find the middle term in the expansion of (1-+z)" when. 
т is a positive integer. : 

62. Express (1+a)" in the form of a series when v is а 
positive integer and calculate the sum of the coeflicients when. 
n=6. 

63. If the 2nd, 3rd and 4th terms in the expansion of (a--z)^ 
be 940, 720 and 1080 respectively, find а, x and n. [G. U. '48]. 

4553 57764. If a, b, с be three consecutive coefficients in the expan- 
sion of a power of (i+w), prove that the index of the power. 


is doo blato) and that the number of the term of which a is 
221. alb+e) 
the coefficient is pica | [P. U.'41] 


(5 “бв. Ita. аз, аз, а, are any four consecutive coefficients in. 
the expansion of (14-2)", show that, 
аз. аз Qae 


а: аз Geta, аз cag [P. U. "ор 


BINOMIAL THEOREM FOR FRACTIONAL OR 
NEGATIVE INDEX 


46. We know from the Binomial Theorem that when т is any 
"positive integer, 


E snc сыш e 
ти ое мо 


But we have not yet seen whether the theorem holds good 
"when 7 is fractional or negative. 


The Binomial Theorem can be proved when % is fractional or 
i but as this proof is beyond our Scope, it is not discussed 
ee te us see what willbe the difference in the Binomial 
1 Че when т is fractional or negative, 
We have seen that the general term of th 
n(n = 1). . (n р r+1) „т 
а ГА 
of (1--ж)” is (n--1) Here the series terminates after 
terms, and hence the series is finite, For if the value of 
greater than т, one of the factors in the 
-coefficient of the general term becomes zero (ы 
then п-7-+1=0) and so the term vanishes, 
.ends with the (%--1)/ term where the index of 


9 Binomial series is 


апа the number of terms in the expansion 
ж 


(n4-1) 

7 be 
numerator of the 
118 when r=n+1, 
Hence the series 


Zisn, 
Now let us consider what happens j 


Í n be fractional or 
negative. 


In the series-(1) above, 
number of terms cannot be 
_ positive integer and n is fractio: 


T must be a Positive integer, 
fractional or negative, 
mal ог, negative, 


for the 
As risa 
none of the factors 
inthe numerator of the coefficient Me D. ае) of the 
general term can be zero and so the term does not vanish, 
the series becomes infinite, as none of its terms 
Jarge the power of z may be. 


Thus 
vanishes, however 
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1 
(1-2)* 


=142¢+32? +4e+...,and the process of division will never end. 


By actual division we find that (1- CK WS = 


Hence the number of terms in this series-is unlimited. 
Again, by putting —2 for паза —@ for æ in the binomial 
theorem, we have 


a-a) =t 9(- 24 С 9) — „у 
CM-A- дз 
ва КҮЙ 


—1-4-22z--3z? 40° +... 
Thus the Binomial Theorem holds good in this case. 
Now, if we put 2 for x in (1—«)~*, we have 
(1-9)? =1+2.2+3.2° +4.2°+...t0 ©, 
46, CHF =14+2.2+3,.27-+4.2°-+..., which is not possible ; 
for here the left hand side is not equal to the right hand side, 
Similarly it can be shown that the Binomial Theorem does not 
hold good when a= – 1 or 1. 
Thus we find that the Binomial Theorem cannot be established 
for any value of ж. It holds good when z is greater than —1 but 
Jess than 1, ien when -1<2<1. 


We, therefore, conclude that if » is fractional or negative, 


а-а)" А 1) е 4” 


n(n — 1(n — 9)...(n — r1) н et 
ic XN I Я 


when z is numerically less than unity. 


+ 


[N. B. The symbol | æ | <1 is used to denote that д is less 
¢han 1.1 
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47. General term 


You know that (r-+1)-th term is taken as the general term. 
Let it be denoted by £,.,. 


ез е т(п-1) ua n - 1)(n- 2) Lee Rd 
и 1+2)" =1+ne+ E E 
7 _щЩ%- 1)(%- 2)...(n — TE. 
т+ъ= Lr 
Thus, (1). in the expansion of (1 — =)" 


the general term, 
ENE 1)(% ры), (-4)” 
Үйү. r (т — 1)(%- 9)...(»--Е1) T 
=(-1)". VT ралы 


(2). In the expansion of (1 +a)”, 


Э = ann Wen 9)..(=n=rt1) y 


=(- 1)". nHn)... (ntra "nis 
Lr v 


[ Here the number of faci 


tors in 
-n=-1xn (- 


%-1)= -1x(n41)... 
(-)х(-1)х(- 1)х 


ths numerator is v, and: 


„от NONE 1)*] 
(3). In the expansion of (1 — тұ ДА, 


н-”(-т- 1(-л-2).(-,- el) б 
ires Р 220 (-4) 


=(- 1)". n0 1-2)... (ө8--ғ-1) "ET 
(-3) сс с сыш 1) Е 


о -1), 


62: CD (== (та 
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The above results may be summed up as follows : 
Ав Ө increases from 0° to 90°, cos Ө diminishes from 1 to 0. 
As Ө increases from 90° to 180°, cos Ө diminishes from 0 to — 1 
Ав Ө increases from 180° to 270°, cos Ө increases from — 1 to 0. 
As Ө increases from 270° to 360°, cos Ө increases from 0 to 1. 
122. Changes in tangent. 
Е perpendi cular 
base 
In the first quadrant, ав Ө increases, the perpendicular 
(PM) increases but the base (OM) decreases, both remaining 
positive. So the tangent increases gradually. 
When Ө= 0°, the hypotenuse OP coincides with OX and then 
the perpendicular=0 and the base=OP, and therefore 


0 
fan 9= ор . 


` When 0=90°, OP coincides with OY and so the perpendi- 
cular- ОР and the base— 0, and therefore tan 90- ОҒ ©. 
Hence in this quadrant tan Ө increases from 0 to ©. 
In the second quadrant, the perpendicular (PM) gradually 
diminishes, but the base is negative and increases numerically. 
Flere we observe that as soon as the radius vector OP passes OY 
and enters the second quadrant, the value of tan Ө suddenly 
passes from © to —®, te., there is a sudden break in the 
value of tan Ө which changes from a very large positive to a 
very large negative value, 

Аз OP coincides with Ox’ when Ө is 180°, the perpendicular 


becomes zero and the base= OP. Then tan Ө= as Же) Henos, 
in the second quadrant the value of the tangent numerically 


diminishes from © to 0 (се., really increases from — œ to 0), 
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In the third quadrant, the perpendicular increases numerically 


from 0 to OY’, while the base decreases numerically from ОХ’ to 
0, both being negative. So tan Ө is Positive. Since ОР coincides 


with OY’ when Ө is 270°, the bage— 0 and the perpendicnlar— ОР, 
Р 3 A 

and therefore tan 270 =O = ©. Hence, in the third quadrant 

tan Ө increases from 0 to co 2 


In the fourth quadrant the base 


is positive but the 
perpendicular is negative and so the tangent ig negative, Again, 
in this quadrant, the perpendicular gradually 

the base increases and 


numerically. It is seen here 


(OP) passes OY’, tan Ө gu 


the base is equal to OP ей е Ай 360°=_0 


ROPT 0. Hence in this 
quadrant the tangent gradually increases from - œ to 0 
To state briefly : 


Ав Ө inere&ses from 0° to 90°, tan ө increases from 0 to œ, 
but ав Ө passes through 90°, tan Ө suddenly changes from 
© to - о, 

Ав Ө increageg from 90° to 


180°, tan 9 increaseg from — 
o 270° 


0°, ta 


© to 0. 
› fan g inerengeg from 0 toco, 


n6 Suddenly changes from 


As Ө increageg from 180° & 


but as 6 Passes through 27 
© to — c, 


Ав Ө increases from, 970° 


to 360°, tan ө increases from 
— % to 0, í ў 
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123. Changes in cotangent. 


The value of cot Ө is the reciprocal of the value of tan Ө, 


de, cob 0— ше Hence the changes in cot Ө can be obtained 
an 


¿from the changes іп tan Ө as follows : 

As Ө increrases from 0° to 90°, cot Ө decreases from co to 0 ; 

As Ө increases from 90" to 180°, cot Ө diminishes from 0 to 
— c, and as Ө passes through 180°, cot Ө suddenly changes 
4rom — © to +9 ; 

‘As Ө increases from 180° to 270°, cot Ө diminishes from 
“о to 0; 

As Ө increases from 270° to 360°, cot Ө diminishes from 0 to 
—o, but as Ө passes through 860% cot Ө suddenly changes 


from — о to +. 


424, Changes in secant. 
Ав вес 0-5, the changes in secant oan be determined 
cos . 


‘from those in cosine as follows : 
Аз Ө increases from 0° to 90°, sec Ө inereases from 1 to © and 
immediately after sec 0 suddenly changes from+ © to — ©, 
As Ө increases from 90° to 180°, seo Ө increases from 
2 соо ier ls 


Ав 0 increases from 180° to 270°, вес Ө diminishes from -1 
4o — and immediately after sec Ө suddenly changes from 
— о toto 


As Ө increases from 270° to 360°, sec Ө diminishes from to 1, 
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125. Chages in cosecant. 


т in cosecant can be obtained 
As cosec Ce ra? the changes in со, 


from the changes in sine as follows : 


As Ө increases from 0° to 90°, сонес g diminishes from coto 1 £ 


Ав Ө increases from 90° 


to 180°, cosec Ө increases from 1 to. 
œ and then cosec Ө sudden 


ly changes from + to -œ ; 


As @ increases from 180° to 270°, совес © increases from. 
= о to —1; 


And ав Ө increases from 970° to 360°, совес 6 diminishes from. 


—1to — co andas 0 раввез tbrough 360°, 


совес Ө suddenly: 
changes from — © to + ©, 


multiple of 27 (or 360°), all its trigo 
the same (i.¢., unaltered), 


revolves further and 


nometrical ratios remain 


If the radius vector OP of angle Ө 


revolutions the 
repeated fo 
is a rec 
trigonometrical functions (ratios), 


makeg complete 
trigonometrical ratios of 6 will be 


T each complete 
‘urrence of the values of 


they are Called periodic. 
ch period of 9л), 


revolution. Since there 


functions (they being repeated after өң, 


Graphs of Trigonometrical Functions 
127, The 8raphs of tri 


1 intersecting at 


ordinates, © being. 
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the origin. The positive and negative directions of the axes are 
the same as in algebraic graphs. 

Here the values of the angles are represented by chosen 
lengths along the a-axis and the corresponding values of the 
trigonometrical ratios along the y-axis. Thus each pair of the 
‘corresponding values will be the co-ordinates of a point. Then a 
suitable scale being chosen, several points are plotted on the 
graph paper. 

Now joining the plotted points free-hand we obtain the 


wequired graphs of the given trigonometrical function. 


128. Sine graph or graph of sin x, 

Let у=вш æ. The values of sin z (i.e., y) corresponding to 
the different values of z can be found from the table of natural 
sines, Неге the values of sin z (correct to 9 places of decimals) 
corresponding to the values of т, differing by 10°, are tabulated 


below. 


100° | 110° 


/ Ot -94 | 798 1 '98 '94 
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MUT 


HAR 


v 


ze ЕЕЕ 
ЕЕЕ 
ЕЕ. 


КАЕН 


i 
» 


Graph 1 [sine graph (а to Qn) ] 
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Let one small division along the x-axis represent 10° and 10 
' small divisions along the y-axis represent unity (e, 1). Now, 
plotting the points (—90", —1) (-80°, —'98) etc tabulated 
above and joining them free-hand, we get the required graph 
[ Seo graph 1]. \ 

[N.B. The sines of angles from 0° to 90° are given in the 
table of natural sines. To find the sines of angles less than 0° 
and greater than 90°, we take the help of the formulas sin (- Ө) 
---віп Ө, sin (180°—6)=sin Ө, sin (180°+6)= - sin 6, 
sin (860° — 0) = —sin 6. (2) The values of the angles may be 
taken at intervals of 10°, 5°, 15°, or at any other suitable 
intervals. (8) It is convenient to represent unity (i. è, 1) by 
10 or 5 small divisions along y-axis. (4) This process will be 


followed in drawing other graphs. 1 


Some special features of sine graph 


Tt appears from the graph that (i) it is а continuous graph 
éxtending on either side in symmetrical wave form. (ii) The 
ordinate of no point on the graph exceeds +1 or is less than - 1, 
and so the maximum value of sin z is+1 and its minimum value 
ig — 1, and these values occur when the values of 2 are odd 
multiplies of 90°. (iii) At the origin and at points where < is 
an even multiple of 90°, the value of sin 2 is 0, for the graph 
cats the z-axis at these points. (v) 7 sin (2nz-Fz)—sin m, 
2, the portion of the graph from 0° to 2% goes on being repeated 


on either side. 
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129. Cosine graph or graph of cos x, 


Let y=cos а. Here the values of z at intervals of 15° and 
the corresponding values of cos z (to 2 places of decimals), 


obtained from the natural cosine table, are tabulated below 2 


L 17243 ; 
st one small division along the 2-9хів represent 10° 
is divisiong along the Y-axis represent 1 ee 
Д ^ 


Now, Plotting the 


bove points and joinin 
8 them free-ha, 
ı We obtain the requi 
quired 


nd 
graph. [see graph 9] 
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Hd 
` 
ON 
Гг 


SE 
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sine graph (— 180° to 180°) | 


НЕН 

HH 
BET 
пашаа 
ШЇ ЕНЕ I 
ЕНЕН 

| ШЕ 
Graph 2 [ со 
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Some special features of cosine graph 


If appears from the graph that (i) the portion of the graph 
from —90° to 90° is symmetrical about the y-axis. This bappens 
because cos (—2)=cos 2. (ii) Ав cos (2n%-+2)=cos т, the 
graph repeats itself at intervals of 860 (iii) The cosine graph 
becomes exactly the same as the Sine graph, only if the sina 
graph is moved to the left through 90 


“space, i.e., if the origin О 
(in graph 1) be shifted 9 emall divisions to the left and this new 


position of О be taken as the origin. Тыз is во because 
cos z —sin (90°+2). 


130. Tangent graph or graph of tan x, 


Let y=tan =. Here the values of т differing by 10° and the 
corresponding values of tan z (to 


2 places of decimals) are 
tabulated below from the natural tangent table, 


190° |—110°]—100°| —0° 


- 80° 74%| -60° 
^ X Le i 
y or 


178 | 975 | 5'76 Dy 


into —o |-567|-9%5|-173 
т —50° | -40|- 30° | - Че 10° 0° 10° 
y or 7 


tan m| 149) — "84 | —'58 | —36 SAO) 18 


2 90° 30° 40° 50° 60° 


[ee 36 |758 | '84 | 13g 


a 90° | 100° | 110% 190? 42 52 
0. j 
uester ns ERAN 
y or о, 129 к. 
| tanz| — = 567|- 2°75 - 173 
——————— ——. 
Let 1 small division along the g- 


aris represent 10° and 


unity. Now plotting tho 
hem free-hand, we obtain 


3 small divisions along y-axis represent 
above tabulated points and joining + 
the graph of tan 2 [see graph 3 
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Graph 3 | tanget graph (- л to 2x) ]. 
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Some special features о? tangent graph 

If appears from the graph that (i) it is not & continuous 

curve, but consists of an infinite number of similar separate 

portions or branches, parallel fo one another, The graph ig 

disconnected at points where the value of а ів an odd multiple of 

90°. Ав c passes through. these Points’ from the left to the 
right, the value of tan z suddenly ¢ 


(where n is any integer), 

interval of 180°, the repetition being of the branch from — 90° & 

90° on both sides (left and right), о 0" to 
131. Cotangent graph or Sraph of cot x, 


Let y=cot х. Here the values of = at intervals of 10° and 
the corresponding values of y lie., of cot 2) taken from the 
natural cotangent table are tabulated below. - 

—— 
-80*| —70°| _ 60* 


ллы dn He 4 


æ |—120°|—110° = 100°} —90° 


i АА 


 --- — 
у or . , 5 
cota | 98 36 | 18 OS ав Вв PER 
[ZEE Ua SS =з - 
2 |-501-40 з | E 30  -19| g | 


10* 
PEE үа oe Д 


- E67 70 | ror 


z 20° | 30° | 40° CIA 
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Let 1 small division along c-axis represent 10° and 3 small 


divisions along y-axis represent unity or 1, Plotting the above 
aL 


ints and joining them free-hand, we obtain the required graph 
po 
{see graph 4 |. 


Some special features of cotangent graph 


(i) It is also a discontinuous graph. The continuity breaks 
at points where 2 = 0° or any multiple of 180°. 
„graph becomes the cotangent graph, being в 
either to the lef& or to the right, 


(Gi) The tangent 
hifted through 90° 
Н) ** cot (n, 180-2) 
0062, ~. the portion of the graph between 0° and 180° are 
-repeated again and again on either side, (iv) The graph 
-continually approaches the lines parallel to the y-axis on both 
aides of tho z-axis at points where a= 0° or any multiple of 180°, 
‘but never actually meets them. Those lines are called the 
-asymptotes to the curve. 


% 
132. Cosecant graph or graph of cosec x, 


Let у = созес х. Неге the values of 2 at intervals of 15° and 


‘the corresponding values of созес 2 are tabulated below from the 
“natural cosecans table [if this table be not available, the 


values of coseo т can ba found from the natural sine table, ав 
ха 
“00860 2----, 
вр 2 
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yor | | -1|-104-115| 141 -2 |-3'86 
cosec т 


посао | а каздары оао 
icosec T 


yor | 1-15 | 141 | 2 |386 |-3'88 -2 E 


icosec T 


Let one small division along the z-axis denote 10° and 3 such 


divisions along the V 
.points and joining them free 


.axis denote 1. Now, plotting the above 
-hand, we obtain the required graph. 


{ soo graph 5 1. 


Some special features of cosecant graph 


(i) This graph also is not continuous. It consists of an 
infinite number of detached branches. At angle 0° and at each 
multiple angle of 180°, the graph is disconnected. At these 
points the lines parallel to the y-axis are asymptotes to the 


curve. 


HFHH 


~ 2 to 9л) ] 
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Ex. 6. Find the sum of 1-4. ee 1 
y2'244 246 


"The given series 


on pp jy 19:286 (Qe... 


=+) = (3) = ^8. 


Ex. 7. Find the binomial expression whose expansion is 


-ahit 3 - 996 5... and find its sum. 


The given series 
=] -1 XM rm) y ge ат 


which is & binos) expression. 


-(8 i- =(= ri 


а 

the bc, sum=(1+5) = 

1.9, 1.3, 1.3.5 | 

Ех. 8. Show that /З= 1+5 23 38 869 7 ^o ©, 
2)» -i 


J3= = (д) 3. (1-% 


EINN (%--1)(%--9) (2 
e PADD) engen gea 
214 12413 Wt. c to 9 

1+ 568 Rane se 


LX DN Es leg ee 
Ex. 9. Show that звела 0 A3 - 9). 
[ Annamalai 41 1 


g each term on the L. Н. S. by 3 and dividing the 


Multiplyini 
wroduct by 8 we have enue 
__1]8.5 3.5.7 , 3.5.7.9 } 
the І. Н. в.=1026+3:6573.6919 6654 


| ELM d 
= 52 +6) un 2240) ч р )-:- X8) 


3 
=юа- 8-9] 23092 3 2}=4(37 - 2)=3(3 V3- 2). 


Elo, M. (XI) А—10 
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Ex. 10. Ifz beso small that its cube and higher powers 


= are il t 1 UC 
are negligible, show that (90% (Сере 32 2: 


GERE (Ер, Ha аа) 


2:9 ve T 
—(1-28-+2304) t.t- - Зоо). 
gligible,. 


_all other terms in the expansion are negligible. ] 


—(1- 6242722 +...)-(1- 6-245? 4-.. )— 8°, 


Ex. 11. Find the sum of the coefficients of the first (r4-1) 
terms in the expansion of (1 — а)“ 


Let (1- 2) *—ao-d-asz-Fasa? t... Fars” +... TACH) 

Hence, the sum will be obtained by findi 
й@о-Еах-Еа«+....... “dies 

We have (1— 2)! S14 p42 Feta? +... 
the теда. Sum=do+d1+aa+...+a, 

=the coefficient of 27 in the product of (1) and (2) 

in (1-2)7* (1 25)-1 

in (1-2)- 


ng the value of 
5,:(9) 


=the coefficient of g” 


=the coefficient of д" 

5.6.7...(5+7-– n 

pene a Boca Pardee) 
Ln 


l | 
HAO HAH) (у-уу 2)(r-+-3)(r-+-4) 
1.2.3.4 uc 


5.6.7...(4-+r)_ 1994 9.6.7...( +4) 
T 


[ Recurring Decimal ] 


Ex. 12. Exhibit ' as an infinite series in G. Р, and hence 
find its value as а vulgar fraction, j 


`б6==`555...... $0 © 


—'D-F 054-0054... to о 
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54/45 ‚ит ОА ес 
=P iste оо, it is an infinite series in С, P. of 


«which 45 is the first term and то is the common ratio, 


Ex. 13. Show that 16 is equivalent to an infinite geometric 


progression. By assuming it find its value. І0. 0.7111 
716-- 1666......зо ©="1+'06+'006+'0006+...... Њо © 
Е (ив бб: ) ithi 
= (ит t toe , the terms within brackets 


ате in G, P., whose first term is ie and common ratio is i 
26" 

п Е Os 14) 65 

dur туп T 10 90 90 


=! 
-— 6 


10 


[ Approximate Value ] 


Ex. 14. Find the value of (1'02)° correct to 3 places of 
decimals by the binomial theorem. 


m 


m 9 ,54 9* 1543 9° 
=1+5. stia 105 13. 10° 94... 
жм ҮЛ да 282 
=н te 


=1+4°1+'004+'00008+...... 
=1'104 (correct to 8 places of decimals). 


[N.B. Here the other terms of the expansion are left out, ag 
the value is required correct to 3 places of decimals only. ] 


148 А TEXT BOOK OF Н. 3. ELECTIVE MATHEMATIOS 


Ex. 15. Find by the binomial theorem the cube root of 122: 
to 4 places of decimals. 


the nearest cube to 122 is 195 or 53, 


i 3/198 = (199)® — (195 - 3)F=(58 = 35- (5 = a) 


5 3 
mgcl 8 21:86 p.e 
б 3 53 9.55 ВТ: 57 soeces 
Bet al ов 
COTST 5 gr 
2 7 
SENE 12 


95 
0571309 105-8 Tur --- 
-5-%4- 00032 - 2000128 _ " 


=5-'04 - 00039 — ‘0000042 — 
=5 – '0403242= 


49597 ( correct to 4 places of decimals ) 


Ех. 


16. Find the approximate value of (i) 4885 correct to 


: m ы 8 
5 places of decimals and (ii) To Correct to 4 places of 
decimals, 
(i) 465 _ 465 465 


0003 Fe. кез у ЖШШЕ, 
10008 (10000--3) 1040003) {т 


+0003) 
="0465(1+"0008)-*="0465(1 — `оооз) [ App. ] 


—'0465 – ‘00001395 — 04649 [ App. ] 
(ii) (1°0002)°=(1+"0008)*=14-3 x 0002=14 ‘0096 [ App. ] 
(9993) --(1- 0007) 21 -2% 00071 —0014 [ App] 


——___—--— ------ 4 
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the quotient i+ 310006014 0006)(1 – '0014)-* 


Е 0006)(1--0014) 

=1+' 0006-- 0014 [ App. 1 

=1`0090 [ correct to 4 places of decimals 1 

[ М. В. Insolution (i) above, only the first two terms in the 

expansion of (14-:0003)^* and in solution (ii) only the first two 
terms of the expansions of the numerator as well as the 
denominator have been taken into consideration, for the other 
terms can be neglected for approximats values [ vide Art. 56 ]. 
Hence, in these cases (1--z)"—1--mz. Again, in the product 
of (1+'0006)(1+"0014) in (ii), the product of "0006 x "0014 has. 
been neglected as it (00000084) begins with 6 ciphers and can. 
be ignored for the value correct to 4 decimal places. J 


Exercise 7 
Find to 4 places of decimals the value of :— 


i. (1045 2 469г 3. (99965 4. 99 


"M 
5, (4)? в. VIS 7. ya - 8. (630) % 
9. Evaluate ,/24 by means of the Binomial Theorem to 5 
ve: [eru 


places of decimals. 
Find approximately the values of :— 
s s 638 1 
. 1'0086 х 996 11. ам $ EI. 
10; 10903x а) об 159 5997 
(1`00018)# 
12. "(99929 ^ 
Ifa be so small that its square and higher powers may be 
neglected, find the value of :— 
98 арр 2 
18, М14%2 14. */8X8a-(1-a)* 
(1- 2a)" (14-5а)ё 
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15. If be so small that its cube and higher powers may be 


1 1 
{ h th: z= —__= 2 
neglected B ow that üF (13 Эл)® 152%, 


16. If 2 be so large that i is negligible, show that 


2/5841 - 5/25 — 1 is approximately equal to 2 


17. Find the square of 


Д8 а 185.0 
ао 246% EGG T: 


Find the sum to infinity of the following series :— 


dub ng Em е 
18. 1 89 тезе 19. УЗ ус gus п. 


20. gre e deer Е. 
21. l-3z-F0z*-F'T7z?-L......(when -1<2<1) 
22. 1-5z--9z* -18325-L...... (if -1<#<1) 


28) 1414194185 | _ 


4 4.8 4812 [ 0. U. '50] 


24. 1-1+18- 135 | 


25. 141419. 1 185 1, 


4 
26, 1-5+15 - 159 |— 


27. 1+ +1 141671, 


3, 1.8.8? , 1.35.9? 
28, aa aa aeg e 
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29, einig | [B. U. '52] 
во. 1454254 Rt [Annamalai '49] 
31. 1-3485- 2514. M [Gujrat '52]- 
32 Les 20% [Andhra "541 
88 a5, ph ES Led [A. U. '46] 
м. 8+ L3 gte (В. U. '47] 


35. Find the binomial expression whose expansion is- 


1931 1851 4 
1= itira 2462 +... and find its sum. 


36. Prove that ,/8- 1434854 285+. фо ©. 


z 
37. Show that 38-125 1.8.1 -kaa CS 
2817243 
Exhibit the following 88 series in G. P. continued to infinity 
and therefrom deduce their values :— 
38. 709 39. '06 40. `081 41. 15 


42. Show by the method of в 
that A/ 444... 666... 
43, Find the sum of the coefficients of the first (r+1) terms 


ummation of a series in G, Р, 


in the expansion of (1— a)" ?. 


44. Find the sum of the coefficients of the firi 
sb 
in the expansion of (1+2). dnd шшш 
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1,0-1) 1 | nln+1)(n+9) aD 
45. Show that Ита gs esa | got еее 


` 4 
46. - Show that the middle term of (e) SE squid. toithe 
coefficient of 2" in the expansion of (1— 42)-%-%, 
47. Ifzisso small that g3 
Фе neglected, 


[Р. U. '55] 
and higher powers of д can 
Show that the nth root of (14-2) 


is equal to 
pete nearly. [Travancore '53] 
` 48. Itz – , prove that 
СЕЕ CUR T Et j 18Ү ш |*,185(s \ 
Jc) ite alice alice) шер) Р 


[Karnatak '54] 
49. Ito is any positive integer, show that the integral part 
of (3+ J/7)" is an odd number, [B. U. '48] 

[ Hints: From the expansion we have (3-- J1)"+(3 - 4/7)" 
=an even number. ] ^ UN 


11181,8. 7 
50. !Prove that 1— at 461468" Инь [Agra '41] 


51, Identifying as a binomial expansion, 


Show that 
13,135, 1357 | 


E -04 nearly. : : 
3.0 3.09 3.6.9.19 Pear [Rajputana '50] 


52. Prove that the coeficient of д” in the expansion 


of JOE is 1, 0 or-1 according as п is of the form 3m, 
l-e-Fa* | 


3m —1, or 8m-+1. [P. U. '53] 


CHAPTER II 
TRIGONOMETRY 
SOME IMPORTANT TRIGONOMETRICAL FORMULAS 


I. 1 radian=57°17'44'8" (арр.), 1°='01745 radian (nearly), 
9 right angles = 180°= 200° — x radians. 
2 —22.—31416 (арр.) 
Circumference of a circle=277 ; area of а circle=2r?, 
Radian measure of an angle= Arc + radius. 


IL 9020-00870 =1 sin Ө n0 
52020 = 1--tan?0 aos 0 
coseo20 = 1-.-cot?0 008 9 оь ө 
sin 
III. sin 0—0; соз 0^—1 ; tan 0^ — 0. 
in 80723; cos 30*— АВ ton 30°= 4 
sin 5 5 Jy 
sin 45°= 1 oos 45°= +, tan ісі 
Rp /9 3 
gin e= У? cos 60°=1; вап 60°= V3, 
gin 90°=1;  ' cos 90°=0; tan 90°= о, 
a eSI г. «/3 1 
i - 9 15 = ; 9—9 — E 
gin 15 2,72 соз aJa’ tan 15%-2-,/8; 


gn 18°=1(/5—1); cos 18°=1/10+2/5; 

sin 22°}=} /2- J2; сов 9291-3 V23F /3; 
tan 92°ф= J/2-1 

gin 8621 /10—3 8 5 cos 86°=4( V5+1) ; 

gin 54°=}( JB-+1) 5 оов 54°=} /10- 2 Jb 5 

sin 67°3=4 VO J2; 008 073-3J2- 4/95 
tan 674-- ,/2-Ғ1; 

gin 79110875; %879-Ң,5-1); 


El. М. (XI) Т<1 
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ә 16 o_, 3-1, ee 
sin LE ; cos 75 2J8 + tan 75°=2+ /3. 


sin 1g0°= 48 ; cos 190° = —3 ; tan 120°= — J3. 


sin 180°=0; соз 180°= -1 ; tan 180°=0. 
sin 270°=—1; cos 270°=0 ; tan 270° = о, 
sin 360°=0 ; cos 860°=1; tan 360°=0, 


IV. sin (—0)— —sin 0; cos ( - 6) — cos 0; tan(-6)=-tan 0. ` 
sin (90*2-0) = cos 0 ; cos (90?-- 8) — =Fsin ө р 
tan (90° +0) = -Fcot 0. 

sin (180*-- 0) = sin ө ; cos (180°-Еө)= — cos ө ; 

tan (1807--6)-- +tan ө. 
sin (970°--0)= — cos 0; cos (270°+6)=+sin ө; 

tan (270°--0) = Feot Ө. 
sin (360°+0)=+sin 0; cos (360^2-8) = cos 0 ; 

tan (360°+0)=+tan 0, 


Y 
sine | ail 
( vositive ) ( positive ) 
ХР е кеш UEM. S RR X 
tan сов 
( positive ) ( positive ) 
y 


V. sin (A+B)=sin A cos B--oos A sin B, 
сов (А-В) = соз А cos В-віп A sin В. 
tan (АВ) ел Азап B. \ 
кі (лара ен А, 
BeNOR шыу с сые т 


TRIGONOMETRY s E 


УТ. 2sin А cos B=sin (A+B)+sin (А - B). 
9 cos A sin B sin (A--B)- sin (А-В). 
2 сов А cos В —cos (А--В)--сов (А-В), 
2 sin A sin B=cos (A — B) – cos (A+B). 


ҮП sin O-Fsin D--3 sin стр cos 9-2, А 
sin О—вїп D =9 cos cep sin 9-2. 
cos O-+cos D=2 cos orp cos 91D 
cos O—cos D=2 sin бтр вїп 2: C 


‘VIII. sin (A+B) sin (А- Данеги — cos2A, 
сов (A+B) cos (А- В) = cos?2A — gin2B=cos2B — gin2A, 
IX. вір 2A=2 sin А cos А, 
cos 2A=cos?A - віпЗА —9 cos?A — 1—1— 9 sin?A, 


2 2tanA — ..005?A — 1 
С ее 
1+cos 2A=2 cos?A } ; бапзд = 1608 2A 
1-сов 2A=2 sin? A 1-Есов 2A' 

2 
пу Өй ts 2 tan A бов 2A-1- tan? A 


1+tan?A 1+tan?A’ 
X. sin 3A=3 sin A- 4 gin3A, 
cos 8A=4 cos?A — 3 cos А, 
—8 tan A— tan?A — вов ЗА — 8 cot А 
{ап:8А = 1-—835n3À 3 cot ЗА= NEQU TEE 1 
" NEW) 0 
XI. sin 6=2sin 9 608 g 


ac ee) 816 Адат 45520 
сов 0 = сов g sin 372 сов” 2 1-1 2 sin?g. 


9 20. 
cot 3 1 
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9 tan 9 1- tan? 
sin 6= 


1+tan? а і 1+tan® 


Ө 
1+ cos 0—2 cos? 2 tan? ĝl- coso 
f ПЁ ап = 

1-сов 9=9 sin? 5 


XII. When A+B+C=z2, then 
(а) sin 2A+sin 2B--sin 90-4 sin A sin В sin 0. 

(b) sin A-Fsin B+sin O— 4 соз ЗА cos ЗВ cos 20. 

сов 2А +cos 9В--сов 20— — 4 cos А cos В eos 0-1 
(d) соз A+cos B+cos C=1+4 sin ЗА sin 3B sin 1C. 
(s) tan 2A-+tan 2B+tan 20—tan 2A tan 2B tan 20. 
(f) tan A--tan B--tan C=tan A tan В tan 0, 
(g) Sin?A --sin?B-F-sin20—9-L-9 cos A cos B cos C. 
(h) 908? A + сов? В +cos20=1 — 2 сов А cos B cos О. 
(i) cot B cot’ O+cot О cot A+cot А cot B=1. 


(7) sin A ыш P ыш 9-144 sin 2+0 sind А өк Р 


4 


(k) cos БЕТ В. оов $24 сов BHO cos CEA oos атв 
(1) tan В tan Otan Stan БҮРІ 


2 tan 8—1 
(m) cot А -Hoot В ов $= cot E 456 В oat o 
XIII. When sin 6=sin <, then 6—az--( —1)"< 


[where л is 0 or any integer, positive or negative] 


» 6080—6008 <, then 0=2nz+«, [ с, Жа 
» tan 6=tan 4, then @=лл--«, г» $ ] 
» Bin 0=0 ог tan 0=0, then 6—754 Гн i] 


cos 0-0 or cot 0=0, then 6— (38 -1)7 [,, 1 


| XIV. 


TRIGONOMETRY 5 


when sin 0=1, then 6=(4m+1) 5 


[ where m is 0 or any integer, positive or negative | 


» sin 6= —1, then Ө=(4т®— 1% а 
» cos 0=1, „ Ө= 9л, [is 2274 
» cosO=-1,,, O=(2nm+1)x le и. 11 


ш 4; x 4. л 
sin”! х соз шет tan"! 2-сосіш-ҙ 


= 2 x 
sec"! ¢+cosec™} 2= 5 


tan“! z-Ftan-! yetan-i ЖУ 
1-ту 
tan”! æ- tan"! у=$ап-1 ZY 
1+ay 
cot"! z-l-cot" lys соё-1 2/-1 
y-cc 
cot^! ш — cot" 1y— cot"! Eyed 
y—-z 


9 sin^! zsin^! (92 /1— 43) 


9 cos”! #=с0в-1 (922—1) 


А T 9 Qa 1-22 
1 д=$ап E п - 9 _ 1, 
2 tan ! ш = бап 1-23 807 qyy3—008 yox 


sin"! z-sin^! y—sin^! (z /j—y2+y V1- a2] 
cos! 2003871 y = совт! (zy J1— 2 41-y8] 
log; (m Xn)*1og, m+log, n. 

loga m= loka m — log, п. 

log, (m)"=n log, m. 

log, m=log т X loga b. 

log, 1=0; log, a=1. 


XVI. 
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Case 2% =—°_—9R, 

sin А sinB sin С 

b? +c? — a? 


А сас 92. 
сов A= 272 3 cos В omn 3 
2-52 с? 
еб ОВО ee 
2ab 
a=b cos C--c cos B 


b=c cos A+a cos C 
c=a cos B+b cos A, 


In Me where 2s=a+b-+c, 
sind = [б=к( = BIO 


сов " [A A 4. Js - o) -c) 
c 


s(s— a) 


cot 4 4- sls- a) 


на A= emae e= 


аш B=24 , sin 0-24, 
ca ab 
A=tbe sin А--4са sin B=}ab sin C 
= vio — a) (a7 8a - o) = bs. 


в“ DN оі аав 
2snA о ELA 3sinO | ад 
A 


—AR sin 44 sin 1B sin 1C 
— (s — a) tan end (s— b) tan 3B—(s - c) tan 40 


zw. 
БЕРЕТ 

—AR sin $4 cos 3B cos 30--з tan 34. 
њ=:8,=48 cos ЗА sin 1B cos jo=s tan $B, 


r= =4в cos $4 cos 3B sin $0—5 tan 10. 
8—с 


TRIGONOMETRY 7 


Some Important Results 
4/9—1'4142135:-- 7—3'14159285:-- 


‚/3==1`1390508--- 1 —0:31830989... 
/5=9'8360679.- ^j 


4/6—9'4494897 -- log 2=°30108 
/1—9'6457518--- log 8--"47719 
,/8—9:8284271::- log 5='69897 
„J 10— 31622716--- log 7 —'84510 


Trigonometrical Equations and General Values 


69. You have seen before that there may be an infinite number 
of angles whose trigonometrical ratios have the same values. Ав 
for example, suppose sin 0—1. Here evidently one value of 0 is 
30°, which is here the least positive value of Ө, for sin 30*—3. 
Now, since the trigonometrical ratios of supplementary angles are 
equal, we bave sin 150°=sin 30°=}. Again, since angleg which 
differ from 30° or 150° by complete multiples of 360°, have the 
game sino (and other ratios ), so each of the angles 30°, 150°, 
390° (30^--360*), - 330° (30° — 360°), — 210°, etc. has the same 
gine (i.e. 4). 

Similarly an infinite number of angles may haye the same 
cosine or other trigonometrical ratios. 

Hence, for the solution of trigonometrical equations, it is 
necessary %0 determine a single general роге that contains 
all the angles having the same given trigonometrical ratios, 

10. To find the general expression for angles whose any one 
of the trigonometrical ratios is zero. а 

(i) Suppose sin 6—0. To find the general expression for the 

‚ value of Ө. 
If in any angle a perpendicular be drawn from any point of 


perpendicular . ч 
ЕЕ i 
hypotenuse |” the sine of the 


one of its arms to the other, then 
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angle. Thus, the sine of an angle is zero, if the length of the 
perpendicular be zero and this again will be possible only when 
the two arms of the angle are in the same straight line. Hence 
such angles must be some odd or even multiples of л(от 180°). 

-. П віп 6=0, then 6=nz 


» where n is zero or any integer 
(positive or negative). 


base 
i i angle— — 77 _ 
(4) Cosine of an ang ЕТ 


angle is zero, when the length of the base is zero and this will be 
possible, if the arms of the angle be at right angles to each other. 


So, the cosine of an 


S л 
Hence, the angles must be Z or A or, any odd multiple of 5. 


7 И cos 6-0, then ¢=(2n-+1) 5 


2 


» where n i8 zero or any 


integer, positive or negative. 


(iii) If the tangent, i.e., = be zero, then, evidently, the 
о 


numerator, i.e., the sine of the angle must be Zero, 
^ Іар 6=0, then ө= пл, 
Similarly, if cot 6—0 ( doe 


NL ) then cos 6— 0, 
Bin 6 


-. І cot 6—0, then 6=(2n+1) 3 


(iv) Since seo 6 and Cosec Ө can ne 


ver be numerically less 
then 1, so they can never be zero, 


71. General expression of angles having the same sine, 
Let < be the smallest angle whose sine is e 
value. Let @ be any other angle having the ва 
we have the equation sin 6=sin «, 
general value of Ө, which will satisfy the equation, 


sin Ө--віп «, ^ sin6-sin «—0, 


«Ig =A | 
от, 2 cos 9 sin 72-9 


qual to a given 
ше Sine, Then 


Here we have to find the 
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` 
6-« 


2 =0. 


either соз "таш, ог, вїп 


dc 


Now, if cos 2 п 
; Я =any odd multiple of 5 


[See Art. 70 (а) 1 


< —0, then 


ө+< 
‚8 
2. 04+x4=any odd multiple of 7, 


6--апу odd multiple of x —42(8m4-1)x - « +++(1) 
ger, positive or negative. 


where n is zero or any inte; 
Again, if sin = =0, then" —any multiple of м, 

0—< =апу even multiple of л. 
0--апу even multiple of 7+3 —9mz-4-«-- (9) 
d (2) we have the general expression 
here п is zero orany positive or 


2.6: 

Hence, combining (1) an 

6— nz (-1)«- (3) ж 
megative integer (odd or even). 

[N.B. Itin (3) п be odd, it will correspond to (1) and if m 
be even, № will be similar to (2).] 

Corollary : Tf cosec g=cosec <, then sin 0—sin x, Hence 
-the general expression for all angles having the same cosecant is 
8 nx-4-(— 1)^« ; 
[ Geometrical Proof ] 


71. A. Let AOP be an angle whose sine is given and let it 


‘be denoted by &. 

Construction. Draw в circle 
AP'A' with cenbre о and with 
radius OP. Draw PMLOA and 
cut off OM'— OM from МО pro- 
duced. Draw. M'P/LOA', then м” 
cuts the circumference ab Р". 
Join ОР". 

Proof. Evidently А.5ОРМ and Fig. 1 


р'ом’ are congruent. 
Z р'ом'= 4 РОМ =<, .. 


Z AOP'2zx—4, 
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Now, the radius vector occupies the 
terminal with OP), when it traces out 6 
some complete rovolutions, Hence, the 
22+ «---(1), for it makes angle 2% by 
Here m is zero or any integer, positive o 

Similarly, when the radius vector ig 
traces ouf an angle (тл -- Ao P^), or 
angle (9т--1)л — «<... (а), 
negative integer. 


Position OP (i.e, is co- 
he angle « after making 
angle generated by it is 


coterminal with op’ it 
angle (2mz +x – <), ie., 
where m is Zzero or any positivo or 


Now, the expression nx (- 1)?«-..(3) includes all the angles 
expressed by (1) and (2). For, if n= 2m, then (— 1)?"—=—1 and 
then from (3) we have 2m is expressed by (1). Again, 
if n—92m--1, then (суут. and so from (3) we have 
(9m.--1)x — < which is expressed by (9) 


Hence the general value of th 


ба 
sine is m™-+(—1)n« 


ngles having the same given. 
» Where л ig ze 


ТО or any integer, Positive or 
negative, 
72. То find the general value of angles having the same 
cosine. 


Let « be the smallest Positive an 
the cosine of angle 0. So here the 
solved, 


2 соз 0— соз 4, 


gle whose Cosine ig equal to 
equation cos Ө:=сов < is to be. 


«^ cos 0- Cos < = Q, 
a —« 
ono sin? sin < =0, 


кошу or, sin =, 


/. either sin 


. 04-« Өк n 
Now, if sin e =0, then E =any multiple of x, 


circumference at P'. 


bou 
the 


no other position), then the cosine 
of the angle thus generated is 
equal to the given cosine. 


coterminal with OP, when it traces 


out 
ang 
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or, 0-c-«-—any multiple of 27. 
+ g=any multiple of 91 — <= 9nz — <. 


Again, if gin 95-9, then 6 —* -any multiple of л, 
or, 0—«-any multiple of 27. 

.’, Ө=апу multiple of 9z--X- 9n* 4-«. 

Hence, the general formula for angles having a given cosine is: 
(4), where т is zero or any integer, positive or 


өӨө=?пх+& 
А negative. x 

Corollary. If seo 0=880 4, then cos 6 —008 «. Hence the: 
general value of all angles having the same secant is expressed by 
0—9n71i 4. 

| [ Geometrical Proof 1 

72. A. Let AOP be an angle having a given cosine and let: 
it be denoted by <. | 

Construction. Draw 8 circle APP’ with centre О and with 
radius OP. Draw PMLOA and lei PM produced meet the 


Join ОР, OP. 
Proof. Evidently AMOP and А МОР’ are congruent. 
+ РМЕРМ and Z P'OM = ZPOM=4%, во Z AOP'-9z—4. 


Tf the radius vector (ien the — : 
ndary line of the angle)is in 
position OP or oP’ (and in 


Now, the radius vector is 


Fig. 2 


an angle « after making some complete revolutions. So, the 
le thus generated by if is 9nx--«.-(1) where п is zero or 


any integer, positive or negative. 


Again, the radius vector may occupy the position OP' when: 
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it traces out an angle — « after mak 
Then the angle generated by it ig 
Now, Inra includes all the angles exp 


tangent of angle Ө. 


Here, the equation tan Ө= {ап < is to be solved, 


* tan 6=tan «, ар Ө—{ап «=0, ог, Sin Ó sin« 


—— zx А 
cos Ө оов < 
Sin Ө сов < — сов Ө sin < sin (60— <) 

толо еы ды) et ; 
a соз Ө cos x UR з Ө cosa ~} 
Or, sin (6- а), 

COS Ө сов <, 

“+ either sin (Ө- «)--0, ог, 1 


соз Ө cog 70 

ngle cannot be infinity, 
Cos B an. , Cannot be Zero, 

сов Ө cog < 

-. Here sin (6- «)= 0, SA 


Now, since the cosine of any a 


9 - «—any multi 


ple of a= пл, 
a 0—nz --«. 


Corollary. If cot 6 —cof «, then tan 9— t; 


ап <, go Ө=плҷ q 
is the general expression of all angles having t 


he same cotangent. 
[ Geometrical Proof ] 


73, A. Let AOP be an an 
it be denoted by 4, 

Construetion, Draw a circ, 
radius OP, Let Po produced c 


gle having a given tangent and let 


le APA’ with centre О and with 
ut the circumference at P’, 
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Draw PM and P'M' perpendicular to АА’. Then ZAOP'—z-«, 

Proof. `` APOM and АРОМ” 
are congruent, 

2. PM=P'M', OM=OM’' and 
ZP'OM'— ZPOM=4. 

.'. the tangents of ZAOP and 
Z AOP' are equal. 

Here, the radius vector will 
come to the position OP when 
it traces out an angle « after making 8 
Тһе angle thus traced out by it is 2mz-F« ---(1) where m is zero 


or any integer, positive or negative. 
Again, if the radius vector traces outan angle +4, after 


making some complete revolutions, it will be coterminal with 


OP’ and then the angle generated is 9m 4-2 4-«, 
or, (2m4-1)* 4х ---(2) where m is zero or any integer, 


positive or negative. 

Allthe angles represented by (1) and (2) are included in 
nx+4-.-(3) For, if n is even, then n= 9m and from (3) we haye 
Ime 4-5 which is expressed by (1), and if nis odd, then n=2m-+1 


and from (3) we bave (ат 1)7 +4 which is expressed by (2). 
Hence the general value of the angles having the same tangent 
here n is zero or any integer, positive or negative, 


values are important and should 


p 


Fig. 3 
ome complete revolutions.. 


is пл--4 w 
74. The following general 
be remembered *— 


If n=0 or any positive 
n 0-—n7. 
then 92 nz (— 1)"« 


or negative integer, we have ; 


(1) Itsin 6-0, the 
It sin 9=sin % 

л ar л x 

If sin g=i=sin » then g—2nz ;— (4n-k1)7- 


It sin Ө= -і1--віп (< then Ө=2пх == (4n- 17. 
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(2) ІН сов 6—0, then 6=(2n+1) i 
If eos 9= сов <, then 6=2nz+ қ, 
If cos 6=1, then 9 —2nz, 
. If eos Ө= — 1, then 6=(2n+1) х, 
(3) И ғап 0=0, then 9—nz, 
If tan 9=tan x, then 9=пл- <, 
(4) If cot 6=0, then 9=(2п+1)5. 
If cot =6cot <, then 0=пл- <. 
Examples (8) 
Ex. i. Find the general expression for all angles whose 
сопвіпе is — 1. : 
Of the angles whose cosine is — $, the least is 120° or an 
4” 
The general form of the angles, whose сопвіпе ig -3 ig 
», 


anne [Art. 72] 


Ex. 2. Find the general solution of Sin?z—gin?26, 
From the given equation we have sin g—gin 6...(1) 
or, sin m= —sin 9—sin(—9). '" (2)) 
Now, from (1) we have ш>-тл--(-1)%, 
and from (2) » оз в=пл-(— 1)"(- о) 
/. he required solution is t — 52-6. 


Ex. 3. Find the general value of < which satisfies both the 


equations cog <= — er and tan <=], 


V2 
95° or (5+3) is the value of the angle between 0° and 360°, 
> 


whose cosine CETT. and tangent is 1. 


7. the general value of «—9nz-L-z-L7 — 9% Е 
47 (ат. 
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Ex. 4. Solve the equation cot z —tan z— 9, (C. U. зт] 
cot z— tan z—9, 


coss віп 2 
OU epee eee dig 
зіп д созд 


` or, cos?z —sin?z —9 sin z cos т, 
sin 2% 
Bn m 


or, cos 2a=sin 2r, or, 
i cos 22 


» 
or, tan 27—1-—tan т 


т 3 пл м л 
= р 4, в= +6 (491), 
Ех; 5, Solve біп z-Fcos == ,/2, [0. 0. 35] 
Dividing both sides of the equation by V12+-12 or „ИЯ we Hava 
T Е 
Ja sin ott, cos z—1, 
or, sink sin z--cos 7 2008 2-1 


(s sin 7 sin T ER 2727-50 2) 


or, соз (2 = #)=1, = s- F= ann [ see Art. 74 (ii) ] 


Ao азарт. 


[N. B. (1) A trigonometrical equation may be solved in 
various ways and the results obtained, though different in forms, 
are included in the same series of angles. 

(2) The Ех, 5 may also be worked out by squaring both 
sides of the equation, but this method is not free from flaws, For 
all the solutions thus obtained may not satisfy the given equa- 
tion, 2.6., such solutions may include some extraneous roots 
besides the correct solutions. Let us show it from the equation 


in Ex. 5 above. 


‘ 
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sin z+cos x= ,/9, 
sin?z-F-cos?z--9 sin 2 сов ш-9 
or, 1+2 sin 2 cos 2-9, 


„ 
or, 1+sin 22=2, or, sin 2r=1=sin 2. 


Е 2 ? 
JE 2z—(4m-- 1)5, 55 a=(4m-+1)7, Here m=0 or any integer. 
If m is even, suppose T — 95. 


Then z—(8n.4-1) 1 HM (1). 
If m is odd, suppose m=9n+ ]. 
Then == (81 +5) 17). 


Here we have an additional solution g= (8»--5), which ig 


by this method, the roots obtaine 
is any extraneous root, If there 
an extraneous root, 
Ex. 6. Solve cos 20= сов 9 sin Ө. 
cos 26=cos Ө sin Ө, 
or, 2 соѕ 20=9 соз Ө sin 6=sin 90, 
or, cot 90--1--соб« (say) 
. 90—n*-«, 6— nz +4), where cot «=. 
Ex. 7. Solve cos 9z— cos 52 — сов д. 
cos 92 == сов 5g — cos ғ, 
+ or, сов 9z-Fcos z— соз 5g, 
or, 2 cos 5% cos 42- сов Бл= 0, 
or, сов 52(2 сов 4z — 1)— 0, 


7. either сов 50= 0-----(1), ог, 9 соз 4-1-0.(о) 
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From (1) we bave 5s=(27+1)5, 2. 2+1; 


1 х 
and from (2) we have cos 4—5 =0035, Чет» 


2 2-Е. 2 аб ров (ви. 


Ех. 8. Solve а cos z--b sin z—oc, where с} a2 4-52, 
Dividing the equation by /a?+-52 we have, 
a b 
Ё eos о ош r= 2 
Маз маз 58 2-7; 
а b 


Маз +b? 222085 өрде таласы «, 


Sen) 


Now suppose 


From (1) we have cos « cos z--sin.& sin s= ————— 
Маз 4- b2* 


or, cos (5-<)- — cos В (say) 


c 
2. $g—«-—9nz-cDB, 2. rc-—9nz4p-F«. 

Г N.B. (1) Hera а, b and c being known, < and f are known. 

(9) A new angle that is introduced to help trigonometrical 

calculations is called a subsidiary angle, Here « and f are 


subsidiary angles. ] 
(3) In solving such equations, we have to divide both sides 


by the square root of the sum of the squares of the coefficients of 


сов x and sin a. J 
Ex. 9. Solve the equation tan 30 = соб 20. 


. Here tan30 = соб a - 20) 
The general value of the angles, whose tangents are equal to 
: т 
the tangent of angle (5- 20), is лл +(5- 20), where n is any 


positive or negative integer. 
кі. M. (XI) T—2 
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= x x 
Hence, here 20—n7--75—20, or, 59e nz-5, 
s e-l пл +7). where 7 is any integer, 
wae 5 


Ex. 10. Solve tan z--tan 9z--tan 3z — 0, 


[ B. H. U.'46, B.U.E. '63] 
Here tan 24-бап 92+ tan (z--2z)— 0, 


tan 24-бап 9л 
or, (tan 2-Мап 92) Ен ETE Tero mar 


1 
or, (tan z--tan 9z) (1 - зыта)" р 
-. either tan z--tan 9 = Q...... (1). 


=0, 


1 
or, (1 ее) mace ў 
9r ( THE nudas 22 ( (2) 
From (1) we have tan 9%— — tan z—tan (—д)= {ац (nz - «) 
Ps 2ш=п® — д, or, 3z—mx, |, ga 


Again, from (2) we have [= EL 
tan z tan 22-1 


Or, tan 2 бап 9z— 1-1, ory tang tan 27—9, 


or, Әле, 2 tan ao _ 
or, 2 tan?e=2—9 tan?y, От, 4 tan®g—9, 


or, $ап?л= 1, .. tan = + Jatan A (say) 


&—n7 <, where бац2<—1, 


Sin Ө , cos 0 
Ex. 11. Solve тт OW * 


ma [0. 0. '51 } 


Sin Ө , cos 6 
sin 92 сов 9%. 


=2, 

or, sin Ө cos 22+ cos 0 віп 27— 
Or, sin (04-22) =віһ 42 : 
“ do=ma+(—1)"6+22), where m is any integer, · 


2 sin 95 сов Әт, 
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Now, if m=an even number—2n (say), 
"then 4z—2nz 4- 0-92, or, 92-24-60, .', z—nz-H2, 
Again if m=an odd number— 2n 4-1 (say), 
‘then 4z— (9n-- 1)x — (0-92), or, 6z— (2n 4- 1)z - ө, 
а= (3-1) £- 2. 


“Ех. 12. Solve 7 cos 6+3 sin 9=3, given tan 72°18'=9}, 
Suppose 72°18'= < ; 
-Here, 7 cos 0+3 sin 6—3, or, 2 cos Ө+-віп 0=1, 
or, tan« сов 6--ніп 0=1, [  {={ац 79°18'= tan «] 
or, gin cos Ө-Евїп 6-1, 
cos < 
or, sin 4 cos @+cos < sin @=cos <, 


or, sin (<+6)=cos < —sin G -« ) 
2. «d 6-nx-F(— 1)" G- ) 


z az 4-(— 1)^.17742' [ Ж 3 -4290'- 72*18'— 17°49 | 
2 O=na-t(—1)"17°42!— 4 =nx-+(- 1)°17°49/ — 19°18', 


КИЛ a 
"о 00200 


Ex. 18. Find all the values of Ө between 0° and 1000° that 
satisfy the equation 2 sin?9 — sin 0=3. 
Here 2 віп?0- sin 6 - 3=0, 
ог, 9 віп20- 3 sin 04-2 sin 0- 8-0, 
or, (sin 0+1)(2 sin @-38)=0, 
'. either sin Ө-Е1=0 or, 2 sin 0—3=0, ,', sin Ө=—1 or i; 


ibut the numerical value of the sine of any angle cannot be 3. 


^ sin 0=-Ь ., Ө=(4п—1) а= (4n -1)90° 
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Here, Ө lies between 0° and 1000", if n=1, 2 and 3. 
6=270°, 630°, 990°. 

Ех. 14. Solve ,/8 cos А--віп A= ,/8 for - 2x A —9z. 

Here, (/3)?+(1)?=8+1=4 ; dividing both sides of the 
equation by 4/4 or 2 we have 
3,1 д- M 
cos А, 9 te Bin А "n 
or, cos À cos g Кэш 5 бї А A. 


Жу 


от, сов ( A- в) == 005 e 7. A- ga anne 
A=2nx-+3-+-(1) or, A=2Qnz---(2), 
Now, from (1) we find that if2=0 and — 1, then the value of 
А lies between — 2% and 9л, у, A=™ _ 5r, 
) Again, from (2) we find that only if п=0, A lies between the: 
limits – 2л to 9л, ), Aso, 


x 
Непее, A= -5, 0, 2 


Exercise 8 
1. Write down the general expression of all angles Whose. 
sine is equal to м3, 


2. What are the general yalues of Ө which satisfy the 
equation tan 0=—1? 


9, What is the most general valuo of Ө which satisfy both 
the equations sin 0— ~ 3 and tan ipe ? 
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Solve the following equations :— 


A/8 cos 0--sin 0=1. 
tan?9— 3 cosec?0 — 1. 
2 sin?z--sin?2z — 9. 

бап z4-cot z— 4. 


à 1 
sin t+ соз deo 
cos 6+ „/8 sin 6--2. 
віп z-- y3 cos == ,/9. 
cosec? 0 -cot?8 = 3 cot Ө. 
віп 70 -- sin n0— 0. 
sin 40 = sin Ө. 
tan 50=00 20. 
sin 20 = cos Ө. 
cos 2--сов 22+ cos 32— 0. 
cos 0--sin 0+ /2=0. 
seo 0 — 1—( J2- 1) tan 0. 
sin 70 - sin 30 — sin 0=0. 
sin 5u cos 3z—8sin 92.оов 72. 
cos 30 — cos 50=sin Ө. 
tan z--tan 82=9 tan 2a. 
бапа — (1+ V3) tan 2+ /3—0. 
tan z--tan 2z--tan v tan 251. 
tan 0--tan 20—tan 30. 
tan? 4-cot?z == 2. 
4 sin 49+1= v5. (0. U] 


tan (+6) +tan Ge e) =4, 
cos a-+sin 2 = сов 22--віп 2r. 


tan 24-бап 2z--tan 3z — 0. 
cos 2-Біп 2--008 X -Fsin «. 


ГА. U. 43] 


сов a-+cos 32 -+ cos 5х сов 72 — 0. 


27, 
29. 


21 


[B. U. E. 
[C. U. 
[0. U. 
[C. U. 


[B. H. U. 


64] 
^89] 
240] 
7181 


*48] 


[B.H.U. 47] 


[C.U.] 
[B.H.U. 49] 

14. (а) tan pz— cot ga. 
[O. U. '531 

10. D. 46] 


[P. U. 39] 
[B.H.U. ^46] 
(A.U. *89] 


(0. U. 741, 45, 481 


cos 24--сов «Наш 4, 
5an?3g = cot?«, 


[O.U. '49, N. B. '64] 


[C. U. 7431 
ГА. T. 41] 
(B.H.U. '38] 
(0.2. ^59] 
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35 сов « , зір 4 
' созт sing 


219. 


86. Solve 3 cosc--2sin z—29, having given tan 65°22'= 15. 


87. Solve sin ал ЫА Zosin Ө. [U.P.B. '53) 
38. Find all the values of Ө between 0° and 1000* 


that satisfy” 
the equation 3 віп?0-8 sin 0-5=0. 


39. Solve tan 2-Е бал 22-бап За = бап v tan 9л tan 3g. 

(0. U. '56] 

40. Solve sin 0+2 cos 9— 1. [C. U. ^34] 

41. Ifsin A—sin В, and сов А==соз B, prove that either 

А and B are equal or they differ by some multiple of four right 

angles. (0. U. 735) 

42. Solve 4 sin Ө cos 6-1- 2 sin 0-2 cos Ө in the interval 
09<06<л, 


(0. 0,250] 

43; Solve the equation sin 40--соз 39 +sin 26 in the 
interval 0<@<z, [C. U. '51] 
44, Solve cos 0 — sin ө= J in-z«9-—-Fz, (0,0. 252] 


Solve the following for 0 when 0<0<9л ;— 
45. cos Ө+ ,/3 sin 6=2, 


[C. U. '36] 
46. cot 0—tan 0—9, [0, U. 37] 
47, sin 0+ „/3 cos Ө= 4/9, (0. 9.38) 
48, 


Solve the equations ( general solutions not required ) 

tan z-Ftan y=2 and 2 cos z cos y=1, [0. U. 55] 
49. Solve 2 cos 24-5 sin z— 5, given tan 68°19'= 91, 

50. If соз 0—sin Ө=соз < — gin <, prove that 


0+7= 9+ (+=) [B.H.U. 240] 
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Inverse Circular Functions 

75. Ifsin Ө==Ё, where k is a known quantity, the value of Ө [ 
is not definitely known, bu& we only know that 0 is any one of 
the series of angles whose sine is equal бо 2. Hence вір Ө=Ё 
signifies that Ө is one of the angles whose sine isk, This 
statement can be inversely expressed as Ө = віп 0, Thus the 
symbol зіп і k denotes an angle whose sine is k. In the inverse 
notation Q-sin^! k, Ө stands on one side of the equation and is 
regarded as an angle whose value is known through the medium 
of its sine. 

Similary, cos^! c denotes any one of the angles whose cosine 
is х. Thus tan`! /3 indicates one of the angles whose tangent 
is ./3. But we have seen that all such angles are included in 
the formula па +9. Hence, 0—tan^! ,/8 and Ө=пл+Ең are 
equivalent, though different in forms, 

It is to be noted here that sim !k is an angle, whereas sin Ө 
is a number. Sin 0=Ё and 0-sin^! k are identical in sense and 
if one of them is known, the other is also known. Again, since 
the sine of an angle cannot be greater than 1, so sin"! c will be 
meaningless unless -1<2<1. 

Similarly, —1«z«1in the case of cos ! 2; in both the 
cases, cosec™? д and вес”! т, — l«Cz and 2>1, and д may have 
апу value in tan”! х and cot"! a. 

76. Thesymbolsin^! k is read as "sine inverse E" or ав 
sine minus опе k". In some books, it is expressed as “are sin k”, 
cog"! kis read ав ‘cos-inverse k. The expressions of the form 
in"! æ, cos”! a, tan”! b are called Inverse Circular Functions, 

М.В. Ibis to be noted here that sin! k and (sin 2/71 are 
(sin k)? =_1 but in sin! lj, — 1 is not an index. 
sin k 


8 


not same. 
If 0 be an angle whose sine is 5, then the sine of all the 
d in nz--(-1)"0 willbe Е. So, sin"! k has an 
it is a multivalued function, 


77. 
angles include 
infinite number of values 2.6.) 
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Hence, the general value ofsin^! ke z-F(—1)" sin"! k. 
Similarly, the general values of cos^ ! and tan’ 


71k axe respectively 
Qnx-+-cos 1% and nz--tan^! k. 


78. Principal Value: The smallest numerical value of Ө, 
positive or negative, is called principal value of sin”! k. 


If there be two numerically equal angles, one positive and the 
other negative, corresponding to the same ratio, then the positive 
angle is generally taken as the Principal value, 

In numerical 


instances the principal value 
selected, 


is usually 


Examples. (1) The principal value of sin-1 Эз” 45°, 
(2) Тһе principal value of tan"! (—1)— – 45°, 

(8) We have cos 60°— 
of both the angles 60° and 
cos! 3 is 60° and not — 60°. 


19. From the above 
cot! д, 


$ and cos ( - 60*) —3 ; here the cosine 
— 60° is 3, but the principal value of 


relations we find that gin-l т, бап”! 
and совөс”1 д always Не between 


608714 and вес-1д always lie between 0° and 180°. 
Ш is positive, sin"! 2 Нев between 0° and 
negative sin! 2 lies between — 90° and 0°, 


т, 
—90° and 90°, but 


90°, but if 2 ів 


If x is positive, cos"! ж Пен between 


0° and 90°, but it lies 
between 90° and 180°, if z is negative, 


80. (2) Івін Ө-г, then Ө —sin^lg, 


^  Ө=віп-1 вір 6, 
‘Similarly, Ө--сов” 1 соз Ө, g—ta 


n^! tan 6, ete, 
(ii) Again if 6—sin^!z, then gin Өзг, 


г. Bin віп"іш--2, 
Similarly cos cos^!z—z, tan бал” д 


==, etc. 


diee СУУ wd Ғы 
(iii) То prove that созес-1 ш--віпті т 00071 w=tan" t F 


and вео 14 = cog"! H 
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Proof. Let cosee~! а= 0, then coseo 0—z. 
2. sin o=— l = v BIN 1... 
соѕес 0 т 


= 2811 
Hence, cosec^!z—sin^! T 


The other two relations may be similarly proved. 


[ N.B. It may be similarly shown that совест 1 Isin! 2, 


= = m — 
cot"! I tan 1, seo) $7 008 1g] 


81. Since ali the trigonometrical ratios oan be expressed 
їп terms of any one of them, we can express all the inverse 
-rigonometrical ratios in terms of any one inverse ratio. 


Suppose 0—sin^! т, then sin 0--2. 


г, сов 0= М1 – віп? = А-а, tan в=—_®з—_, 
V1=«? 
_ N1-2? ЖУ; А 1 
cot бес › sec 6 ру совев 6-- 
Hence, we have g=sin7! расові J1-z?—tan^! g 
/1—хж% 
ЖЕРГ, 24 
со Ni-a? -весті 12 си i 
т /1—х? т 


N.B. From the above relations we have 0= 5107! 2 and 
-1 {=m bub we cannot conclude from this that the 


9=с08 
1 д? ---(1) is identically true. 


equation вїп^Ї #=cos™ 
For, in ё=вїп^! т and 0 = соз-1 М1 - 22, 0 has an infinite 


number of values, but as the general values of sine and cosine 


are not the same, the equation-(1) is not always true. 


1-23 3 
As for example, let 2-3, then Ni-2= 3. 
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Now sin"! z—sin^! 1 =30°, 150°, 390°, 510°, ete. 


and cos! ^/1 — 2 = сов-1 УЗ = 30°, 330°, 390°, 690°, etc. 


Hence, evidently, sin“! m and cos^! ,/1 are not always 
equal, 


82. To prove that () sin"! и eog-1 2 


(ii) tan^! у--соу-1 2-7, (їй) вес-1 &-Е созес-1 om. 
Proof. (i) Let віц-1 у 


9, then sin 0=х, 


Now, 7/ sin 0--сов (90-0) -eos(7 — =ø), 


eos - 0)=2, /. совті 2—5 - 6, 
Ab sin 10 оов 160-77 


2: 
(ii) Let tan-1 £—0, then tan 0—5, 


) Again, tan 6—00t (- o), КА Е - в). 
5 cof 1a 7g, аа-аа фт ni^ 
(iii) Suppose Bec 1% =0, then soc 02g, 


Now, вес 0 = созес G- в) 


л 
ы A ugs * lg 
-. 60806 (5 6) 2, .. совео-15- 9-6. 


2.7 вес 124 соѕос-1 2=0+9- 027 т 
83, То prove that: 
5 Е “ly =tan-1 X+y 
(i) tan"!x-tan^!y =tan Bees 


УД 
and (ii) tan^!x - tan"! y —tan-1 Dy 
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Proof. (i) let tan !z-—« and tan7!y=6. 
2. tan <= 2 and tan В=у. 


tan <+tan В _ 2+0 


«--8)-- : 
Now, tan (4+8) l-tan«tanf 1-2у 


л ¢+8=tan™? ary 
1- ту 


+у 
1-ту 


Hence, tan~!2+tan7!y=tan™? 


(iii) Suppose tan-!g—« and бап !y—P ; 
во, tan «—z and tan f—y. 


бап < – бап В _ 2—y 
1+tan 4 tan ап б Тау 


Now, tan («-В)= 


-1 2-9 


1. 0 «-B-—tan А 
l+ay 


2—1 
1+9. 


Hence, бап ta — tan^!y—tan^! 


84, Prove that: 

1 ху-1 
у+х’ 

1 ХУ. 
y-x 

Proof. (i) Let cot” *w=4 and cot 1y—f, 

. then cot < = and cot Ё=у. 
cot x cot &—1 ту =1 
cot B+cot У 


(i) cot-!x-Feot !y—cot^ 


(0) eot"!x— cot ly- eot" 


Now, cot (+8) = 


АВ = соі! =, 2. cot7lz-Foot^! 
y 


(ii) Similarly, cot («-В)= а 


г. 4-Втсо” 


1ш] + ^. oob7lg— cot"! 


cot < cot B+1_ ETT 


y = соё” 
EH 
у=ео 


97 


12-1 
ГЕИ 


у ®у-Г1 
y-o 
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85. To prove that: 
м. ж = x+y+z—xyz 
tan” !x-Ftan^ly-Ftan-!z — tan Eur 


tan" 12-бап ly .-tan717—tan-1 med +tan7!z 


2+у iB z+y+z— vyz 
Sy TZ- иг 
={ап-1-1=®у тап Шс істеу p 
CTY о ~ ty — yz—zz 
1- сал АШ Lg 
1-гу 


1-ту. 
={ап-1 2ty+2—ayz 


l-zy—yz-zz* 
[ Alternative proof |: 
Let tan-!g— A, tan-1 


у= В, tan" !z—(, 
^ tan A=g, 


tan B=y and tan 025, 
Now, tan (A+B+0)=tan{(A+B)+40} 


tan A+tan B 
= fan (A+B)+tan О —.l-tan AtanB "TO 
1—tan (A+B) tan Q^ 


j—_tan A+tan B 
— AT tan В. 
l-tan A tan B 

—tan A+tan B+tan с 


tan A tan В tan 0 
l-tanA tan B— tan 


В tan O—tan O tan A 
5 A+B+0 etu t [inn А +tan B+tang —tan A tan B tan О 


1-—tanA tan B—tan B tang — tan О tan 3 


Xtand 


Now, substituting the values of А, В, О and tan A, tan B, 
tan C, we have 


-1 = і эл“ aby +e aye 
tan"! z-Ftan^! y+tan-1 z == Ее 
86. To prove that : 


(i) sin^!x-Fsin^!y—gin-1 ix Ji-y2ty МТ- х3} 

(ii) Sin" 1х —віп-1у = віп-1 ік,/1-у%-у Vi- xij 
(iii) 60871 х- сов-1у =сов-1 {xy - J x) уз) 
” (iv) еов-1х—еов-1у = сов-1 ixy4- V(1- xj уз), 
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Proof. (i) Suppose sin" 1z—«, and sin !y—, 
then віп < —z, and sin 8— y. 

7. 008 <= „І = sin?«— М1 22, 

and cos B= A1 віп26== Туз. 

Now, sin («+8)=sin « cos Ё--соз < sin В 
=2Ji—y2ty 1-2 

22 a+b=sin Ца Ji—y2t+y J1—z?] 

sin-lg--sin-lyssin^! {2 J1—y?-Fy V1 = 0°} 
(Н) sin (&—8)==вїп < cos В — cos « sin В 
—z4i-yi-yi1-s? [Vide (і) | 

2 4—B=sin Ца J1—y2-y V1 — 2} Е 

2, osin"lg—sin^!y-sin^!iz J1—y2 —y М2} 

(iii) Let cos !g-—« and сов !y— f, 

then eos <= and cos f— y. 

22 sin t= Jl-cos?«— М1 2° 

and sin B= ,/1- сов 2Й-- V1—y?. 

Now, cos (& -ЕВ) = соз < cos В — sin < sin В 
=2y—(J1—2%)( J1- y?) 

«8 cos" Hzy — J(1—22)(1— y?) 
% cos 1g Е cos" ty = сов” Hey = /(1-)(1— у). 
(iv) сов (<) — cos < оов В--віп < sin В 


99. 


=gy + J(1—2? (1— y?) [Vide (iii)]: 


B «—f = соз zy J(1—z2Y1- y?) 
cos" 1g — cos 1g = cos {ау + A(1— 2?) - y?). 


87. To prove that $ 
(1) 2sin-!x-sin" (2x Vi - x?) 
(ii) 2 сов-1х = 08-1(2х? —1) 
2х 
i-x? 


(ш) 2 tan"!x-tan ! 
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Proof. (i) Suppose sin“ 17— 0, then sin БЛ 
“ e080— „Лизе = i= 

Now, sin 26=2 sin Ө сов 02x ,/1—,2, 

20 —sin^! (9; A1-g2), 

2 sin"! z—sin7l (95 1 - a3). 
(Ш) Let cos“! 2-0, then соз 0 =, 
“% 008 20—2 сов20- 1. 9,2. 1, 
7. 9 0087! g  ogg-1 (222 — 1), 
(iii) Suppose tan"! £—0, then tan 9—5, 


— 9 бап ө LEL 
Now, tan В T 


“+ 20=cos-} (952 — 1) 


=1\ 95 5 * = 97 
= ТА а. oe ly 1540.4 
7. 20 = бап іст 2 tan-1 » tan 1-2 
:88. To prove that ; 
(1) 3 віп-1 X—sin^! (3x - 4x3) 
Gi) 8 cos“! х еов-1 (4х3 — 8x) 
— 
(iii) 3 tan-!x—tan-: iis 
Proof. (i) Let віц-1 2—4, thon sin «=, 
Now, sin 8« 2 8 sin < — 4 81134 = 35. 453 
7. В4--віпті (32 — 43), 
^ 8вїп^1 д=<вїд-1 (32 — 43), 
(а) Let cos! ==, then cos d=, 
Now, cos 84 = 4 cos?« — 8 cos X —4g5 — 3, 
35 —008^! (423 — 34), 
/. 360871 g—gog-1 (423 — 32), 
(іі) Let tan“! z—«, then tan =g, 


Now * tan 34 2 ӘП X— tan? < ӛ2- g3 
ow 7, == = 


— 73 S5 
к Reha Es 5, 8 anni e=tan-1 38-23 
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31 
89. To prove that: 
A т 2X -1 1—x? 
2 tan"! х=віп-1 5=608-1 газ Ax 
1+x2 icx? tan за 
Proof. Let tan~! == 0, then tan 0=g. 
Жө Ad 9 tan 0 9% 
№ s gin 99=— ae 32908 
ET 1-Мапһ?0 1-ге” 
. ме 2 3% 9 
= pag ret . - A 2.5 2 
a. 90-sin isa?” 9 tan"! п==вїп-1 122. 
Again, 7/7 cos 20=1- tanto 1—2, 
l-Ftan?0 1-22 
е = -1 1-z? 2 аб E =m? 
1. 90-008 iva? 2 tan"! ре сов-1 L= 2” zi 


2{апб — 9r 


in, tan 20— t 
Again, tan EXC WERT. 


c 2 
^ 20=tan"} dem p o4 2 tan! ge tan- 1. 2€ 
2z -11-—22 
wp i Еп 


. [N.B. The above relations are very important and should 
be remembered.] 


Hence, 2 tan"! z—sin^! 


Examples ( 9 ) 
Ех, 1. Find the value of sin"! 3 


п-1.5/8 A/3 
9 


Suppose Ө=вї , then sin ov =sin 60^ віп F 


the required yalue= т 
Ех. 2. Express вес” 12 in terms of other inverso functions, 
Let sec”! œ= 0, then вес 9=х. 


Be Sr 
Gor от, сов oc 


~ 


Ys aid, 
Ө= соз © 
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Again, sin Ө= Л — созт А-а 
c? += 
s— 
0—sin^! Cr. 
+2 
Now, бап g=5!2 0 


— = 
+ Jz? — 
сев Ө Ewes, 


9—tan^i(-E Vx? —1), 
006 Ө=-Ь 


WE S. Өлер El ` 


22-1 

1 += ae 

and Cosec == = = -] 
GU EYED 0 — cogec 


Ма? —1 
Hence, Bee min I NEII = oog-1 1 ыа" gaa) 


22-1) 
=cot-1 1 ‚е Н += 
М? — 1 / 


2—1 
Ех. 3. Show that sin-1 19-1 12, 
13 5 

$—0, then sin 0-43. 


4% Cos 0= V1—sin26= Мт — 144 14% 


4. tan g= Sin б 


19 


3 . 
cog 13X 91 v, 


Hence, вш-1 NES 12 
18 Б 


Let від-1 1 


м Ts d. 


Ex.4. Show that ніпті Soosi 12 
Let sin™l $—« and сов-1 18-58, 
then sin «=, 


and cos B= 12. 
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Putting the values of the functions on the ri i 
obtained from fig. 4, we have рыш 


cos (4 +8)=3 x 13- $X ту 


Chiesa 6s 
. = 5 V 
2. «+В = сові 1$. A (3 
Hence, 
л ез uti 3 12 
-1 1245 116 
sin” 5008" "yg- 008 дь: Fig. 4 


[N.B. (i) In the above example, the value of cos < could be 
found from sin «=%, and the value of вір В could be found 
from cos В=43, but it is easier to find those values by drawing 
diagrams as shown above. Here sin «=, hence in tho first 
right-angled triangle (Bg. 4), we take the hypotenuse=5 units 
and the perpendicular=4 units, consequently the base=3 units, 

Similarly in the second triangle, the hypotenuse=13 units 
and the base— 12 units, and hence the perpendicular=5 units. 

(ii) In some cases it is easier to solve the problems by 
expressing the ratios as tangents or cotangents.] 


и =} 68... 33, 3 
Ex. 5. Show that 2 tan 5508 н 65 5ш Ч 5 


5 
3 
| А 
63 "s zs 
Fig. 5 
1 
4 3x1 
ds ЕЕ ме 
The L.H.S.= tan 1-09 +tan7! 48 
['. from fig. 5 we have cos ^! §3=tan-1 15] 
Stan’! 2 + апт! 43 = вап уап 1$ 
55 
fotos 1 19983 
—tan ! quee SOIT icy “tan ! 3 =віц-1 3 
12X 53 189 З" 


EL. М, (XI) T—3 
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(N.B. Неге cos! $$ being given, we take TO hypotenuse 
=65 ү and the base=63 units in the first triangle (fig. 5), 
i endieular-16 units. Now, the tangent of the angle, 
кр S. is $3, is $$. .. we have cos! $2 —tan7! 44. 
AS unus Teft hand side has been reduced to бап”! 3, во in 
the заа triangle we take the риа = 3 and the base = 4 
units and consequently the hypotenuse=5 units, Nor, te eae 
whose tangent is $, has its sine=3, .. we have tan^! $—gin 8] 

Ех. 6. Prove that cos tan`! cot sin-) g= 

Let sin! z—6, then sin 0—z, 


2. 
<- cos = М1-а3, 


les cos 0. J/1—52 т 
1. cot sin ! s= cot OF ino tan (5-6 ) 


25: bani tan(5 - jane ө 
2 the L.H.S. = cos (2 ө) 
Ex. 7. Prove that tan-1 


=sin 07g, 


2006-1 (241) =tan-2 (29 24-1). 


[ 0. 0. °60 ] 
Uc mI -1 1 
2 00071 (2+1) tan FORD 
1 s+ 
+. the L.H.S.—tan-1 æ+tan 1 mian lll m1 € 
z-4d-1 ШЕ Б" 
®-Е1 
22--2--1 Я 
-1 z4d-i e -1 2 
=tan ~y Stan! (22-4 4.1), 
2+1 
Ex. 8. Prove that sin (9 віп-і т)--9ш> А-а 
Шеб ніп 1 s=9, =. sin Ө=т. 


4% 008 O= 4/1] — gin? Өз J1-z2, 


Now, sin 20—2 sin Ө сов 0=2% 1-23, 
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28—sin^! (8z /1— g?) 
«от, 9 віш-1 z—sin^! (9x J/1— 22) 


2. sin(8sin^! ¢)=sin {зїп ^1 (95 /1—52)] — 9z Aaa 


(Ех. 9. Show that tan“! -2- =. ip, 6 у—# 
is cts 
"tangit 
l-czz 
fan! ue z—ian-! y---(1) 
Ey zy tan-1 
tan aye y — tan^! z-+-(2) 


and tan`! = —tan^! z—tan^! д...(3) 


"Now, adding (1), (2) and (8) we have 


=л Ж af -1 2—2 _ 
tan! eC n aem tan Ls 


Ех. 10. If tan"! z-Ftan^! y-Ftan^! а=, 
show that ху-Нуз--2%=1. 
(Let tan! 2— А, tan! у= В, бап”! 2=0, 
2. tan А-?, tan B=y, tan О=2, 


Now, from ihe given condition we have 
x 
A+B+0=% о, 44В-4-0. 


So tan(A+B)= tos -0 ) 


tan A+tan B scot Ge 
0; j—tanAtanB 49 tan 0’ 


5, tan А tan C+tan В бап C=1- tan A tan В, 
or, tan А tan B+tan В tan C+tan C tan A=1, 
+ gyt+ye+ec=1 [Putting the values of tan 4, tan В, tan 0] 


=> 
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Ex. 11. Solve sin^! g=cos-1 y 


Let сов"1 ш==Ө, 2. сов Өзг, 


sin Ө= /1-%) у, вінті Але = TM 
Now, we have sin"? g—o0g71 g—gig-1 ASD 
or, #= J1-z? or, шж®=]—у°, 


ог, 222—1, 
. i 
or 22-4, Г geo. i 


NPY 
Ex. 12. Solve tan! 97+4tan-1 32-7. 
tan” 1 20-+tan-132=7, 
20+ 382 л n 22. КГ 
<a t 
от, tan” EOST 2 от, бап” 


Ta 
5 1-27 an i= от, бш--1-629 
4. бои 1=0; оғ; (62— 1)(®-Е1)=0, 
either 67-120, or, 2+1=0), 
U 2=—1 does not satisfy the equation, 
4. itis an extraneous 1005. /, the required Solution is gl. 


ош or — 1.. 


Ex. 13, 


Solve tan-1_1 | ti DCN NA 
І+95 бац 1 ET tan = 
[ Agra '47 ]; 
tan ! g+tan-1 b—ian-i a+b 
l- ab 
* 1 1 
pu tan! 12 2) -1 IS Uer 
М >? E 4ш-Е1 бац ЛЕЕ IT 
(1-14-42) 
-1 2(1+32) 
=tan t леш) reed IU SE í 
22(3-+ 47) 208442) 
ав О 
Hence, $ап^® ———— = tan-1 


((8-4а) ^^ Tp 
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148: 9 | 1-49, 9 
z(3--4z) 2 3-4: r 
or, z--3z?—6-F8z, or, 83z?— 72—6-0, 
(3z--2)(z – 3)=0, 
ш--3% or 3. 


Ех. 14. Solve sin"! 2 = 031 z—sin^! (92-2). 
Let вїп^Ї z—« and сов 1 «=, 
2. sin d= and cos б=т; 
then cos «= ,/1- g? and sin B= „/1 22, 
Now from the given equation we have 
« — B—sin^? (3z— 9). 
.. 92—92-sin (« — f) =вїп < cos f —cos < вір В 
Saxa Jis oax JI aT 
=g? -(1—%)=9ш? - 1, 
or, 9z?—3z--1—0, or, (2z—1)(z-1)—0, 
A w= hor 1. 
Exercise 9 


Find the value of -—* 


1. sin^! = 2. sin! (- A) 
8. anni. 4 008710 5. sin-!($)--cosec^! (5) 
6. sin (sin! $+cos~! $) ГО. 0, 17 ] 


7. Express the following in terms of other inverge 
functions :— 
(1) sin“) z (i) tan7? g. 
Show that :— 
8. tan !4&-—coocec- 
9. sin"! езіп"! $-Fsin"! т, 


т 
117, 
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[zx. 9T 
10. $-Fsin"! $r—sin-! 55, (B. H. U. '48]: 
11. sin! jg Кок! 3-2. ГО. U. '89) 
12. tan"! fp-Fcot^! 34—tan-1 k 
13. sin! $+sin-15,+4sin-1 =з. [C. U. 241 
14. cos! 23-9 tan^! 1—gsin-1 3. 
15. tan! $—3 tan-! 22, 
16. 4(cot-! 3-Е созес-1 ,/б)-л, 
17. tan`! j-Ftan^! $—1 соз” 13. [U. P. BJ; 


Ts (0. U. '43] 
19. 2 п! {+271 Jaton 142, (Hg 'gr ; 0, U. 61} 

ay -11_7 
uera Sheet ag Ly (0. 0.37) 
21. tan“! 34 tan-1 l—sin-! 


18. tan"! /g—i сов-1 1-2 


1 
75971 B= 45°, 


P (В. H. U. о) 
22, ten"! 3-а вос Тап”! i-;. 


= (0.0.52, '55 ; N. B. '64] 
050086071 y, prove by general reasoning: 
Tod 
that “е у=1. 

2 y 


[C. U. '50] 


28. Given вес-1 


Prove that :— 


24. tan71 2— z ttan 1 Е 


12, траги c=tan-1 g 
[O. U. 55} 
25. tanit “Мал” іе ашса sae 
р "Fea 
=1 а?- -1 52 =c? 2 2 
=tan ва ДЕКСЕ Tapes ttan! 62-а 


16232 
ІР. 0. °317 


26. 


97. 
28. 
29. 


80. 
81. 


32. 
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$ап 2 (cot z) 4-cot^ ! (tan х) = — 2л, 
sin (sin^! У-+сов-1 $)=1. 
sin cot™! tan cos ^! р=р. 


tan”! (4 tan 2A) -Ftan * (cot A)--tan^! (cot? A)—0. 
[C. U. '48) 


tan`! ~ ооё! (7-1) = tan^! (72 +71). 
"m gy Fl Lecot! yz lp рі 22 1,..9 
z-y y—z 2-95 


tan (tan7! z--tan^! y+tan™? 2) 
=cot (cot? z--cot^! y-Fcot^! г). [О. U. B. Во, '82] 


Solve for € :— 


88. 


85, 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
43. 


tan"! д==со&`®д. 34. віп”! д-Евїп 1 22= 5, 


tan"! 92-бап! Зо=пл+37, 


Р 1 я 
6-1 24 вт — =. 
со 75174 


n^! z-Fsin^! ü -ш)--сов 1, 
2 


5 
ті ELI J 
sin киы > (0. U. 714) 


л 

y 

tan-! (z4-1)- cot- 1 estan"! 2. 
E 


tan”! (z— 1)-Ftan7! z-Ftan^! (z--1)-—tan^! 8z. 


(0. U. В. бо.) 
tan“! }+2 tan! $ +tan $+tan7! 1. ал Аңға 4а) 
9 cot"! 3-Е 08-1 $=cosec™* a. 

Ет с esse 
{зп e боры 4 
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ab та E 
44. gin^! Artsin! irj 25n'z (0. 0. 747) 


45. tan (cos™! z)—sin (tan-! 9), 


1 EM 
tan 
46. 3 tan а+ J8 в. 


47. Solve : SOM Те | (HLS. '68 ; 0.0. '40] 


ET = [Agra 743) 
т 


48. Find if there is any value of z which strictly satisfies 


- = 
the equation tan71 ZEI +ton 1 @— 


—tan^! (— 7). 
49. Find the value of tan iss z-- cot! g), 


50. Ittan^! z-F-tan-! y-Ftan-1 g= 


7, Show that 
Ф--у--г--туг. 


(В. U. E '63 ; O. U. '54] 
БІ. Ifcos^! 54 соз-1 


V -Fco8^! а, show that 
25 Ey?-Es? Ope 1, (0. U. B. Se '41] 
52. If A--B-EO 4 and if A—tan-19 B-tan-! 8, show 
л 
that 0-71. * (0. U. '51] 
53. Show thag tan-! IE NEL PUN ={ап-1 1 
a—b a? tabt sn a 
(0. U. '49] 
54. Prove that sec? (tan72 2)-l-coseo? (co^ 3)=15 
(С. U. °56] 
55. Prove that сов tan-1 sin co$- VERE (A.U. 7411 
22--9 


56. If sin“! «ат p4gin-1 Y=, show that 
ИЕ ТЕ ы. [B.H.U. ^44] 


TRIGONOMETRY 41 
Properties of Triangles 


Section (A). [Relations between the sides and the 
trigonometrical ratios of the angles.] 


90. You know from geometry that each triangle has six 
parts, viz., the three sides and the three angles. There are six 
kinds of triangles, viz, the acute-angled, the obtuse-angled and 
the right-angled triangles with respect to the angles, and the 


soaleno, the equilateral and the isosceles triangles with respect to 


the sides. 

The angles of the ДАВС are usually denoted by A, В and C 
and the sides opposite to these angles are denoted by a, b and с 
respectively. The area of в triangle is generally denoted by 
A ог 5. Half of its perimeter is denoted by s, во s=}(a+b-+c). 

In sections (A) and (B) we shall determine the formulas 
relating to the sides, angles, area, circum-radius, in-radius and 


.ex-radius of а triangle. 


91, Inany triangle АВС prove that QM Ee 
Sin ^ sinB sinc 
ч [ Sine Rule ] 


Or, In any triangle the sines of angles are proportional to 


-tho opposite sides. 


Or, Prove that in AABC, gin аА ina еш 0, c. 


Let the AABC be acute-angled in fig. 6 (i), obtuse-angled in 
ji) and bd in fig. (iii). 
b б 


fig. ( 


hab —— - 
To prove tha End sinB sinc 


Proof. From A draw AD perpendicular to BC or BC produced. 


In fig: (iii) the perpendicular AD coincides with AC. 
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Now, from AABD, AD=AB sin ABD=c sin B, 


and from AACD, AD = AC sin АСЮ} Sin C (fig. (i)] 
A 


A A 
B a DENG GHD 


or, from AACD, AD=b ain (x — c) [in fig. (iì)]=b sin С, 


5 р c 
/. bsin cac sin В b 


DU OO gn 9) 


MM 
sinB sinc 


Similarly, drawing а Perpendicular from В to АС 


a c 
ed that — = - 
Bioy 810 А sinc 


» if сап be 


А а b с 
RA АТЫЛА аа б^. 
п А ging sin С е 
As ZCisa right angle in fig. (iii), 


4 а 
sin A=", gin a= lana Sin C=gin 90*21 
c 


o 


— eb c 
S 0 ag =0 and ox Mees абат 
sinA sing sinc L" sin ce]. 


Hence, in any triangle 5 PEN 


с 
-- 


Sa 
Bin A sin B віп С 


TRIGONOMETRY 48: 
[ Alternative proof ] 


“Let О be the centre and R the radius of the circum-cirole- 


of AABC. 


Tf А be an acute or obtuse angle (fig. IV and fig. V), join BO- 


and produce it to cut the circumference at D, Join DC. 


(iv) (v) (vi) Fig. v 


Now, B0=D0 =R, BD-2R. 
It Z^ is acute (fig. IV), 


the ZBcD=1 right angle, being an angle in the semi-circle.. 


вс а 


C= =. 


BCD we have sin BD 
from A BD 28 


Again, Zppc= Z^ (being in the same segment) 


a 
_@ spin A, 07) 5 = 98, 
-sin A 


It ZA is obtuse (fig. У), 
ZA, ABDC being a cyclic quadrilateral.. 


The /вос-1807- 
. а 
-Z =R, 


d 3 Bpc=—, ^ 
Asin (180° — ^) 75 aR sin A 


rain 
Again, if Z^ іва right angle (fg. VD, 
_a_ 4 ада 
віп A=sin 90°= 1 oR’ ' sin ae 
z9R. 


i triangle, LUC 
Honce, in any Эу 
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Similarly, join Ao and Produce it to cut the circumference at 
"Е. Now by joining ВЕ and СЕ, it can be proyed that 
—9R and -Ê = 2R, 
sin B sin С 
a b c ы 
LAG n -  each—9R 
EG ^ sinB sing [ 1 
be a b 

Corollary. ws ca Вс 


= 2 --2Б, 
810 А sinB sinc 


(3) 2. a-9R sin A, b=9R sin B and с--9Б sin C, 
ANON р b д c 
(ii) sin A= sin Ва: sin ES 


(Qi) 2. Pm 2, ete, 
[N.B. (i) Тһе above relati 


(ii) Тһе point of intersectio: 


In a right-angled tri the middle Point of the 
hypotenuse is the centre of i 


is a diameter.] 


92, Совіпев of angles of a triangle in terms of Sides 
‘(Cosine Rule.) 


Or, Inany triangle to prove that 


-p2 2 +е? 
a?=b?+¢2—2be сов ^; or, cos А = D? +02 аз 


2be ^" 

b? = c? а? од сов B, or, eos p —. €? a? — p? 

€? — a? +b? — 2ab сов С, or, бов c. 8^ +b? — e? 
2ab 

Let ABC bə any triangle, The - 


SN angle Сіз acute in Fig, (i), 
‘obtuse in Fig (ii) and a right angle in Tig (iii), 
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From A, АБ. is drawn perpendicular to BC (in fig. i) or BC 
produced (in fig. п). Now, ВС=а, AC=0 and AB=c. 


A A A 
аһ 2% 5 | 
В а-х D xc Ба © в a С 

(0 i) (iii) 
Fig. 8 


Supoose AD =h and CD —z. 
In both the figs. (i) and (ii), nh? =b2 —2?-+-(1) 


Case I. When (С is acute (fig. i), BD=BC—-DC=a-a- 


and from ЛАСО we have cos C= a 1 mb cos C---(2).. 


Now, c2? =AB2?=AD?+BD? [`7 ZADB is a right angle 
he +(a— 2)? =b? — 2? +a? +2? — 2az {trom (1)] ge] 
=a? +b? — 202 
=a? +b? — 846 cos С [from (2)). 
Case Ш. When 4С is obtuse (Fig. ii), BD—BC--CD =а- 
and ZacD=180 - С. Then from AACD we have 2 
cos Z ACD =сов (180° - с)-%. от, - cos cme 
S. g@=—b cos Ce (8). 

Now, с2=Ав?=во?-- АО? [7 ZADB=90°]= (a z)? +h 
=a? +r? -- Зато? — а [from (1)]2 a? -- 52-345 et 
=a2+b?+2a( - b cos С) [from (3)) a? +? — 2ab cos С. 
Case III. When С is a right angle (fig. iii), 

s 6—90, .. сов C=0. 
Now, from the right-angled A ABC, AB2-—BC?-FAC?, 
5% c2 —a2 +b? =a? +b? — 2ab X 0 

=a? 4b? —2ab cos C (72 соз с=0). 
y triangle ABC, c?—a?-F b? — 2ab cos С, 

a2 2-52 — c? 
1 = 
i.e., 608 С "dub 2%. 


Hence in ап 


he other two relations can be similarly proved. 


T 
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93. From the Art. 92 and the Corollary of Art. 91, we have 


24,2. 42 
sin a= i and cos a=b +e? —а 


2bc 
SinA a 2bc abe i 
* A= = ассы л >, 
ny ан cos AN са азса ЕЕ 
‘Similarly tan в= übe 1 


R c? аз 65 9nd 
abe 1 
tan C= R arb e? 
94. In any AABC, to prove that, 
а=) сов С-Ес соз B 
b=c сов A+a cos С 
^ с=а cos B+b cos А, 
If in fig. (i) under Art. 91, the angle C of AABC be acute, 
then BC—BD-FCD —AB сов АВО +АС cos ACD 
4. ас cos B+4 сов с. 
Tf ZC be obtuse [in fig, (ii)], 


then BC=BD—cp —AB cos ABD — АС cos ACD 


“с cos B — b cos (180? — с) 

26.608 BF bcos cir ps 
Again, if ZC be a right angle 
then BC=AB соз B, 


"^ а-с cos B+b соз 90° fe 
530 cos В--Ь вов С (4 


cos (180°— с) = — сов c] 
[їп fig. (iii) J, 


сов 90°= 0] 
' 6290] 


[N. B. Here we fing that any si а triangle is equal to 
the sum of the projections of the other (шо Sides upon it ] 
95. To find the sines of half the angles tn terms of the sides 
It has been proved before that in any triangle 
52 +в? = a? $ 
=—== ee 
2bc С 


Also, cos А=1—9 gin? 


cos A= 
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b3-Fc? —a? _ 956—652 —c2 +a? 
2be 2bc 
= (6 -с)? (a4-b—c)(a—b-c), -0 
2be 92% 
Let s be the semi-perimeter of the triangle, 
then, 2s=a+b+c. . 
Now, @+b-c=at+b+c-2c=2s — 9c 9(s—c), 
and a—b+e=a+b+e-2b=9s — 2b - 9(s— b). 
2 A_2(s - b).2(s —c) _ 2(s —b)(s —c). 
9 abe be 
sin? A= (s — b)(s — c), 
2 be 
(s—b)(s - e) 
be 


9 sin? 2 — «озА--1- 


Henoe, 9 sin 


ТА 
sin 5 
Here only the positive value of the square root of (в- b)(s— c) 
ghould be taken, for А< 180° being an angle of a triangle, and 
‘hence 2590 and, therefore, sin А is always positive. 


Similarly it can be proved that 


sin- в. Vez alsa) and sin — (в- == b) 


96. To fiind the cosines of half the angles in terms ш the sides, 
b? +c? — a? 


Tt has been already proved that cos A——— 5z ^C p 
and we know cos ^2 cos? ^ и 


-а? 2 9 2 
/ was pep beter a? _ дов 
‚ 2 cos à 1+cos ар alc = Те 


(6+0)? =a? _ (ore +a)(b+c- а) 


9bc 9bc 
_28(28= 24) faxing 25—a--5-Fc] 
2be 


As(s—a). 2s(s—a) 
EC ЕТ 
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2^ s(s—a) 
во 


Я = ss- a) 
ES cos ^ gez 


Here only the positive value of the square Foot must be taken, 


2 А А 5 А 
for А being an angle сі a triangle 2590 ‚ and consequently cos — 
is always positive. 


Similarly it can be proved that 
B is(s—b) < У/в(в—с) 
cos -—,/ > and cos “= 4 
2 J ca 2 / ab 


97. To find the tangents of half the angles in terms of the sides. 
sin А 
We have tan = 2 


cog А 
2 


V from Arts. 95 and 96 we have 


tnd а ЕВ Де =). ы ee =, == b)(s—e) 


S(S—a) | 
si if can d Proved that 

tan a= EROR апа tan и а) 

"Wee 4 
Неге A<180° » being an angle of a triangle, so ^ 2590, бап А 
is always positive, Hence onl: b 
y the ti 

ИЫ Positive ел, of the square 


98. To find the area of a triangle 
[ Draw the fig. 6(i) here ] 
Let ABC bea triangle and let 
the A ABC, et A be the Symbol for the area of’ 


Draw АОІВС. Then АБ is the 


altitude of ] 
Now from A ACD we have usd triangle. 
AD=AC sin C=} gin С, 
Again, the area of а, trianglez 1 xp 


ase X altitude 
2. A=3B8C.AD=4ab sin c. 
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Similarly, by drawing perpendiculars from B and C to the 
opposite sides, it can be proved that Д =} bo sin A=3 ca sin B. 


2 A= ab sinc 
=} ac sin B 
—14 be sin A 
0 A=} ( product 2 two sides ) X sine of the included 
angle......(1) 


[ Otherwise ] 


Я weil ДЕ. A ee Tay А TAN A 
A=} bcsin АЗ 0х2 віп gcos g bc sin 5 cos 5 


жо С Xs-9. L 4-4). x. vss - EA bYs-—e) 


= Ja(s—a)(s—b)(s—e)------ (ii) 


Again, s=3(at+b+e), 
a-b-Fo 95, atb—c=2(s—c), b+o—a=2A(s—a), 


ota - b 9(s— 0). 
no A=Ns(s- a)(s— b)(s—c) 


; Үш” AE Se ER LEON 
= Jia toto) (bc — а) Àc-ka - b).3(a-+b—o) 


=} J(a--b-roy(b-rc — aUe a — b) (ab — c) 


— abc? + 202? --2a?b? — a* — i 0% c (ii) 


Д а = A 
Again, 2 A =hbc sin A = 100. 35 {R=circum-radius] 


be abe 
«лз - 


2А 


2A &anB-25, вшс=^® 
Corollary: sin A= т» вїп В 282 вт С a 


BL. М. (XI). Т—4 
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99. Sine of an angle of a triangle in terms of the sides 
Bin A—32 sin 2 cos 2 
=2, /(s - bs — c) /s(s — a) 
Е ЕВ Е СА 
. + aA Ii us 
Т, Bin Ai A/8(8—a)(8—b)(s—e). 
< 
Similarly, sin B= 2 A 8(S— ав b)(s—e), 
in с= 7 авара 
вїп eT A/8(8— а)(в—Ь)(в с). 


2х 2-9 90% 7 oe — 
Again, sin Ae 2A 2% 4 9043-26 2 +2076" cat jq 


bc 
— 3b*c? +90342 +9025? — 13 — bt 4 
2bc 9 


sin В and ніп С can be similarly found, 
[ Here A<180°, hence only the Positive square root has been 


taken into account, ] 
100. From Art. 97 we haye 


tan AS (в —Ь)(5 —с)_ com = (s - bs —5) 
(8-а) | -а) (22020) 
» (s — bY(s— c) 56-е) 
Visa 059 ^ 


(s—e)(s— 
Simili, а) ы tan ©. (saa p) 


Again, eot ^— Me —a) ENTIA d ы 2 
ЕЕ 
E аа a 
A 
ала eot 0.680) 


B. s(s— 
Similarly, eot == MS hb and eot Y= 
2 A 2 A 
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4 
1/401. To prove that in any AABC, 


CEAS eS B 
e$ 8t 2 { Tangent Rule ] 


ы 27542 YAR EHE RD 
Here, A+B+C=180, .. 25254-90. 


“Since in апу ДАВС, 


EOM b c t C DR-SIn:B 
ONES = 
‘in A sin вас oen 


H b-o_sin B—sin C_ 2 2 
bto sinB-FsinC о BEC, oog BZC М 
2 2 
B+C в-с А B-C 
ES tan = - —— 
cot —5 à an 2 tan à 


S АВЕС одо. B+C о" 3 
| ? A 81090", E cot ZES e cot (90 ыга] 


VEA B—Cc, 5-0 += A 
pu 2 Бе tang b+c 


Similarly the other two relations can be proved, 
. a-b_tan 2(А-в) 0—0. tan (в-с) 
Corollary : a+b tan (А +в)’ HUC tan 1(8--С) 


Be = tan (C-A) 
2-ға “tan (С-ҒА) 
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Examples (10) 
Ex. i. Ifin a triangle ABC, а= 7, b— 8, C— D, find А, 


b*-Fc?—a? 33-R52. 33 ig 
OO Nt іы”? 2.3.5 30 
1. A-1905 


Ex, 2. Ив=60°, 0—2 „/3, b=3 9, find ^. 


oe 


= = ов 190%. 


+. ce sin в 2/8. ° 
We have sin С X 3 Ja sin 60 
2/8, J8. 1 х рб 2 = 
=x Nee ME 4 
3/2 9 = Ja sin 45° or sin 135 
4: С-45% or, 135°, but here С cannot, be equal to 135° for- 
in that case B+C will be greater than 180°, 


“ С-45, ) A-18p- (45°+60°) =75°, 
Ех, 8. Ifa=25, b—59 ana ¢=63, find tan 
Here s zaitea tes ga 


Ou 8—a=70—25= 45, 8—-b—70— 


‘Ex, 4, Tf a^ 04 +04 ges 
` From the given condition ао goo 
Or, at+ p44 942 2a?c? — 952,2 + 28252 
or, (a? +o? —02)2 e 94232, 
a?+52 — в2\2 ЕЯ 
o5 (eue =z [ dividing both sides by 4аЗр? 7, 


— 45202 = (. 
= 24253, 


á сов2с=1 [ "eos | 
2ab 


51 1 р 
+ бовб=+—,‚ s C=45° or 135°, 


м? 


TRIGONOMETRY ^ 53 E 


Ex. 5. If c—98a and C=3A, find the angles of the 
triangle ABC. 


оО sin ЗА _ 2a 


2. M : =9, 


Шады Чу үл or, З sin А- 4 sin? А=9 віп А, 
sin A 
or, 4 sin? A=sin A, or, віп?А =}, 
2 віһА-і--віп 30°, .. A=380% ,, C=3A=90°, 
and B=180°-(A+C)=60. ~. А--30% В--60% С--90% | 
Ex. 6. Тһе sides of в triangle are z?--z-F1, 92-Ғ1 and 
2-1. Determine the value of the greatest angle. [0. U. '10] 
Let 0 be the greatest angle. 
As the angle opposite to the greatest side is the greatest, we 
shave to ascertain which of the given sides is the greatest. 
the side of a triangle cannot be negative, 
д? — 1 is positive, .. must be greater than 1. 
— Jf $221, then z?--z 4-1 will be the greatest side, 
Now, sa pe E! Ee than 
— 28-0? +2041 
9(9z? --z* — 22-1) 
— (923 -Ez2 — 9—1) _ 
9(9z3-l-z? - 2x — 1) 
cos = — >= сов 120°, ,', 060—190". 


=з i 


1 
-5 
€x. 7. 1а ДАВС, show that a(b cos C —c cos B)— b? — c2, 
"The Г. H. 8.-*ab cos С — ac сов B 
a2+b?-0? | oe ba? = p? 

2а6 са 


=abX 
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_ A TEXT BOOK OF Н.В. ELECTIVE MATHEMATIOS- 

2? Hb? e? 024-42 2 
2 2 

—1(a2--52— с? — с? —a?+52) 
=4(2b? — 9,2) = 52 — 02, 

Ex. 8, Inany triangle ABC, prove that 

а (sin B— gin C) --b(sin C — sin A)-Fc(sin А 

The І, Н. S.—(a sin B— b sin A)+(b sin C 


-віп В)=0.. 

—c sin B) 
+(c sin A—a sin C). 

a b 


Now, С. Wines RSE Ee (in any triangle) 
4. @sinB=$ gin A, a sin B — b sin A=0, 

-csin B— ( and c sin А-авіһ Cz, 
“. the L, Н. 5.=0+0+0=0. 

Ex. 9. In AABC, show that 


Similarly, b sin С 


B s(s— = 
Q7 у=, сов? = (s 2) cog? Ca 5(5-с) 


са ab 
^ the T, Н, 8.=8—0 5%-а) с-а 88-9) ав s(s— c) 
a be b ea ENG 
ЫҢ 


ааа it y 
“alld оо) £ a) +e(a -y 
8 

abe 


х0=0. 


Ex. 10, Prove that in AABC, 
sin 2A-+sin 28-Fsin с = 32A? 
а?Б®в? 1 
VOS A+B+C=180°, 
4. sin 2А--ніп 2B+sin 2С=4впА sin B gin c 


[ Vide trigonometrical identities in part IT 1 


TRIGONOMETRY 


2A 


Again, sin ^^, вїп в-ЗА and sin с=с, 


*. the L. H. В.=4вїп A sin B sin C 


ЗА, 2^ хала 39A3 
ca 552 Tabi 


Ex. 11. In any triangle ABC prove that 


=4X 


А_ . в—С 
(b—c) cos а-а sin RES 
“ы @=2R sin A, b—2R sin B, c—2R sin С, 


2. b-c=2R es B —sin е 


аі 2R sin А sin A 
с Вес. B-C АН. АВС 
2 co 2 віп 5 sin 
A в 0 вїп T 5 5 
P SETS A БҰРЫ 474 А 
9 ніп 2098 9 2 sin g 508 5 


*" cos B+C) соз (99-^|-sin^ 
2, 2 


An ae 
2 


" — 
= 


A 
cos 9 


by cross-multiplication, (b-c) сов 3 =a sin ==. 


m 
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E 12. If the cosines of the angles are inversely proportional 
o the oprosite sides, show that the triangle is either isosceles or 


d 


‚сов saat PURIS b sinB 


From the given condition we have 


cos А sinB 
c LU 3 
cog B sin A 


a а віп А` 


[0. 0. 23] 
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.y/ Ex. 


A. P., if а?, b?, c? aro in A, p, 
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or, sin A cos A=sin B cog B, 


ог, 2 віп A cos A=2 sin В сон B, or, sin 2A=sin 28 


“. дА==2В or (180°—98) 
It 94—98, then A=B, 

-. The triangle is isosceles, 
Again, if ЗА=180° — 98, then A+B=90°, 
“. The remaining angle с— 90°. 


2. The triangle is right-angled. 


Hence, the triangle is either isosceles or right-angled. 


13. In any triangle prove that Sot A, cot B, cot C are in 


ГА. U. чз] 


2 
sin А= ^. and cog ecco 
28 9b ^ 


/. eot A= 208 А А =R(b? +c? та?) 
віп А abe 


Similarly, cot g— R(o? +a? — 2) 
abc 


abc 
Now, cot A, cot B, cot С will be in A, P, 
и RO? +c? — а?) ‚ Rl? +a?—32) R(a? 4-52 _ c2) 
EE е Е = are in A, ps 


or, if о — 42, 02-а pa, a? 4-52 


or, if (c*-Fa? — 52) — (b2 402 ~a?) 


— с? are in A, Р, 


—(a? 4-52 — c?)— (c 


› Or, if a? — 2р2 


a — 52), 
5-02; 


or, if 2a? — 95? 5952 — 9,2 


or, if a, b?, c? are in А.Р, 


and cof C= пара 09); 
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Exercise 10 

1. Ifa—5, b —5 4/3, с--5, fnd the angles of the triangle 
ABC. * 
2. Ifa=3, b=3 „/3 and А = 30°, find 8. [ C. U.?21] 
3. Ifa=48, b=35, c=60°, find c. 
4, Ifa=13, ВЕ, c=15, find tan а 
5. Find sin В, if a=18, b=24, c= 30. 
6. If (atb+e)(b 4+c—a)=8be, find A. 
Find the area of the triangle ABC : — 
7, Ifa=13, b=14, с=15. 8. ІҒа--б, 2=8 and s—12. 
If the sides are as 3 : 4:5 and s=216 ft. 
If 5—2a and В= 3А, find the angles of the triangle. 


9. 
10, 


11. 
5, 5 J8, 5. 
In any triangle ABC prove the following :— 


12. asin А- р sin B—c sin (А-В) (0. U. ^13] 
18. (b+c) cos A+(c+a) cos B+(a+b) cos С — a-- 6+. 


Find the greatest angle of the triangle whose sides are 


‚14. asin (5-8) 0-0) sin 2. 
15. asin (B—C)+0 sin (C—A) +e sin (А—В)=0. [P.U. 37] 
16. (b-c) cot $t —а) cot 5- Қа — b) cot 5-0. 

417. a? cos (В- C)--b? cos (С- А)-Ес3 соз (A—B) = 3abc. 


sin (8-0) 02-0 


де sin (B+C) a? 


B с 
бап 376-9 бап с. 


19. (s — а) tan 476-9 


1 
a sin (B—C)_? sin (с—А) _овїп (А.- в)” 
20. pic? б) cd- a? 42-57 


58 A TEXT BOOK OF H. 8. 


21. 


22. 


28. 
24. 
25. 


26. 


УР 


“28. 


“29, 


“ 


' 32. 


ELECTIVE MATHEMATIOS [Ех. 10] 


(5--с- a) tan $7 (c a- b) tan В g= (a--b- c) tan € T 


aicos A+b cos B+c cos C—4R gin A sin B sin C. 


ГА. U. 44 ] 
b? віп 9С--с? sin 2B—4^A. 


cot A--cot B+cot PEE 
a? cot A--b? cot в-Ес? cot C—4A. 
bc cos? jte cos? grab cos? gs. 
a? gin (в-- 20) b? віп (с- A) A) 


2 
с sin (A— `В) 
sin A sinB — 


=0, 
sin C 


= 


ae 2A +2? 


Am 28 400 sin 2c 20, 


[0. 0. 19] 
а? віп (B— C) , b2 gin (c- -А) | с? sin (А B) | 
sin B+sin C ' sin C+sin А sin А+зш в °? 


[ B. н, U. 44] 


If cos в= 8 ma із А show that the triangle is isosceles, 


ГВ. Н. U. 45 ] 
аы h : 
CUR EC a ow that С=60°, ІР. U. ] 


a? +b? віш sin (A+B) 
"кгр a! M3 gin (Ав) в) Show that the triangle ig either: 


isosceles or right-angled, 


788. 


cotangents of the semi- 


484, 


In а triangle if а, 5, с are in A, p, 
angles are algo j in A, P, 


If the cosines of two angles of a tri 


+ Show that the 
(0. U. '54] 


angle be proportional 
to the opposite sides, show that the triangle 


is isosceles, 
[ C. U. '24 ] 
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235, If the tangents of the semi-angles of a triangle are in 
A.P., show that the cosines of the angles are in А.Р. (0. U. '54] 
36. If ina triangle the angles be to one another as 1:2: 3,. 
prove that the corresponding sides are as 1: J/3 : 2. 
? 37. Prove geometrically that in any triangle, 
a=b cos C +c cos В, discussing separately the two cases 
(i) when B and С are both acute and (ii) when B is acute and 


C ig obtuse. 
„788. If a сов? gte cos? 2-2 show that the sides of the: 


\ 
triangle are in A. P. ГР. 0.41} 


Section (B) [Properties of triangles] 


102. Circum-circle. The circle drawn through the vertices: 
ofa triangle is called its circum-cirole or circumscribed circle. 
The point of intersection of the perpendicular bisectors of any 
two sides of the triangle is the centre and the distance of this 
point from any vertex is the radius of this ciroum-oirole, 
This centre is said to be the circum-centre and is denoted 
by S. This radius is known as the circum-radius and is denoted 
byR. A triangle has only one circum-circle. 


102. (a) To find the circum-radius of a triangle. 


(1) Let DS and ES be the perpendicular bisectors of the 
sides BC and AB of the ДАВС and let 
them meet at 5. Then S is the circum- 
centre and AS or BS or CS is the circum- 
radius R of the triangle. Join AS, BS, CS. 

"*  ABSD and ACSD are congruent, 


5. ZBSD= ZCSC=A (^ The angle 


at the circumference is half the angle at 
anding on the same arc. ] 


the centre, sti 
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Now, in ABSD, BD—ÀB8C- 1a, ZBSD=A ‘and 
Z BDS=1 right angle, 

А ША = 8D а ar IS a f 

.. sin А=вїп BSD ЕЕ ав ak 


b с 
TY R= х= чб 
Бшш. 2sinB QYsinc 
a b с А 
H R= EE CE i 
eno; 2sinA QsinB 9 sin С (i) 


(i) Again, since the area of the triangle A = sin A 


2R ав” 
hj rae Ке (OL 


103. In-circle: Тһе circle drawn i 


п a triangle touching 
‘its sides is called the inscribed circle or in: 


-circle of tho triangle, 
The point of intersection of the bisector, 


‘the triangle is the centro of this circle, 
of the triangle and is denoted by 1, 

from any side of the triangle is the r 
called the in-radius and is denoted by у, 


108. (a) To find the in-radius of 


(i) Let BK and CI bisect t 
and meet at 1 and Jot ID 
sides of the triangle, 


3 of any two angles of 
It is called the in-centre 
The distaneg of this centre 


adius of the in-circle, Tt ig 


a triangle. 


They are equal, 
The circle, drawn with centre | and radius А 


10 will touch the sides of ДАВС at р E 

and F. So the circle DEF is the in-cirelg Е 

of AABC and ID (or, 7) is the in-radius, E 
Then ID—IE —IF—r, Join IA, Le KA 
Now, ДАВС= ДІВС+ AIAB-- ДАС р 


= $8C.ID J- 3AB.IE +3AC.IE 


(ii) 


Area of the triangle _ A 
qp итш eH) 
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—lar--Yer Mor r(a bc) ^ 
=тз [ s—semi-perimeter of the triangle ] 
в в 


Again, from ЛІВО we have BD=r соб 5 


and from ЛІСО, we have CD =r cot $ 


" @=BC=BD+CD=r7 cot gt cot 5 


=r (cot со y=" ( 


(9% 3B ніп 3С--віп ЗВ cos 39) 
VE sin $8 sin 3C 


cos 3B , cos А9) 
sin dB sin C 


sin (38 +36) _ ry 908 ЗА 
=r sin 3B sin 3C sin 38 sin dC 
[ ^ sin (48-56) =віп (90^—34)-— cos ЗА Ji 
a sin 4B sin $C 
cos $A ` 


Now, 7 @=2R sin A=2R, 2 sin А cos $A 


—4R sin ЗА сов ЗА, 
v—4R sin ДА sin 8 sin 3С [putting the value of a]:-:(2)- 


(#1) Again, 7 АҒ-АЕ 


Similarly, 
Now, from AAIF 


BO => ВЕ 
ср = СЕ 


AF-+BD-+CD =semi-porimeter=s, 
AF=s-—a. 


AF+BC=s, 01, AF+a=s, 2. 
Br=s—0 and СЕ=8—0. 
we have, IF=AF tan IAF—AF tan ФА, 
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or, т=(в-а) tan ЗА 
Similarly, r=(s—b) tan {в 
-and * r-(s-e)tanic 


104, The distances of the in-centre from the vertices of a 
triangle. 


In the above figure, 1A, 1B and IC are these distances. 
From AAIF, we bave ГА = Е cosec ІАЕ, 
1А=Т cosec JA, 
Similarly, IB=r совес JB and ilc=r cosec àc. 
105. Ex-circle: The circle that tou 
‘triangle and the other two sides produced 
circle or the ex-circle of the triangle. Each triangle may have 


three ex-circles. Tho circle that touches the side BC of AABC 
and the sides AB, AC produced is the i 
the angle A, Similarly there may be other two escribed circles 
opposite to the angles В and С, 


ches one side of в 
is called the escribed 


The point of intersection of the internal bisector of any angle 
-and the external bisector of an 


У other angle (or, the bisectors of 
any two exterior angles) of the triangle ig the centre of the 


-escribed circle and is called the ex-centre. Тһе perpendiculars 


‘drawn from this point to the sides of the triangle are equal and 
-each is the ex-radius of the circle, 


The centres of the escribed 
circles opposite to ^, B and C are respectively denotod by 1), 15 
13 and the Corresponding radii а 


, 
те denoted by Ti, 
respeotively. 


То and 7з 


105. (A) To find the ex-radii of а triangle, 

Let the internal bisector of the angle A and the external 
‘bisector of ZB of the A ABC meet at 11. Then 1; is the centre of 
the ex-circle opposite to ZA, From i, draw 110 perpendicular 


‘fo BC and !,F, 11Е perpendiculars to AB and Ac produced, 
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We know from geometry that 110, l;F and 11E are ex-radii 
and 110=1}Е= 171. The circle 
drawn with centre I, and radius 
1D (ie, ri) will touch BC at D 
and АВ, AC produced at Р, E 
respectively. 

Similarly, suppose то and rs are 


respectively the radii of the escribed 


circles opposite to angles B and C. 


(i) Join Ch. 
Now, ЛАВС= ДАВИ! + AACI; — ABCI; Fig. 11 
—jAB.Fl +}AC.El; —38С.0!1 
= ст: +36" —dar, 
--4ғ1(5--с-а)-3ғ1(5--с-Ға - 2а) 
=47r(2s — 2a)=r;(s - a), 


-~ A (area of the triangle)=rj(s — a), 


DO 


ШЕГЕ 
ERA 
Similarly, 72 gem e reos cet (1) 

9 | 
and rs= ы > 1 


(н) Again, Z DBI; =} Z FBD = $(180°— 4в)=90°—4в. 
Now from ABDI, we have 


2 BD е 
В0=1:0. p cot DBI; =r; cot (90* ЗВ). 
1 
Similarly from ACD!, we have CD =r; cot CDI; 


=r; cot (90° - іс) 
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* @=8C=BD+CD=7, cot (90°-48)+7, cot (90° – 1c) 
=r; tan 3B+r; tan 3C— r, (tan 28+tan іс) 


4 sin 38 , sin ic 
=r 1 1С 
cos B сов 2 


sin 38 cos 3С-Евіп 1С cos +в) 
=p, (——2— 908 95-1-81n.3C cos 3g 
„( сов 28 сов $C 
sin (38--1c) _ 
perna go) E 


cos ЗА 
= Ticos 28 cos ic 


[7 sin (38-F1c)- sin (90°—1А) 
DERE: is сов іс 
сов ЗА 
But a=2R . sin A=9R,9 sin 


=cos 1A } 


ЗА cos ДА 
=4R sin ЗА cos ЗА 
7. 71—4R sin JA cos 18 сов 


$C [putting the value of a } 
Similarly, то = 4R sin 48 cos ЗА cos 1c 


s 2 : } 65221) (2) 
and r3=4R sin 3C сов ЗА сов 38 
(ii) Again, АЕ = АС-ЕСЕ =АС-Еср =5-Еср 


апа (APS ABT FD=AB+BD =с-Евр; 
But AE—AF (* AAFI,, AAEI, are congruent) 
4% EUR со = жагу; 
=btcta=%s [+s 2s—perimeter ] 
4. AE=s, 
Hence, 


from ЛАЕІ; we have El, = АЕ tan АЕТ}, 
“+ rı=s tan ЗА 
Similarly, т. =5 tan ia (8) 
and 7з =в tan іс 
106. To fiind the distances of the ex-cenire from the angular 
points of the triangle. 


From AAFI;, we have I} А-=| 


1F eosec АЕ 
^^ А1!ү=тү совее ЗА, 
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From ДИВО we have !;B—7, соѕес |; BD —7, обвес (90° в), 
BI, —7, вес 48, similarly Cl; —7; вес $C. 
Similarly it can be shown that 
18 =т= cosec 18, 15А — re вес ЗА, ІҙС--7 seo 3C 
and 15С = 7з cosec 4c, 15А —rs sec ЗА, IB—r sec ЗВ. 
Again, Al; =71 60866 ЗА, 
But r,—4R sin ЗА cos 3B cos jC 
Аїр =4R сов 4B cos 2С, 
1, 24R sin ЗА cos $6, 
CI, —4R sin ЗА cos 38. 


Similarly 15А, 128, etc. can be found, 


Examples (11) 


The sides of а triangle are 13, 14 and 15 ft., find к. 
abe 

ал” 

Hore, s=}(13+14 +15) ft.— 21 ft. 

7. А= Wsis—a) s—b)(s—e) 

= /91(21 — 13)(21—14)(21 — 15) sa. ft. 

= /91X8x7%6 sq. 16.=84 sq. fb. 

_18X 14 X 15 eu. но п. =В} B. 


Ex. 1. 
R= 


О КЫЗА ҮН О 
Ех. 2. Show that 2R? sin A sin B sin c=A. 
а лалар 0068р 


sin А sinB віп С 
2R sin A=a, 2R sin В=6 
дв? sin A sin B sin C=} X2R sin AX2R sin B sin C 


t gin С= © 
a.b. sinC=}, а. | “sinc & | 
90 A. 
4R 
кі. M. (ХІ) T—5 
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Ех. 3. Show that in ДАВС, 4Rrs = abc, 


p R= =e and mg г | 
2 4A s 
abc „А 


г. 4Rrs=4X— AA x = Xs7 alc. 


Ex. 4. Ina triangle prove that y 71 Tg T3— A2, 


1 A pra SA PA Ж 
тазару аде aab un РЕ em z and VU WD 


ASA A A 
о — 


= AER AX да 


1_s—a .s—b,s—¢ = 38~(a+b+c) 
ао 


Tac Ta 75 - А 


Е а A [ Л 
EIL E A T & r= 


Ex. 6. Prove that (ri - т), =r)(r; -7)= 4Rr2, 


1508г, ва аа А 5-2) 
ары) GAS TE 5 
=a (2-1 ык MI -1) 
FAG ALS: -b s ПЕР Т 
ЕО b 


c 
00а 


=A°x Елио 


, TRIGONOMETRY 


s? 4A | 


(Bx, 7. Show that (++ 2414 ау = (Ель 
71-79) fs 2 


=++24+ [S00 Bx. 5] 
ЕЈ 


‘Ex, 8. If! be the in-centre of the ДАВС, prove that 


ZA A B c 
1A,18.1C = abc tan 2 бап 2 бап 9. 


< ТА =7 соѕес ЗА-- E 1в= a ІС- ^Y 
sin in i 
2 sin 5 sin 4 
т T 


Авс 


sin 2 gin 3 sin 4 
: с. (s-aXs—- bYs— 
Now, sin 1 sin 1 sin с (088—060) | 
-and r=(s—a) tan 2-0- 8) бап g7 6-2) tan с. 


(8 а)(з — bY(s — c) tan 2 бап Е tan 5 
IA.IB.IC— =) 
abe 


с 
=abe tan 5 бап а {ап ó 
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Ex. 9. Prove that сов А сов B -- cos Sec (0. 97587. 


A+B+C=180", 


^. сов A+cos В--сов C=1+4 gin à sin 5 sin 2:"(1) 


7 A. DA IBS с 
Again, ~. 7=4R sin 5 sin gin с 


2 


АЕ Qe 
Rot sing sin а g-(2) 


-. From (1) and (2) we have сов A+cos В-- воз C= 1-2. 
ND Ex, 10. If7;=R in ДАВС, show that cos B 
МУ 71= 4 sin ЗА cos 48 cos ic, 


42% 4 sin ЗА cos }B cos do 1.51 S 


-Есов С соз А, 


7i—R here ] 
Now, cos В-- сов С— cos A 


B+C В-с (1. oA 
2 (1 2 sin 2) 


=2 сов сов 
in А B-C n2 A 
=2 sin 2 608 — `` +9 віп? geb. | 


8^ 18--1o— 9o 1 


ЗАА BG TA 
=2 gin soos 2 +sin ae 
» АГ B= e+e 
7:9 sin (cos "3 oo Sto) a AT BETO Aro 
2 EARUM iss 9+5+5=90 
=2 sin М 2 соз Я сов §-1= =4 sin 3 оов PES ов 9-1 
=1-1=0, 


+.» сов B+cos C=cog А. 


497 Ex. 11. Prove that a eot А-В cot Bc cot C=2(R +7). 
The given L, Н, В.-а, ОЗА | cos E E kg 29816 


sin A віп В 
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b 
= 9 cos A--— — . cos B+ ($ 
sin А sinB sin C 


=2R сов A+2R cos B+2R cos C 


ad П ЛЕ 
= ор 
sinA віп в sinc 


=9R(cos A-+cos B-+cos С) = 28 (1+) [see Ех, 9] 


=2(R +r). 
TO Ex. (12) If (: = n) ( = =) 2, show that the triangle is 
2 3 
right-angled. 
: ^ ^ ^ 
Ae TS erat ЕЯ: į 2 
йүс кз АЧ ceder с ast 
Fa) 3—6 = 8—0) Tg 5-а 


Now, from the given condition we have 
88) (1-* аа О 
(1 =) 1 =) , ог, HEP UT 2, 
or. (b—a)(c—a) =2(s -a)? 
(b—aYo —a) -9($b +30 — $a)? |72 s—3a-- 36--36] 


ог, 
or, (b—a)(c-a)- (6-c—a)* 
or, 2be -92ac- 9ab 4-9a? =b? --c? 4-4% --9Tc — 9ab — дав, 
or, a?=b2+c2, 2. Aisa right angle. 
Hence the triangle is right-angled. 
ШІ Жох. 19. The perpendiculors from the angles of a triangle 


on the opposite sides meet at О and OA-z, OB=y, ОС--2, 
ae ГА. U. '40 ] 
6 тув 

Let 5 be the circum-centre of the triangle ( draw а fig. ) and 
icular to BC. Join SB and SC. 

ZBSP= ZA. 


ab 
ар 
Show that 245 


SP be perpend 
Now, ZBSC=2ZA, 4. 
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The distance of the circum-centre from any side of а. 
triangle is half the distance of the ortho-centre from the opposite: 
vertex, .. ЗР=ФАО=З 


Again, SP=BP cot BSP=4a cot A, 


ie. d¢=ha сой A, or, z-a cot A, 


oy Шаа а aS А, 
æ cotA 
ҮШ: 5 с 
Similarly, - =tanB and —=tan C. 
y 2 


Ga Un A+tan B--tan C 
уз 
Ф VO A+B+0=180°, 


“. tan A+tan B+tan c= =tan А tan В tan Ce QY 
ту 


e 
"y 
т. 4,5 men — abe 
® у 2 gyz 
Exercise 11 


1. Ina triangle ABC 


if а=13, b=14, and c=165, find 
rand 71. 


2. Express the circum 


-radius of a triangle in a form not 
involving the angles, 


In a ААВС, prove the following :— 


9. sin A+sinB+sin Cu 


T NS Мтататат, р. S (А.Т. 47] 
Tots 
6. ri+ra=c cot 1c, ( C. 0. '47 ] 
Пел 1 1 H 
М, OFE p 1. . 9. '56 
be ca at ЕЛА [B. H. U ! 


8. 4 сон А 2 боз 5 сов 


С 5 
ДЕБ: 
"9, Js=R2 sin a sin B sin С 
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10. bse са па, 
rı T2 7з 
11. А =72 cot A cob 3 со =. 3 
a b c 
=2(R E 
V tan К ан сақта с ( +) 
413. ry +7 Бтз –7= 48. 


ыс Tyro+rr3=ab. Б) atra) 
7273 
fo Чё. (r1-7)(r2-r)(r3 – т) =4r?R. ГА. U. “491 
17. а сов B сов C+b сов С сов A+c сов A cos в-3. 
e xS. ӛс-тәтҙ. ca — тата =D n 
PS ті Та Ts 
19. тата тотз rgri —52. 
20 (2-2) 1-ijgg- 1)= 4R. = JER 
Cow rir тот rg 785 72(a-+b+e)2 C 


nC With the usual notation establish that 
: : 
ніп A+sin B-Fsin es. (0. U. "51.55 ] 


a 4/82. If 89202452407, prove that the triangle ig “ЖС 
right-angled. 
23. The sides of a triangle areas 3:7:8, find the ratio 
Б 27. 
Sa. If r1=r+ro+rs, show that the triangle is right-angled. 
{ 25. The sides ofa triangle are 5 ft., 8 ft. and 5 ft. Prove 
5d that two of its escribed circles are equal. [O. U. ^18] 
о $26. If R=2r, show that tho triangle is equilateral, Ve 
A 7282 If the lengths of the perpendiculars frora the uv 
circum-centre on the sides BC, CA, АВ of the ДАВС are т, у, = 
respectively, prove that ease ge б 
v y z 4512 
28, If the altitudes of a triangle bo hy, ho, hg, prove that 
1 
Три 
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« (529. In any triangle, prove that the area of the in-circle is to 
the area of the triangle as 7 2 cot $A cot 18 cot ic. 


30. If ІА, IB, IC are respectively equal to z, y, 
obo s 


cys T 


2, show that 


№ 31. If P be the area of the in-circle and P}, 
areas of the escribed circles of a triangle 
1 1 1 1 
= + T—-—. 
Je МР: МР АР; 


—— 


Ро, Р» the 
> prove that 


Use of Logarithmic and Trigonometric Tables 
10% Use of ordinary Logarithm Tables. 


You have already learnt the use of the с 
and anti-log tables in class X. You will fi 
end of this book, 


ommon log tableg 
nd some tables at the 


In Table I, only the mantisss of the 
all the numbers from 10 to 10000 ( Z.e., numbers consisting of 
4 digits or less ) are given, The characteristics are omitted 
they can be written by inspection, 

Table IL is the anti-log table, 
Corresponding to a given logarithm ca, 
table also is known to you, 


common logarithms of 
» вв 


from which the numbor 
п be found. The use of this 


Table III [ Natural sine and cosine Table, ] 


Ordinary sines, cosines, etc. are usually stated 


ав natural sines, 
Cosines, etc. In table III, both 


the ordinary sines and cosines of 
all angles from 0? to 90° at intervals of 1’ (one minutes) are given. 
This table consists of four Portions, In the first portion ( on the 
left side ) 0°, 15 25... Up to 90° are written from top vertically 
downwards, and in the third portion 89°, 88°,---up to 0° are noted 
Way. On top of the second portion, 0’, 10’, 20’, 30’, 


( 60’=1 degree ) are written horizontally and the 


in the same 
40, 50', 60! 


aom 


corresponding 8 
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ines ara given under each. The last or tha fourth 
portion is the mean difference portion. Here 1’, 2; 3,4’, 5’, 65 
7', 8, 9' are written horizontally on the top and the sines are 
given under each. For sines of an angle this table is read just 
like the log tables of ordinary numbers. 

This table gives not only the sines but also the cosines of any 
angle. The natural sines are written from the left of the top 
towards the right and downwards, and the natural cosines are 
written from the bottom upwards from the right side to the left. 
Ib is to be noted that this table is so arranged that the sine of 
any angle and the cosine of its complementary angle coincide. 

(i) To find the natural sines: Suppose sin 49736” is to be 
determined from this table. We first come to the line where 49° 
n in the vertical column of the first portion and then 
he right in the same row we come to the number 
“67559 written under 30’ ( written on the top ). In the same row 
further to the right in the difference portion ( i.e., fourth portion) 
we come to the number 129 written under 6' of the top. As the 
table is prepared correct to 5 places of decimals, 129 signifies 
number of zeross are supplied before 


is writte 
proceeding to t 


:00199 ( i.e., the requisite 


199 ). 
Tt is to be noted that in the case of positive acute angles, as 


the angle increases, its sine increases. Hence in determining the 


sine, the difference for the increased number of minutes is to be 


added. 
Hence, sin 42°36’ —'67559 + 00129 ( diff.) = "67688. 


The process of finding the sine of an angle given up to the 
gecond will be discussed later on. 

(4) То find the natural cosines: 16 has been stated before 
that to find the cosines of a given angle from Table ІП, we have 
to proceed upwards from the bottom of the third column and 
come to the angle given and then move from the right side to the 


left in the row. 
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At the bottom of the table in the second 


bottom of the difference portion (1.е., 


the fourth portion ) 
1’, 2’, 8,---, 9' are written from the left side 


to the right. 
Now, suppose cosine of 46743 is to be found. 


In the third 
Portion we first come to the row where 46° 


is written, Then 


' we have to 80 upwards from 


the bottom to find 
cosines ) Now, 


9. the fourth portion ) 
lumn of 3' from the 


Sorrect to 5 decimal places ). 
74 соз 46'43' —'68694 = 000063 — "68561, 
[N.B. In the Case of positive 

increases, its cosine decreases, 


the mean difference for the incre 
in the fourth portion ) 


acute angles, as the angle 
Hence in finding the cosine, 
ased number of minutes 
is to be subtracted, 


Table IV [ Natural tangent and cotan 


In this table both the tan 
angles from 0° to 90° at int 


( given. 


gent Table ] 
gents and the cotangents of the 
ervals of 1' are given, This table 


the right side to the left i 
The tangent of а 
decreases ав the ап 


п а row, 


n acute angle increases and the cotangent 


Ble increases. Hence the mean difference 
( made up into 5 places of decimals) for the increased number of: 


Portion are written: 
0, 10’, 20’,---, 60’ from the right side to tbe left, and at the- 
> > Y 


m of which 40' ig. 


e right in the same: 
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Example. tan 30°23'='58513 4-00118— 58631, and 
cot 45°32’ 2798270 — 00114 = 98156. 


Table V (Logarithmic sine and cosine Table] 


You know that the sines and cosines of all angles are 
numerically less than unity (i.e 1) and the tangents of angles- 
between 0° and 45° and the cotangents of angles between 45° and 
90° are less than 1. Hence, their logarithms are negative. As 
it is inconvenient to tabulate negative values printing bars over 
the characteristics (such as 2, 3, etc), this table has been prepared 
adding 10 to the logarithms of trigonometrical ratios to avoid: 
this inconvenience. These are called logarithmic sines, cosines, eto: 

They are written as L sin Ө, L cos Ө, L tan Ө, etc. 

Thus L sin 0=10-+108 sin 6, L cos Ө= 10-Flog cos Ө, etc. 

In this table the values of L вір Ө and L cos Ө are tabulated 
m 0° to 90° at intervals of ae 

This table also is to be read as the table of natural sines- 
and cosines to find the values of L sin 0 and L cos Ө. 

Suppose L sin 86792! is to be determined. In the first 
column of this table we first come to the row of 36° and then: 
moving to the right find the number 777268 (Le, 9'77968) 
written in the column below 90’ of the top. So we have 
L sin 362002917268. Now, further to the right in the game 
row we find 51 written in the column under 3 in the difference: 


fro 


portion. 
Hence, Г sin 36°33'=9'77268+"00051=9°77319. 


Similarly reading from below upwards and from the right. 
side to the left we find L cos 4539 = 984566 —00026— 9784540 
[the diff. being subtracted in the case of cosine.] 

Table VI [Logarithmic tangent and cotangent table.] 

The arrangement in table VI is similar to that in table У, 
The table VI gives L tan Ө and L cot Ө of all angles from 0° to. 
90° at intervals of 1’. 
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The mean difference is to be added in fin 
to be subtracted in finding Г, cot Ө. 
Thus, L tan 52°36'=10'11502+"00157=10'11659, 


, 


L cot 65°45 —965535—'00168—9:65367. 


ding Z; tan 0 and is 


108: Principle of proportional parts 
"The principle of Proportional 
very small change іп ә number, 
in the logarithm of the number ig 
the number itself, (ii) So, for a 


Generally, when the increase 18 smi 
‘the number, the increase 
broportional to the increase i 


all in Comparison with 
in the lagarithm jg very nearly 
n the number, 


This principle is known as the rule of Proportional parts, 


yond our Scope. We shall, 
Notice the application of 


The proof of this principle is be 
however, apply it where necessary, 
this rule in the following examples, 


Examples (12) 


Ex. 1. Given log 74583— 48726398 
718796457, find (i) log 74°5836 (ii) 
logarithm ig 28726412, 


and log 74584 
the number whose 


(i) Неге evidently the man 


those of log 74583 and log 7 
14583 by ‘6, 


tissa of log 74583'6 lies betweon 
4584, and 74583'6 is greater than 


Here, Jog 14584— 48796457 
and log 74583-—4:8726398 


4% inerease for 1—'0000058, 


lnereage for "6-<"0000059 х ‘6= "00000354 = "0000035 
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[By the principle of proportional parts up to 7 places of- 
decimals] 
log 74583°6 = 4'8726398 + "0000085=4`8726433. 
the required log 74'5836 =1°8726433. 
(ii) 48726412 lies between 48726398 and 48796457, ала 
its difference from the first is "0000014, 

Hence, the number whose logarithm is 4'8726419 must be 
between 74588 and 74584. Геб the number be 74583 +. 

Now, the difference for the increase of 1 15`0000059 ( i.e. 
diff, for 1 is 59) 

-. the diff. for c="0000014 (i.e. briefly 14) 

From the Principle of proportional parts we have 
59:14::1:2, 
or, 221$—'28:- 
^ log 74588'23--- = 4'8726412. 

Now, since the mantissa of the given logarithm 98796419 
is the same as that of log 74583°23---(above), the required 
number must be formed of the same digits (as in 74583'23-..) 
arranged in the same order. Its characteristic being 2, i.e, —2 
the required number = '07458323---. 


Ex, 2. Given sin 36°41/=0°59739 and sin 36°42’ = 059763, 
find sin 36 41'32". 
sin 36°42’ = 59763 
sin 86°41’ ="59739 
-. diff. for 1'—24 (briefly) 
1=60 .. diff. for 60"=24 
diff. for 82° = 24,482 = 19'8 (4.e., 7000198) 
2. sin 86°41'32" —'59739 4-000128 = 597518. 
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Ex. 3. Given cos 46°94’ 


=0°68962 and difference for 1--91 
| wind cos 46°94’40”, 


2 


Here, the difference between 46%24740” 


and 46224” ің 40” 
and diff. for 1’ or 60" is 91 (i.e, *00021) 


sS diff for 407— 21x40 


714 (i.e, 00014) 
- for increasing angle, 


the cosine diminishes, 
-. сов 46°24'40”='68969 — '00014— 68948, 


Ex. 4, Given Z sin 44°17' =9'8439849 апа Г sin 44218! 
7798441137, find Г sin 44°17'33" and deduce the value of 
-L совес 44217733”, 


G) I sin 40°18'=9:8441137 
L sin 40°17’ = 9:8439849 


diff, for 1'— 1995 (i.e. 70001996) 
de., diff. for 60!--1995 
diff. for 337-1295 


хаз 


0 
L sin 40°17'33"=9 
(i) Let 44*17'33" — 0. 


=712'25, io. = “000071295 
8439842 +'0000712 = 98440554, 


Here log sin 9— Z; sin Ө— 10. 

Now log созес 6—1og il = — 108 sin ө [*,' log 1-0 | 
віп 0 

= - (Г sin 9 —10)—10-— L sin 8 


KOS 9'8440554='1559446 
L соѕве 44°17'33” 


=log cosec §+10=10'1559446. 
Ex. 5. Given совев 


13°8'=4'4010616 and созес 13°9 
= 48955817, find the value of coseo 13*8'19". 

Here for an increase of 1' or 60” in the angle, the cosecant 
decreases by (44010616 — 43955217) o 


т "0054799, 
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", for an increase of 19” in the angle, the OE dimini- : 
-shes by 19 X ‘0054799 or '0017353. 
совес 13819" — 4'4010616 —'0017353=4"3993963. 
Ex. 6. Given L cot 692726 —9'5257779 and L cot 62°97’ 
=9'5253589, find the value ой Г cot 6979647" and solve the 
equation L cot 0 —9'5254782. 
(i) І cot 62*26'— 95957779 
L cot 62°27'=9°5253589 
2. diff. for 1' or 60”="0004190 
i.e. for an increase of 60" in the angle, the Z cot diminishes 
‘by "0004190, 


aiff, for ат £7 00020 10003282, 


Т. cot 62°26'47" =9'5257779 — 0003282 —9'5254497. 


(ii) Now, the equation L cot 9—9'5254782 is to be solved. 


Here L cot 62°26'= 95257779 
and L cot 0 =9`5954789 


л di --9997 (briefly) 
But from the given data, diff. for 1” or 60"= 4190 (briefly), 


Т. cot diminishes by 4190 for an increment of 60" of 
+he angle, 
-. L соб diminishes by 2997 for an increment of 80002997 
499” in Ње angle. 
<. 0=69°96'43” (Арр.). 


Ех. 7. Find by interpolation the angle whose Z tan ig 
9132235. 
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From the table of Logarithmic tangent (table VI) we have: 
L tan 28°20'=9°73175 and diff. for 1'—*00030. 
Z tan 2821—9:73205, and Т, tan 9822 919235, 
the given 7, tan lies between 9'73205 and 9'73235, 
the angle lies between 98°21' and 28°29', 
9°732235 — 9'73205 ="000185 


- 700030 is the diff. for an increase of 1' or 60", 
wA 
000185 , n ,, 60" х "000185 


» » ” ^ 700030 ” or 37”. 
.. the required angle 28221737”, 
Ex. 8. Find from the tables the value of 


tan 8976” X sin 3417. 
sec 19737” 


Let the given exp. ==. 
Then z — tan 89% X sin 34°17’ Х cos 12787! 
>. log z—log tan 82°6’+log sin 34^17'--log cos 12°37’ 
Now, from the tables we have 
log tan 82'6' =Z tan. 89°6' —10— '85806 
log sin 3417'— I; sin 84°17’ – 102 175072 
log cos 19*37' = Т, сон 12°37 — 10—1:98938 


-. (Adding) log == 59816 
“ Antilog ‘59816 = 3'9649, .. 2=8'9642 
se The required value— 39649. 


Ex. 9. Solve sin z—'7, given log 7 = '84510, 


L sin 44"95/—9:84501 and diff, for 1’=18. 
`^ gin s='7 
*. log sin s= log '7—184510 
* Lsin &=9'84510 
and I sin 44'25/—9'84501 


diff. = 


9 (briefly) 
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Now, 13=diff. for 1! ог 60", 
j g=diff. for 60 x9 or 41:5". 
13 
-  Lsinz—lLsin40'25'AU5", 1. c-—40'95'41'5". 
Exercise 12 


Find from the Tables the values of :— 


1. sin 44^ 58” 2. -cos 25° 19' 

8. tan 35° 49' 4. cot 38° 95” 

Б. sec 36° 48' 6. cosec 50° 25' 
Evaluate— 

7. L cos 45° l5 8. Гап 29° 97' 

9. Lsin4l 15 10. 2 cot 27° 84 


11. ГГ cos 6--9:55598, find Ө to the nearest minute, | 

12. Given log 4897 =3'68367 and log 4828 = 3'68376, find 
log 4827'b. 

13. Given log 3534— 3:54826 and log 3535=3'54838, find 
the number whose logarithm is 254831. 

14. Find the seventh root of “034574, having given 
log 34574 = 45387496, log 61837=4'7912484 and difference for 
00001 = 0000071. | 

15. If log 956°12=9'4084485, log 30°317=1'4816862 and 
log 3'0318 = '4817005, find the fifth root of "0025619. 

16. Given log 4376=3'64108 and log 4877 = 864118, find by 
interpolation the logarithm of 437766. 

17. If sin 35°24'="57952 and sin 3525'—'57965, find by 
interpolation the angle whose sine is "57960. 

18. If cos 48'16'—'66566 and difference for 1'=99, find 
cos 48°16'36". | BW 

19. If cos 5818 —'5254716 and cos 5819 —'5259941, find. 
the angle whose cosine is ‘5254221, 


El. M. (XI) T—6 
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20. Given tan 76°21'=4'1177784 and tan 76°22’ = 4°1230079, 
find the angle whose tangent is 4°1203060, 


21. Find the value of L tan 79° 41’ 24” from the table. 
22. Given L sin 37°43'40” =9'7867152 and 
L sin 37°43'50"=9'7867424, find L sin 37° 4356". (0.70.7101 
28, Given L tan 79°51'40"=10°7475657 and 
L бап 79°51'50"=10°7476872, find the angle whose L tan is 
10774765829. (0. U. 211 


24. If Г seo 27°39'=10'0526648 and difference for 10"—110, 
find Ө when L sec 8—10'0527253. 


25. Given log 2—'30103, log 6684—83'82504 and diff, for 
1 
1-7, find (:04)8, 
26. Given Lsin 1476! --9:386704, find L coseo 14267,7 


97. Given ZL sin 35°20'=9'7621775 and L cos 35° 90! 
=9'9115844, find L tan 35° 20’. 


28, Prove that L sin 0-- Z; cosec Ө=1, tan 0-- I; cot 0=90, 
where Ө is an acute angle, 


Evaluate :— 
f o ET 45° 15. 30. Sin 47° 13", 
29. sin 25 12 Xcos 45 баари: 
cot 27^19' X sin 34° 17’ 


81, Find the value of 


вес 77° 23 2 
given L cos 55° 43 97507, L tan 62^48'— 102891, 
L сов 77° 23'— 98393 and log 239'4 = 93791. 

32. Find Ө, given sin 0776, log 6— 17814, 
L sin 36° 59’=9'77812 and diff. for 1'—17. 

82. Solve tan z —'3, given log 3='4771913, 
L tan 16°41’=9'4770875 and diff. for 1'— 1859. 
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Solution of Triangles 


109. In any triangle the three sides and the three angles 
are the six parts of it. The solution of a triangle means’ the 
determination of these parts. The triangle is then completely 
known. These parts are not independent, but are restricted by 
the relations between the sides and angles of the triangle. 

When any three parts of a triangle are given, provided that 
one at least of these is a side, the numerical values of the 
unknown parts can be determined. If, however, only the three 
angles are given, the triangle cannot be definitely known ; for, 
innumerable triangles having their angles equal to the given 
angles may be constructed. 

The three parts of the triangle may be given in the following 
жауа: 

Case I. Three sides. 

Case II. Three angles. 

Gase III. Any two sides and the included angle. 

Case IV. Two angles and one side. 

Case V. Two sides and an angle opposite to one of them, 

Now, we shall deal with these cases one by one. It is to be 
noted here that! the solution of a triangle is not possible, if the 
given data be inappropriate, As for example, two sides cannot 
be together equal to or less than the third, or two angles givon 
cannot be obtuse or right angles. 

110. Case I, Three sides given. 

Let the three sides a, b, c of a triangle ABC be given. It is 
required to solve tho triangle, t.e., its three angles are to be 
determined. 


2 2.49 
From the formula cos uu Жете › the value of сон A can 


ре determined, a, b and c being known. Now, from the cogine 
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table, the angle corresponding to the obtained value of the cosine 
(cos A) can be found, Thus we obtain the value of A. 

As the angle, being an angle of & triangle, lies between 0° and 
“and as within this limit an angle corresponding to a given 
cosine has only one value, the angle is definitely known. 

Similarly B and C can be determined. If only two angles be 
thus determined, the third angle can be easily obtained, 


Approximate value, The cosine table gives only the 
approximate values. It has been proved in higher mathematics 
that more accurate results, i.e,, the nearest approwimate can be 
obtained using the logarithmic tangent table. 

Hence to determine A, we should apply the formula 


A = EDIDI where s=3(a+b-+c), 


29228 
Then we have Z tan ^—104-log (8984) 
2 s(s — a) 
--10-- log (s — Б) +108 (s – c) – log s — log (s а)}. 
The other two angles can be similarly determined, 


[N B. An angle of a triangle may be obtained using the 
sine formula, but in this case there may be ambiguity, for the 
sines of supplementary angles are equal in magnitude and are of 
the same sign. As for example, if sin A= 3, then A— 30? or 150°. 
Tn such cases we shall have to verify which of the values of the 
angle satisfy the other conditions. 

But there will be no such inconveni ence, if the angle is 
obtained through the cosine or the tangent formula. 


ты кш. 


sin $= Миға) cos = A / 8 — a) 


ы” 
tan ат (5 — b)s —о). 
s(s—a) 
We have alread 


Y stated that it ів preferable to apply the 
tangent formula, ] 
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111. Case П. Three angles given, 


It has already been said that in this case the solution of tho 
triangle is not possible, for an infinite number of triangles can be 
drawn with the same three given angles. Those triangles will 
be equiangular and hence similar. So only the ratios of the 
lengths of the sides can be found in such cases but not their 
actual lengths. 


Thus -4-- b = 
sinA sinB sinc 


‚ or, @:b:c=sin A: sin B : вір C. 


Examples (13) 


Ex. 1. The sides of a triangle are 7, 8 and 9, Determine 
all the angles having given log 2—'3010300, L tan 945740” 
=9'6505069, L tan 24°5'50"=9°6505634, L tan 20°12'20" 
=9'7474183 and L tan 29°12'30"=9°7474677. 

[0. U. 38; В. Н. U. 38 ] 


Here a—7, b=8, c=9, hence s=3(7+8+9) = 12. 


E: 2- (s-aYs-c) . /(12—1)12-9) 
ans v s(s—b) -/ 12(12—3) 


=, 5х3 / 5... /10 
12х4 16 82 


L tan В = 10-Hlog (10+ log 10— 3 log 32 
=10-$ log 10— 1 log 2°=10--} log 10— $ log 2 
-10--4х1-5х:3010800--10-4-5- 1595750 
=9'7474250.. 
Now, Ш tan 29°12'30"=9°7474677 
L tan 29°12'20"=9°7474183 
diff. for 10"="0000494 
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Let п = 291920" +0" 
' diff. for 2” =9°7474250—9°7474183= "0000067 
а" "0000067. 67 . . 102x67 22. 


Ц M —— 


10” “0000494 494° "' 494 


2, == 99°19/90"4-1"35"—99°19'91:35" 
B=58°24'42'7" (арр.). 


А_ /12—8Y12-9), /4x3 a ace any ADT 
2 - dy 


Again, tan ыл ЖЕ 
12(12—7) 19x5 


.. L tan $7104 log 2— $ log 102 10--:1505150—'5 
—9'6505150. 


Now, diff, for 10"—9'6505634—9'8505069 —'000565, 
and 9'6505150—9'6505069—'0000081. * 


Let 27 245 40" +a" 
oc a 565. 81:5: Т 


81 x 10" 


sap ^ 149" (арр.), 


qe 


A Op’ " . n 6r! А 
g = 24 5 40"+- 1:43" = 94°5'41'49” (app.), 
7. A=48°11'22'86”" (арр.). 
Hence, С= 180—A-B- 180^— 106°36'5'56” 
=783°23 5444" (арр.). 
Ex. 2. The sides of a triangle are 32, 40, 66 ; find by the 
help of logarithmic tables the greatest angle, [C. U. '45] 
Here the angle opposite to the greatest side 66 is the greatest 
angle. Let it be angle A. 


327+40?—66?_ 1792 433 


2X82x40 95606 64077 617656 


Now, cos Az: ————— 
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From the tables we have cos 47°20'='67773 


and cos 47980! = "67559 
2. diff. for 10 = '00214 


"67773 —'67656= 00117. 
Now, 214 is the diff, for 10, 


117 39) (392639 > Me or 5'28", 
^. сов 4772598" —'67658, 
5. сов (180° — 4795/28") = — cos 47°25'28"= - "67656, 


', A=180°—47°25'28" = 13284'39", 
Ex. 3. The sides of a triangle are proportional to 7, 12, 11; 
fnd the least angle, having given L tan 1733 —9'500042 and 
difference for 1 = 439. 
Let the sides а, b, с of the A АВС be proportional to 7, 19, 11. 
Then A: B: C—7 : 12 : 11 and A is the least angle, . 
Let a=7K, b=12K, c 11K. .. =3(7K --19K --11K)— 15K. 


АИ ш 8K X 4K вх о т у 
2 s(s—a)  “isKxeK 10 MO 
L tan 5—10-- log 1-3 log 10=10+0-"5=9'5. 
Hence, the difference here — 9'500042 — 9'5 —'000042 and the 


angle ^ is loss than 17°33". 


Now, 439 =diff. for 1’ or 60" 


60" x 49 


439 or БУЛ 5 


49 =diff. for 


2% а= 17°33'— 5'7"=17°39'54'8" (nearly) 


А=35°5 49" (nearly). 
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Ех. 4. Given а= 4/8— 1, b= 46, с=9, solve the triangle. 
c?-ka? — 52 4--(,/3-1)2-6 


Here cos B= ас 2x9(.J3—1) 
.4*4-9,8—8. 3(1— /3)_ 1, og 190°, 
4( J3— 1) A gre 
1. B=120°, 


ой В A-a Stei в-а. 
Again, cos C= SH 2(J3—1)x J6 9(,/8—1),/6 
INB CIB Ур Ере с а 
ВЕ) 6^ АЗ сов 45, 


Г. С=45’. ), A=180°-120°—45°=15°. 


Ех. 5. ТЇ two angles of a triangle be 45° and 75°, find the 
ratio of its sides. 


Let ABC be the triangle in which А = 45° and в= 75°, 
Then C= 180° – 75° – 45°=60°. 
+ 8 o 3 
sin ij sin 75°= уз vr and sin 60 = 5 
Л a: зоны 45° : sin 75°: вір во: Bet, 8 
-2:(,/8-1): J6 [ multiplying by 2/2] 

Ех. 6. Tho angles of a triangle are as 7 8 : 9, prove that the 

ratio of the least side to the greatest side is 4/9 : (,/3--1). 


Here tho sum of the three angles is 180° and they are in the 
ratio 7:3 :9. 


7-3+2=12. 


2. The least angle— 1% X 180° = 30°, 
and the greatest angle= 45 X 180°=105°. 
the read. ratio=sin 30? : sin 105” 


SEN 
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Ex. 7. The ratio of the smallest angle to the greatest angle 
of а trianale is a3 2: 5 and the third angle is 13 times the 
smallest angle. Compare the lengths of the sides. 


Let ABC be a triangle in which A: В =0: 5. 
** The third angle С is 1} times the least angle A, 
. А:С=8:8 

АЗВ:С-9? 5:8 


9 о о don о E 
О —36°. Similarly, B=90 c=54. 
A pam c: imilarly , 

a 


2 
b :o=sin Aisin B sinc 
=вїп 36° : sin 90° : sin 54° 
= моз 45.1. d Гг. sin 54° = oos 36° 


--1(,/5--1)1 
= ‚/(10—2,/5):4: (,/5--1). 


Ехегсіве 18 
i. Иша triangle а--983, b=317, c= 498, 
find all its angles by the help of the Tables. 
9, In a plane triangle a=18, b=20,c=22; calculate the 


yalue of L tan Given log 23010300, log 824711213. 


[ €. U. °15 ] 
8. Ша--17, b=20, c=27, find all the angles by using 
the tables. 
4. Tho sides of a triangle are 9, 10 and 11, find the angle 
opposite to the side 10. Given log 2—'30103, 
L tan 29°50’ = 97526420, L tan 99°99' = 9'7593479. [H. 8.7641 
5. Find the greatest angle of the triangle whose sides ara 
5, 6,7. Given log 6—'1181513, L сов 39°14'=9°8890644 and 
diff. for 1 = 1032. LG. U.; P. U.] 
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6. If a—15, 6=19, c=24, find the greatest angle of the 

. triangle ; given log 57 —0'75587, L cos 88°59' = 8:249083,anàd diff. 
for 1'—718. [O.U. °36] 
7. The sides of а triangle are 7, 8 and 9. Determine all 

the angles, given log 2='3010300, L tan 24^540"— 96505069, 
L tan 245/50" —96505634, L tan 29^12/20" — 97474183, 
L tan 2919/30" — 97474677. (0. U. 738) 


8. The sides of a-triangle are 4, 5, 6 ; find B having given 
log 28010300, Leos 27°53'=9'9464040, diff. for 1'= '0000669 
` (0.0. 41, P. U. 44 ] 
9. The sides of a triangle are proportional to 2,8,4. Find 
the greatest angle, having given log 2—'30103, log 9274771913, 
L tan 59°14' = 101108395, L tan 52715'—10'1111004. 
10. Find the greatest angle of the triangle whose sides are 
12, 15, 16. (Use log tables). [O. U. ^57] 
11. If the sides of a triangle are as 68:75: 77, find the 
least angle. Given log 2—'3010300, L cos 26'34'— 99515389 
and diff. for 1'=%39, 
12. Ifa=,/6, b—9 and c= /3+1, solve the triangle, 
13. Solve the triangle in which 4—5 ,/8 and b=c=5, 
14. The sides of a triangle are a, b and Wa*--ab--b? fect ; 
find the greatest angle, 


15. If the sides of a triangle are 4, 5, 6 feet, show that the 
least angle is half of the greatest angle. 


16. If one angle of в triangle ів 45° 


other two is 9 : 7, find the angles and the rati 


17. In ДАВС, 
side to the greatest, 


and the ratio of the 
o of the sides, 
А=45° and B=60°, find the ratio of the least 


18. The angles of a triangle areas 1: 
Magnitudes of the sides. 


19. н A= 45°, B=60°, show that a+b J%=2%, 


20. The base angles of а triangle are 29280) and 1192°30', 
Prove that the base is twice the height, 


2:8; compare the 


TRIGONOMETRY 91 


21. Ifcos A— 45 and cos B=}%, find a: b :c. 

22. The angles of a triangle areas 3: 4: 5 ; find the ratio 
of the least side to the greatest side. 

28. The ratio of the smallest angle to the greatest angle 
of a triangle is 2 : 7 and the other angle is half as much again ag 
the smallest angle, Compare the magnitudes of the sides. 

24. Тһе angles of a triangle are 40°, 60°, 80°, and the 
greatest side is 22 ft.; find the least side, given that 
L sin 40°=9'8080675, L віп 80°=9'9933515, log 22—1'8494991, 
log 14359— 4'1571243, diff. for 1—'0000302. [B. U. 1899] 

112, Саве III. Two sides and the included angle given, 

Let the two sides b and c and the included angle A of the 
ДАВС be given, It is required to solve the triangle, i.e., to 
determine the angles B, C and the side a. Here а definite 
solution is possible, for only one triangle can be drawn with the 
given parts, 4 

I. Ifb=c, then B—C, So the values of B and С can be 
determined from the relation A+8+C=180°, or, A+2B=180° 
Thus three angles and two sides being known, the third side can 
also be found. 

П. If b and с are unequal, then suppose >с, 

Now 8+C=180°—A, zten 


9s B—-C %-с 
tan == 
8 b+e cot 5 


Again 
&-di tan P P =10+1og fee, cot 3 
—log (b— c)—log(b--c)-Flog cot $10 


=log (b— c) — log(b--c)4-T. cots (2) 
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Here, b, с and A being known, the value of the right hand 


side in (2) сап be found. Thus the value of L tan 2 — e being 
P B—G : І 
obtained, the value of can be determined. 
B+C Bc 
Now, 5 and D being known, the values of B and C сап 


be determined. 


Again, the three angles of the triangle being known, the side 


а can be found from the relation —2— = В 


зіп А віп B° 


= #6 
зїп А sinc’ 
ENE, aser 3 a=b Bin 
sinA віпВ sin B’ 
4: log a=log b+log sin A — log sin В 
—log b+(10+log sin A) — (10 + log sin B) 
=log b--L sin A— L sin B. 1 
[ Alternative Proof}: Тһе value of а can be found from the 
relation a? =b? +c? — 9bc cos ^, here b, с, A being known. 
Now, a being known, B can be determined from the relation 
b sin А сн 02; Thus А and В being 
a 2ca 


or from 


№ 


ніп B= ‚ or, from cos В = 


known, С can Бе easily found. 
[ N.B. It is not, however, convenient to use this method. | 
113, Саве IV. Two angles and a side given. 


It is very easy to solves triangle, when two of its angles and 
any side are given. ‘Two angles being given the third angle ean 
be found from the relation A-+B+C=180°. 


Again, since any one of its sides (say a) is known, b and c can 


Thus 54.4552 B , авіпс 
Bin A Bin A 


Bec шеп 
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Ex. 1. Ifa=1+ ,/8, b=2, C- 60°, solve the triangle. 

Here the values of c, A, B are е found. 

From the formula, c? — a? + 5? —9ab cos C 
=(1+ 3)? --(2)? — 2(14- ,/8),2.сов 60°. 
244-9 ,/3--4— 9(14- J3). 2.3 
=84+2.,/3-2-2,/8=6. 

c= V6. 
a sin C_(1+ /8) sin 60°_(1+ J83), J8 
c /6 /6 9 
Е ав 75°, . А= 75°, 


Again sin A= 


A B=180°-A-C= 180° – 75° – 60°= 45°. 
Hence, c= 4/6, А--75”, в=45°. 
Ex. 2. Ina triangle ABC if а=91, b=11, C=84°49'30" ; find 
А and B, given log 2= 30103 and L tan 72/38'45" 2 10'50515. 
“ж : [B.H.U. '47 ] 
A+ 


Here “4 Bes $790" - 3(84°42'80") 


2909 -1i792115'-72/88'45" (1) 


A—B a-b C2191 —11 с 
і = 7 cob = e 
Again, tan EA 00 CES cot 9 


10 A+B_10 egg! ы : АВС ль 
=за fan == в tan 79 3845" |. Tye +5=90 ] 
2. L tan А=Ё = 10-H1og 10-5 log 2-F log tan 7973845 


—1—5x:30103-FL tan 79238746” 
[^ 104-108 tan 0 — T tan 0] 
—1-—150515--10'50515— 10. . 
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-. 10-108 tan 4-8. 10, -. log tan А-В оов 1 


А-В . А-В 


fan =1=tan 45°, .. ay conos (2) 


Adding (1) and (2) we have 

ASA TB АВ oy 38 457 E451 gg agr ; 

and from (1) — (2) we have в = 72/38/45" — 45^ = 97°38'45", 

Ex. 3. The sides b and c of AABC are ав 5:3 and 
А=60°30’, Find the other angles; given log 2="30103, 
L cot 30°15' = 1023490, L tan 23*13'— 9763940 and diff, for1' = ЗБ, 

А 94r! . BFC оу A CT А 
Here 5—31'15, .’. 810-90 - 359° 45' (1) 


From the formula, tan -°_»- cot $= р cot 1 


e 
в-с А 
4. log tan 4 —log 1—9 log 24-108 cot 2 


= — 2 X '30103+log cot РА 


8—6 — _.60206-Е1 cot 80215” 


[ Adding 10 to both gides ] 
= —'60206 + 1023490 — 9639214, 


Now, L tan 23°13’=9°63240 ( given ) 
B—C r 
and L tan =9`63214 
6% dih = д6, 
35 is the diff, for 1” or 60", 


ртт E xag or 4457. 
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2 ВЕ 9-88! - 44°57" 23195" (App.)------(2) 

Now, adding (1) and (2) we have B=59°45'+23°19'15" 

=82°57'15" 

and subtracting (2) from (1) we have C —36'32'45", 

Ех, 4 A-6015, В=54°30' and c=100 ft, fndb; 
given log 8'9646169= 9525317, L sin 54'30'—9'9106860, 
L sin 65/15'— 99581543. 

Here C— 180? - (A+B) - 180^ — 11445'— 65°15’. 


sinB sinc’ ^" sin C sinc ' 


b c ` pet sin B_ 100 sin B 


log b=log 10? 4-log sin B — log sin С 
=9-+log sin 54'80' —log sin 65715! 
=9+1 sin 54^30' — 10 — (L sin 65°15' — 10) 
—9-FL sin 54730 —L sin 65°15' 
=94+9'9106860 — 9:9581543— 19525317. 


Now since log b has the same mantissa as log 879646169 (given) 
N хапа as the characteristic of log bis 1, /. b=89 646162 ft. 


Ex. b. IfA=70°, B—40'50' and c — 4:85, solve tho triangle, 
A-FB-—110'50, .. с=180° — (А-В) = 6910". 
- rom tables, L sin 70°=9'97299 
L sin 40°50'=9°81549 
L sin 69°10 =9'97063. 


NOR i oC Sin А 485 Xsin 70° 
SL ТА БСО вїп С sin 69710” 


log a=log 4:85 4-1, sin 70°- L sin 69°10' 
—'68574--9'97299 —9'97063—'68810 
—log 4'88 ( App. ) 
а= 488. 
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pa? in B_ 4:85 X sin 4050! 
sin С sin 69210” 
log b=log 4°85+1L sin 40°50'— log 69210” 
='68574+9°81549 —9°97063 
="58060=log 3'39 (nearly) 
$=3'39. 
Hence, а--4:88, $ =3'39 and с= 69°10'. 


Again, 


Ex. 6, If c=123, A=29°17', В =135°, find the greatest side : 
given log2="3010300, log 128 =2'0899051, log 32110 = 4'5066403, 
diff. for 1=135, L sin 1574940" — 94327596 and diff. for 1' = 548. 

Неге A+B=29°17'+135°=164°17' 

С=180° — (А+ B) =180° — 164°17'== 15°43'. 

Hence В being the greatest angle, its opposite side b is the 

greatest side. 


s b c "ъ= sin B 
sin В sin C' ' sin С” 


©, 
or, 5 =2 fin 185° _ овіп 45° [ ° sin 135° віп (180° – 45°), 
2 sin 15°48’ sin 15°43 =вш 45° | 


1 
23 x — 
123 Jà 


Av 


sin 15°43’ 


2. log b=log 1934-log Jg s sin 1543... (1) 


Again, 15°48' — 15^49/40" = 90" (àift.) 
* diff. for 60" is 543, 


diff. for 20" is E X 20 or 181, 


e. Lesin 15°43'=9°4327596 + 0000181 —9'4397777. 
log sin 15°43'= 9`4397777 — 10—14397777, 
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Now from (1) we have 
log b=log 193--log 1-4 log 2 — log sin 15243” 
[2 vai] 

—9'0899051— 4 X *3010300 — 174327777 
—=2'0899051—'1505150-1 — 4327777 =2°5066124. 

Here the mantissa of log b is "5066194 and that of the given 

log 32110 is "5066408, 

the diff. of the mantissa=°5066403 — "5066124 = 279 (briefly). 
135 is the diff. for 1, 

-. 279 is the diff. for 279 or 2066 


1. ‘5066124 is the mantissa of the logarithm of 
g (82110 – 2'066) or 89210793, 
Now, '.' the characteristic of log b is 2, 
log b=log 321°0793, .. 6=321°0793, 
Ex. 7. Тһе base of а triangle is 7 ft. and the base angles 
are 129°93’ and 38°36’ ; find the length of its shorter side, 
Let BC be the base of А ABC, i.e, a=7, 
B= 38°36’ and C= 129°23'. Hence the length of b, the side 
opposite to angle B, is to be found, 
Тһе remaining angle— 180" — (38736 -- 12923") == 12°1', 
E. C : pe ® sin B_ 7 Xsin 38°36" 
sinB ніп А)” віп А sin 19°1' ' 
2. log b= 108 7-Flog sin 38°36' —log sin 1971 
=log 7+L sin 38°36' — L sin 12°1' 
—'84510--979510 — 9°31845 [ From tables ] 
—1'32175. 
Now, the mantissa of 2097 is found to be ‘32168 from the 


tables. 


3 


789175 
“89163 


diff.=12, but from the table we have the 

diff. for 118 91, .. 19 is the diff. for 12 or 757. 
2. 789175 is the mantissa of log 2097°6 (app.) and as its 
characteristic is 1,  ,". log b=log 20976. Hence, ӛ--90976. 


El. M (IX) T—7 


98 A TEXT BOOK OF Н. 8. ELEOTIVE MATHEMATIOS 
Exercise 14 


1. Ifb— J3, с=1 and А==30°, solve the triangle. 

2. Ifb=./6,a=1+ A/8 and С= 45°, solve the triangle. 

9. Two sides of а triangle have lengths 1 and 3 ft. and 
the included angle is 40°. Find the other angles in degrees and 
minutes. 

4. Ina plane triangle b—540, c=420 and А=5Б9°6'; find 
B and C, having given L tan 26'3' = 9'6891430, 

L tan 14°20'=9'4074189, L tan 14°91'=9:4079543, [C. U. '34] 

5. Two sides of a triangle are 3 and 5 feet and the 
included angle is 120°. Find the other angles, haying given 
log 48==`6819419, L tan 812—91586706, diff. for 
60"= '0008940. [ В. U. Е, '63 » O. U. 40, 49 ] 

6. Twosides of a triangle are 18 ft. and 92 ft. and the 
included angle is 55°. Find the remaining angles B 
log 2—'3010300, L cot 27*30'—10:2835233, 

L tan 55°46'=10'1863769 and diff. for 1'—'0003763, [C, U, 49] 


having given 


7. If the sides a and b are in the ratio 7: 3 and the angle С 
is 60°, find A and B, given log 2='3010300, log 3—'4771918, 
L tan 34°49 —9'8403776, diff. for 1' 9699, [B. Н. U. °40] 
8. Two sides of a triangle are 14 and 11 and the included 
angle is 60°. Find the remaining angles, having given 
L tan 11°44’=9'3174299, L tan 11°45'=9'3180640, 


log 8='3010300, log 3= "4771913. [C. U. '44] 
9. Ina triangle 6=2'25, c—1'75, A=54°, find В and G; 
having given log 2= 301080, L tan 63°=10'292834, 


L tan 13'47'—9'889724, L tan 1848'— 9390970. (0.17.7311 
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10. Given a=70, b=35, C=36°52'12", log 3—0'4771918, 
T, соб 18°26’6"=10`4771213. Calculate the other two angles 
А and B. [C. U. 35, 371 

11. 165—943, 0=681, A=50°49', solve the triangle by 
the help of Mathematical tables. 

12. In a triangle 5—80, c=100 and A=60°, find the 
other angles, having given log 3—'47719, L tan 10'53'36" 
— 928432. (0. U. *46] 

13. Ita=204, 591 and tan 5 15, show that о=125. 

14. If a=19, B=52°98' and c=93°40', find b, having 
given log 927038 = 4'4319746, log 19—1'2787536, log 97087 
— 44819585, L sin 52°28’ =9'8992727, L gin 33'52' 2 97460595. 

; [P. U. '36] 

15. Given b—10, А=45°, B=66°42'20" ; find a, given that 
‘log 2='3010300, log 7'698622="8864131, 

L sin 86742! =9'9630538, diff. for 1'= 544. [C. U. 1906] 

16. IfA=C=75°, b= ,/8, solve the triangle. 

17. The angles of a triangle are as 2:2:1 and the least 
side is 2, solve the triangle. 

18. Ша--89, A=81°35’, B=27°55' ; solve the triangle. 

[O. U. 33] 

19. Ifb=1000, A=45°, C=68°17'40", find the least side 
having given log 2='3010300, log 7°6986='8864118, 
diff, for 1=57, L sin 66°42’ —9'9630538, diff, for 1--544, 

20. IfB=45°, C=10° and a=200 ft. ; find b, having given 
log 2='30103, І sin 55^—9'9133645, log 1726'4 = 3'9871414, 
Jog 1726°5=3'2371666. (0. 0. 47] 
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113. Case V. Two sides and an angle opposite to one 
of them given. 


Let the two sides а and b of a ДАВС and the angle A 


_ opposite to the sidea be given. To solve the triangle, ie., to 
find the side с and the angles В and С. 


From the relation —— = — bsinA 
sinB віпА @ 
* Швіп B=log 0+1 sin A- log а, ‘whence! В oan be 


obtained. 


; we have sin B= 


Now since A and B are known, C can be found from the- 
relation A+B+C=180°, 


Again, о вв 


“. log c=loga+L sin С- sin A, 

or, logc=log b+Lsin C—L gin B, from any of which. 
с сап be found. Thus the triangle can be solved, 

Three different cases may arise when these data are given.. 
The given parts may be such that (1) no triangle can be 
construoted with them and hence the triangle cannot be solved) 
or, (ii) only one triangle can be drawn ; or, (iii) two triangles can, 
be drawn and so two solutions will be obtained, 


We shall now discuss these cases. 
(1) базе Т, sin pent Sin А. here if b sin A>a, then 
а 


b віп A MM TEM ғ 4 
Seal, ue, віп B>1, which is not possible as the sine of 
an angle cannot be greater than 1. 


and no triangle can be drawn. 
ig possible, 


So B cannot be determined 
Hence no golution of the triangle: 
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b sin А 


(9) Case ІТ. Ifb sin A=a, then we have 1, 


ie. вїпв=1=вїп 90°. .. в=90°, 
-. In this case the triangle is right-angled, and b can be 
"obtained from the relation 52-3? --c?, i.e., b= ася, 

Itis to be noted that construction of the triangle fails, 
if here a=b, or, a b. 


(3) Case III. If b sin A<a, then sin8<1 and B can be 
determined. 


We know that the sines of two supplementary angles are 
equal, so two values of B will be found here—one of which lies 
‘between 0° and 90° and the other between 90° and 180° (%.2., ono 
acute and the other obtuse). But both the two values obtained 

_ may not be always admissible. Р 

Thus this case may give rise to some sub-cases. 


Ав for example— 

(i) Ifa>b, then A>B and hence the obtuse value of B 
cannot be admissible, as the two angles А and B of a triangle 
‘cannot be both obtuse. So, only the acute value of B will be 
:admissible and only one solution of the triangle is possible. 


(ii) If a=b, then A=B and therefore here also only the 


‘acute value of B is admissible and only one solution is possible. 


(iii) If a<b, then A<B and so В may be either acute or 
obtuse. Hence, both the values (acute and obtuse) being 
admissible here, two triangles may Бе constructed with the given 
parts and two solutions of the triangle will be obtained. hig 
sub-case is said to be the ambiguous ease in the Solutions of 
triangles. Here A will be an acute angle and B will haye two 
supplementary values. 
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The above results are briefly stated below 2— 
(1) When b sin Ара, no triangle is possible В 
) (2) When b sin A—a, a right-angled triangle is obtained as 

solution ; : 

(8) When a>b (во a>b sin А), one solution having C acute 
is obtained, 

[ Here the symbol>signifies that a>b, or, a=b. 1 

(4) Itbsin A<a and a<b, we have two solutions, and this. 
case is the ambiguous case. 


114, Geomctrical treatment of the ambiguous case. 


Suppose the sides a, b and angle A of a AABC are given. 
Take any st. line AX and at А draw Z XAY equal ү 
to the angle A, С, 


From AY cut off AC— b and draw СО. АХ. 
D * “ ; 
созш А, ., CD—AC sin A=) sin А, т 


Now, draw a circle with centre С and with 
radius а. If С is joined with the point (вау в) ^ DX 
аб which this circle cuts AX, then we get the Fig. 12 
required triangle ABC. 


Now, (1) if a«CD (ie, a<bsin A), then the circle will not 


meet AX at any point [ Fig. 19 ] and hence no triangle cau ba 
drawn. 


(2) Па-ср (i. e., a=b sin A), then d 
ihe circle will touch AX at D which here / 
coincides with В, and hence the и а 
right-angled AACD (i.e, AACB) will be the gee 
triangle required. [ Here а cannot be ^ DN 
equal to b. ) Fig. 13 


(3) If a2 CD (ie, а>ь віп А), 


then we have two cases 80: 
that (i) either a>b, or (ii) a=b, 
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(i) If a>, the circle will cut АХ at two points B and B' on 
opposite sides of A. 
Here in AAB'C, though AC =b 


апа CB’=a, but ZCAB'is equal 
to the supplement of angle A and 
not equal to A. So this triangle 


is inadmissible and hence AABC 
is the only solution. Fig. 14 

(ii) Here, if a=b, then В” will coincide with A and only one 
isosceles triangle ABC is obtained as the solution. 

(4) It a2CD (ім. a>b sin A) but less than b or AC, then 
the circle will cut AX at two points 
B, and Вҙ on the same side of А. 
[ Fig. 15] 

Here the three parts of both the 
triangles АСВ}, and АСВ» are equal to 
the three given parts ; for ZA=the 
given angle A, CA =b, and CB, =CBo=a. Fig. 15 


So we have two solutions in this case, Hence this is the 
ambiguous case. 


[ №. B. Of the two triangles obtained in the ambiguous case, 
one is acute-angled ard the other obtuse-angled. In these 
triangles, Bı --В.=180°, so they are supplementary angles and 
gin Ву =вїп Bo. | 

Examples (15) 

Ех. 1. If 5—8,c—3 4/3 and в=30°, find C and А. 

Here b<c, Г. B<C. Hence angle С will be either acute or 
obtuse, and the two values of C will be supplementary. 

.. вїпС_вїпВ 
ч c UE S 
^ sin c—08inB. cXsin30 3 3х3 _ A/3 
: b b 28 а 
=sin 60° or sin (180° – 60°), .. C=60° or 120° 


Now, 


) 
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If c=60°, then А=180°— (в-Ес)=180°— (30°+60°)=90° ; 

If C= 120°, then ^ —180" —(8-+¢)=180° — (30°+120°)=30" ; 

Hence, C—60*, А=90° ; or, C=120°, A— 30*. 

[N.B. Here, if C— 60°, A will be 90° and so the А is right- 
angled. If C=120°, then A=30°=B and so the Д is isosceles.] 

Ех. 2. If a=6, c=2,/2 and С= 45°, solve the triangle 
( if possible ). 


к asin С 
We have sin А=————‚. 


E) 
Hore a sin C 56 X gin 45°=6 x Jam? V2, and c=2 J2; 


a a from (i) sin A>1, which ig impossible. 
Hence, the solution is not possible here, 

Ex. 3. If b=100, a=b/2 and B=30° 
giving two solutions in case of ambiguity, 

Herab<a, 2. в<А. 
values, 

Hence, 
ambiguity, 


We have sin ances B Lb Jaxsi J2 хаш w A2 X1 


з Solve the triangle, 


A will have two supplementary 


two solutions are possible here, it being & case of 


= jg sin 45° or sin (180°— 45°) 
=sin 45° or sin 135°, /, A=45° or 185°. 
Now, (i) if A=45°, then c=180° —(A+B) 
=180° - (30°+45°)=105° ; 
bsin C, 100хвіп 105° 100 Xsin 75° 
and с= — m Y 


sinB sin 80° sin 80° 
A/3--1 
100х-У%-Ғ- 
ж 242 ..200x(./3--1) 100(,/34-1) 
" 2/2 RE 


_100х Уг. +1) sot /84- O 
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(ii) If A=135°, then с=180°— (30°+135°)=15° 


(/3—1) 
Ьвїп C, 100xsin 15°_ 09 жа уай 
вїп В вїп 80° 


and then c= 


мін 


-«50(,/6- ,/9)--5176. 
Hence, we have two solutions here 2-- 
(1) A=45°, C=105°, 0-193185 ; 
(ii) A-2185 С=15°, с=51"76. 


Ex. 4. If C=26°26', 6=197 and c=85, find B ; 
given log 1'27 —'1038037, log 8'5 = "9294189, 
L sin 26°26’ =9'6485124 and sin 4174198" =1°8228972, 
Here b sin Cc and c<b, hence B may be acute or obtuse. 
** 108 1:27 —'1038037, .. log 12721088037 ; 
''' log 8'5='9994189, ~ log 85 =1°9294189 ; 
and '' log sin 41/41/28" — 18228972, 
- Dein 4141/28" —10--1:8228972 = 9'8298972. 
Now, sin C= 85 
^ LsinB-log 197--L sin 26°26'—log 85 
= 91038037 +9°6485124 — 10294189 
—9'8298972 =L віп 4141'98" 
B=41°41/28" ог (180°— 41741728”) 
=41°41'28" ог 138°18'32". 


b sin С, 127 sin 26°26" 
See — > 
с 


Ex. 5. If а=&5, c=45, find A so that С may bo a right 
angle. Given that L sin 5°33'=8'98157 and the diff. ios 
1'2 5960. 
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Here sin a=@sin C 4'5xsin 90° І7: c=90° (byp.)] 


c 45 
4£5X1 1 
EEO WTO; 


25 log sin А=108 1 — log 10= —1 [7 1041-01 
“ L sin A= -1+10=9 


and Г sin 5°33’ —8'98157 (given) 
v. diff, = "01843 
but 5260, i.e., "05960 is the diff. for 60”, 
ы” 60” X 1843 ” 
“о соз po 60218480. 


С. Losin A=L sin 5°33'91", 1, a=5°38'a1", 


Ex. 6. If a, b and A of AABC be given, prove that in the 
ambiguous case the difference between the two values of c is 
2 Va?—0? sin?a, : [U.P. В. '41] 

From the formula we have a? = b? E c? — Ibe сов А, 

ог, c? — 9b соз Ас-ЕЬ2—в@?= 0, which їз a quadratic equation. 
inc. Solving it we have 


в= 28 сов А+ ‚/ду? cos*A —4(2 — 52) 
2 


— 2b cos А-З Jb? costa роо 
2 
= cos A+ Ма? = b*(1— cos?) 
=b cos А+ Va? — b? sinZA. 
Hence, c has two values b cos A+ Ja? — 1° ginZA 
And b cog A — 


a? — b? gin2A. 


“+ the difference of the two values—2 ./q2 — 02 gin2A. 
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Ex. 7. If b6=573, а--394, B=112°4’, find A and С, 
given log 57:8--1:7581546, log 3'04—'5954962, 
L sin 39735/—9'8049757, diff. for 1'—1597 and 
L cos 29°4' —9'9669814. 
From the given log 57°3 and log 8/94 we have 
log 573=9'7581546 and log 894--9:5954959. 
Again, В=119°4'=90° +29°4', 
ніп B=sin (90°+22°4’)=cos 23 247 


sin A 82 B_394Xein 1194 
b 573 


. 394 Xcos 9974 
Г 573 


2. LsinA-log 394+1 сов 99°4' — log 573 
=9:5954969-+-9'9669614 — 9°7581546 
=9°8043030. 


Now, І віп А=9' 8043030 | 
but Lsin 39*35'—9:8049757 


diff.— 973 (briefly) 


++ 1597 is the diff. for 60", 


60" 
KA СИ 9 ya isar 273 or 11" (nearly) 


г. Lsin A=Lsin 39°35'11". 
А=39°35'11” and с=180° - (A+B)=28°20'49". 


Exercise 15 


1. If a= 4/6, с=2, А=60°, find B and С. 
2. IfB=60°", c—6 and b=3,/3, show that i 
$ м 
right-angled triangle. appe 
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Solve the following triangles : 
3. a=2, b= /3+1 and А= 45°. 
4. b=34, c=70, B=30°. 5. b—90*, c= 20 2, в=30”. 
6. c—30, 0=30, с=10 J3. 7. a—5, c—5 3, с=60°. 


8. Ш in ДАВС, с= 365 Ít., a= 45 ít, and А=43°15', find 
AC using tables. 


9. Ifa=5, b=7 and А--80% find B in degrees and minutes, 
‘having given sin 44°='6947 and sin 45^— 7071. (C. U. '29] 
10. If b=5, c—4 and B=45", find A and С; given 


log 2="30108, L sin 3426'—9'759575. 


11. If b—119, с--175, B=36°20', find the other angles, 
having given log 2='30103, I, sin 36°20’=9'77968 and 
L sin 67*47' = 996650. 


12. It a=63, с= 36, C=29°23'15", find А; given 
log 2—'3010300, log 7--8450980, І, sin 29°23' = 96907791, 
diff, for 1'— 2943, L sin 59°10'=9'9338929, diff. for 1'= 755. 


13. If in а triangle &—b5, b=4 and A=45° find the 


remaining angles, having given log 9= "30108, L sin 34°26 
= 9'7593919, L sin 34°97'=9°7595761, ІВ. H. U,'51] 


14. Ifa=5 it, b=8 it., А= 35° ; find the smaller value of c, 
"having given log 3—'30103, log 456706=5'659637, Lsin31°35/43" 
=9°719261, L sin 35°= 9°758591, L sin 66°35'=9'962679, 
L sin 66°36’ =9°962727, . ГА. 0. ^13] 


15. If a=35 and 5—350, finda во that В may bo a right 


angle, having given 
L sin 044 =8'9995595, diff, for 1'—19565, 


16. If 20—3a and tan2a=%, prove that the third side has 
-two values, one being double the other, 
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17. In an obtuse-angled triangle 6=1325, c=1665 and 
B — 59719', solve the triangle. 

18. If in an ambiguous case the angles A and C have two- 
values Aj, Ag and Су, Сз respectively, show that 


sin Ау , sin А 
=——1-„———#=9 cos B. 
віп С вір Co 


19. If a, b, A are given and if су, сз be the values of the. 


third side in the ambiguous case, prove the following if с: 2705 : 


(i) c,—cg=2a cos B [ B.H.U.I. 28 ]: 
-C,_bsinA 
ple yes ГА. 7411. 


е с 
(Н) 8—5 2 
(іі) cP -Fog – 20105 сов 2^— 4а? сов? А. 
20. Inthe case that admits of two solutions prove that the. 


two values of C satisfy the equation 
(a+b)? (b-a)? _ 2a? [B. H. U. I. 
Abad . H. U. I. 42]; 
1+cos o —eos C sin? A 2] 


— 


Heights and Distances 


уе dealt with the problems on heights and 
&his book (for class IX). Here we 
blems on heights and distances. 


115. We һа 
distances in the first part of 


shall discuss some harder pro 
oted here that when an observer views the angle 


of elevation or depression of a distant object his own height is 
not taken into consideration, his eye being taken as a point on 
the horizontal plane. But ifin any problem the height is given, 


it cannot be ignored. 


It is to ben 
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қ а віп $ 


“ін (0-54) 
1. h=PM=AP вір «—a sin < sin $ coseo (0+¢) 

[ Putting the value of AP ] 
and d. —AM —AP cos < = а cos < sin $ совес (0--%). 


—a sin $ cosec (0-4) 


[N.B. (a) Неге also the formulas are suitable for logarithmic 
calculations. 


(b) The distance AB may be taken at right angles with AM.] 
118. То find the distance between two visible but inaccessible 
objects. 


Let P and @ be two inaccessible objects. The distance PG 
between them is to be determined. 

For observation take any two 
suitable points A and B on the 
horizontal plane and let a be the 
distance AB. 

At A measure the angles PAG, GAB 
and РАВ and 166 them be 4, В and 0 
respectively.” Fig. 19 

* [N.B. If the pts. А, B, P, © be coplanar, then Z PAB need 
not be measured, as in that case ZPAB= Z PAQ+ ZQAB=4+8,] 


Again at B measure the angles PBA and ОВА and let them be 
7 and $ respectively. 


Then Z APB=180° – (9+7) and ZAQB=180° — ($+), 


AP AB 
PAB we һауе ———= —— 
Now, ue А sin? sin АРВ" 


АР _ a МО. д 
sin” sin {180°—(0+7)} sin (9-7) 
^ AP=a sin 7 cosec (0+7). 


or, =a cosec (0--7)- 
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Similarly, from ЛАВӘ we have 
AQ AB 


= a = a 
gin@ sin AGB sin {180° (Ф +0) sin (+8) 
: =a cosec (ф- В). 


2, AG-a sin $ coseo ($--£). 
From APAQ we haye PG2—AQ2--AP2—9AP.AQ cos «, 
Thus PG can be determined, 


Examples (16) 


Ex. 1. А ship sails m miles along а lino having а bearing 
NXE and then another m miles in а direction NOE. Find the 
final distance of the sbip from the starting point and the final 
bearing. 

Suppose the ship starts from O, the point of intersection of 
NS and EW (i.e, the North-South and 
the East-West lines), and sails oP(=m) 
miles towards E (i.e. to the East) 
making an angle « with ON. Then 
ib again sails PG (=m) miles Hast of 
North. Тһе distance OQ and < моа 
aro to be determined. 


Through P draw the vertical line 
AM оп EW and draw QALAM, Fig. 20 


Then ZOPM= ZNOP=4, 
Again, ZOPA= ZOPM+ ZMPQ=4+180°—0 
4. cos ДОР@= — cos (0 — <). 

OP=PQ=m miles. .. /РО@=/О0ОӨР 

=4(180°— Z oPa)=4(180°—x — 180" 4-6) 3(0 – 4) 
The final bearing = Z NOG— ZNOP-+ Z POQ 

=4+3(0-4)=3(0+4), 

EL. М. (XI) T—8 
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Now, 06?-—0P?-LFPo?- 9РО,Ра соз ZoPa 
=m? +m?—Im? x — сов (0-4) 
=2m?+ 9m? cos (9 — 4) =2m?{1+cos (6 —«)} 
=2т?. 2 cos? 4(9—4) = 422, соз? à(0—4) 


ra / 
-. the required distance = OQ = 27; cog доң 


Ex, 2. Ашап observes the elevation of a hill top to be 15°, 
but after walking a mile directly towards it on level ground 
finds the elevation to be 75°. Find the height of the hill, 


Let the hill PM stand on the ground AM and let 15° and 
75° be the angles of elevation of the 


hill top P from the points A and B 
respectively on the base АМ, m 
Then ZA=15° and ZPBM=75°. A Im: BM 
ZAPB=75°—15°=60°, Fig, 21 
Here AB=1 mile. Let h be the height of PM, 
Now, РМ=РВ sin 75°, or, 4—P8 sin 15°. 


: Рв “ДВ е Өү 
Again, from ДАРВ we have ain 16° їп 60 B mile 
4 T 
| == miles, 
9 вт 15°. 2 МЗ л тап 9-1. 
Б = MN mi, — mi. 
se PB - NE mi | J3 2/2 46 


^ h=Pesin те MÀ ly V3+1 ai a l ilee 
4% h=PB sin 75 WOES 3/3 mi, аа iles 


1 880 Н 
=— X1 S2 = + Б. 
4,9 760 yds 3 yds.—880 ,/3 fee 
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‚ Ex. 8. A flagstaff standing on the top of a pillar 25 ft. high 
-aubtends an angle. whose tangent is '195 at а point 60 ft. from 
the foot of the pillar. Find the height of the flagstaff, 


Let the flagstaff PQ standing on the 
pillar PM subtend an angle 0 at A, 60 feet 2 
from M. То determine the length of РО, IP 
Here, we have tan 0=` seh 25 


„РМ =25 ft. and AM=60 fb. 
Let PA=g ft. and Z PAM=4. 
Now, tan «—$5— 35 and : Fig 29 
AP? =(60)? +(25)?, -. AP= ./3600+625= 4/4225 — 65 ft. 
Hence, QM=AM tan (04-х) = 60 tan (0 +4) 
tan 0+tan < = S095) зла th 
l—-tan0tan« 1- Х+% 
2. The reqd. height PA=QM — PM=(347 — 25) ft. —95 ft. 
Ex, 4. From a point on the horizontal plane, the elevation 
»of the top of a hill is 45°. After walking 300 yards towards its 
summit up a slope inclined at an angle of 15° to the horizon the 
elevation is 75°. Find the height of the hill. 
Let № be the height of the bill PM and 45° be the angle of 
elevation of the hill top P from the point A, Let AB be a slope 
inclined at an angle of 15° to the 
horizontal line AM, and let the 
-elevation of P from the point B, 
which is 800 yards from A up the 
slope, be 75°. То find the height Л. 
Let BN be perpendicular to PM, 
зо that BN || RM. 
Thon, ZPBN= Z PRM — 75", and 
ZPAB=45° — 15°=30°, 
LZ APB-T75—45'—30, - Fig. 93 
г. GL АВР==180% - (30°+30°)=190°, 


A 60 M 


=60х 


116 A TEXT BOOK ОЕ Н. 8. ELECTIVE MATHEMATICS 


Now, h=PM=PA gin 45-5 РА, 


Again, from APAB we have ABE ERRARE 
sin 120° sin 30° 
A/8 
ZAB sin 190° _ 300 зав, 


/. PA = —————®——зоо A/3 yds. 
2 


a sin 30° 


H 1 1 
^ h=— РА= — x30 = 6 yds. 
Jà Ja 0 3 yds.=150 ,/6 yds 
Ex. 5. А statue 10 ft. high stands on a pillar 30 ft. high. 
To an observer on a level with the top of the statue, the pillar 
and the statue subtend equal angles. Find the distance of the 
observer from the top of the statue, 


Let the statue ӘР, 10 ft. high, stand on the pillar PM 30 ft. 
high and let the observer be at the Point A, @ and А being at the 
same height from the ground. Pa and PM subtend equal angles 


at А, ie, ZPAQ= Z PAM. 
To find the distance AQ, 
Let А&=@ and Z РАӘ 0, 
Now, '' AP bisects / АМ, 


AM=8AQ= 84. 
Again, 2 а is a right angle, 
^4 AM?=@QM2+aAQ2, 


or, (34)?=402--42, or, 842 = 1600, 
or, d?=900, +. 4-10 м2. 
2: ‘The required distanco=10 ,/2 ft, 


T 
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Ex. 6. A person whose eye is 15 ft. above the ground finds 
‘that the angle of elevation of the top of a post is 17°19’ and the 
angle of depression of the foot of the post is 8°36’. Find the 
height of the post and its distance from the person. 

Let № feet be the height of the post PM and the eye of the 
observer be at B, 15 ft. above the ground. Р 
Let the angle of elevation of P and the 
angle of depression of M observed from B 
‘be 17°19’ and 8786” respectively. к 


To find h and the distance AM (=z). B 


SS D 
Suppose BDLPM. Then Вр=АМ ==, | 
х 


DM =АВ=15 ft, ZPBD=17°19' and А М 
ZMBD =8°36', d Fig. 25 
Таш PD БН do AE 16 А 
Here tan 17°19 =з ines т ian 17°19" 
: ean: ӘМ. 15 : Б 
Again, tan 8°36 8588 22 2 tan 8°36” 

h—15 15 - tan 17219” 
он, or, 4-15-15хіЗ 1719 
tan 1710 tan 874677 99 tan 8°36" 

15 х "81179 
hIibe-9A SEM =80" 
1—15 5195 [ from log tables ] =30 9, 
%=30'9--15=45'9, .. the reqd. height = 45'9 ft., 


; 15 15 
ie the reqd. ее 15198 ff. 2: 99'9 ft, 
Ex. 7. Тһе shadow of a pillar 106 ft. high is 53 ft. on the 

horizontal’ plane on which it stands. Find the sun’s altitude, 

having given L tan 68°26/= 103009994, diff. for 1'=3159 ang 

log 2—:8010300. 

Let AM be the shadow of the pillar PM and let 0 be the angle 


of elevation of the sun at А. То find 0. Here, tan 0 о 
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L tan 6—1og 2--10=10'3010300, 
but L tan 63°26’=10'3009994 


2, ав, = 306 (briefly) 
Again, 3159 is the diff. for 1' or 60" 
60" i" 
306 » 2 пр 315 315g 5506 or 55 
^^ вап 6=L tan 629658), 0-69%6587. 


Ex. 8. The angle of elevation of an aeroplane from a point: 


200 ft. above a lake is 45° and the angle of depression of its 
reflection is 75°. 


surface of the lake, Assume that the image is vertically below 


the aeroplane at в depth below the lake-surface equal to the 
height above the surface, ( В. H. U. 483] 

Let P be the aeroplane and P' be the image 
or reflection of the aeroplane in the water below 
the surface ВС of the lake. 


Here PCP’ is a vertical lino and Рс--СР, 


The point А is 200 ft. above the surface of the 
lake, że., AB=200 ft. From A the angle of 
elevation of P is 45° and the angle of depression 
of P' is 75°, 

То find CP, the height of the aeroplane, 

Let AMLPP’, then ZPAM=45° 
(МАР'=75°. MC=AB=200 ft. 

Now, MP=AM tan 45 and MP'—AM tan 75° 


, 


МР АМ tan 75° ќар 75” 
РМ, AM tan 45° — fan 45° 


MP’+PM 


and 


: tan 75°+tan 45° sin (75°+45°) 
" МР-РМ tan 75° —tan 45° gin (757-457) 
/8 - 


sin 190% sin 60° w^ Oe 
өзені 120; 5222278, 
sin 30° "sin 30° $ / 


Find the height of the aeroplane above the 
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Again, MP’-+PM=PP’=2cP, 
and MP’—PM=MC+CP’—PM 
=MC-+(MC+PM)—PM=2MC. 
2cP — c= c= 
Be ат МЗ, or, с М3, ог, 309^ "9 
/. CP=200,/3. ~. the reqd. height— 200 ,/8 ft. 
Ех. 9. А flagstaff is fixed on the top of a tower standing om 
a horizontal plane. An observer walking directly towards the 
foot observes the angle subtended by the flagstaff from two 
positions on his path to be the same namely 0. The distance 
between the two positions is d, and the angle subtended by the 
tower at his first position is X. Find the height of the tower 
and the length of the flagstaff. 


Let Р@ be the flagstaff fixed on the 


tower PM, and let PG subtend an angle 0 о 
at the two points of observation А апа В, ) 
i.e, Г PAG = /PBQ-9. PM subtends an 
angle < аб A and АВ «d, P 
To find РМ and PQ. A BM 
Let PM =} and PA=.. Fig. 97 


7 Ра subtends equal angles at A and B on the same side 
of it (each = 6), ` 
7. А,В, P and © are concylic. 
Hence, of the суеіс quadrilateral АВРӘ, the exterior 
Z PBM =interior opposite ZAQ@P=90°— / GAM —907— (64-4) 
Now, 4=АВ=АМ —BM =PM cot PAM — PM cot PEM 
= h cot < – h cot (90^ — (9- «)] 
=h{cot < —tan (0+4)} 


h fes 4 sein кеке 
їп « cos (9-+-<) 
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=h үші < cos (0+4) — sin < sin (ck 
i віп < cos (0+4) 

cos (0+24) 

“ніп 4 cos (0+4) 
hd sin < cos (0+4) seo (0+24). 

; 1 АР h cosec € 

p URS MANE шө” sin AGE ав 
h 
sina cos (8--«) 


Боз а sin Ө seo (6+ 2) 
[ putting the value of h ] 
walking towards а building on which & 
flagstaff is fixed, observes the angle subtended by the flagstaff to 
be the greatest when he is аб a distance of d from the building. 
If 0 be the observed greatest angle, find the length of the 
flagstaff and the height of the building. [ P. 0. '41] 
Let PQ be the flagstaff fixed on the building PM. The point 
А is аб a distance dfrom PM, so that, by 
the given condition the angle 0 subtended 
by PQ at A is the greatest (5.е., the angle 
subtended by PQ at any other point on 
AM is less than @), 
The lengths PQ and PM are to be 
determined. 


Ex. 10. A man, 


It is found from geometry that the angle Fig 28 
subtended by РО at A оп AM will be the greatest, if a circle 
drawn through A, P and @ touches the path AM at A, 


Let ДРАМ be <, then Z AQP = ДРАМ —«. 
U^ Z@AM-+ ZAQM=90°, .. 0+ 9«=90°, 
Now, PA=M@—PM=AM tan @AM—AM tan РАМ 


тм 
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sin (0+4) cos x — sin < cos Do 
cos (0+4) cos « 
gin Ө 2d 2 sin 0 
cos (8+) cos < 9 cos (6+) cos < 
үш 94 sin Ө _ 94віп0 
_ eos (0--24)-4-сов Ө cos 90°+cos Ө 
['.` 0-+2«=90° | 


=2@вїп 0 p.. 0890 20 ]—9d tan б. 
cos 0 


=d 


Again, 77 0+24=90°, г. «m4 — yl -y 
2. PM=d ten «cd tan (5-8. 


Ех. 11. А spherical balloon whose radius is 7 feet subtends 
at an observer's eye an angle X, when the angular elevation of 
its centre is Ё. Determine the height of the centre of the 
balloon. [0.9.53] 

Let the observer's eye be at А on 
the horizontal line AX, and let О 
‘be the centre of the spherical balloon, 
во that ZOAN=B, Let AP and Аа 
be two tangents to the sphere во that 
PAG is the angle subtended by tho 


sphere at A. 
Then, ZPAQ=4, Fig. 29 
ZPAO=% LPAQ=34, 
Draw PM.LAX, ONLAX and PRLON. 


Now, the height of the contre of the ‘spherical balloon 
=ON=OR+RN=OR+PM 
= ОР cos POR+AP sin PAM 
er cos (B—$4)-+0P cot ОАР sin PAM 


['^ ZOPA=90° ] 
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=r сов (8- 34)+r cot } « sin (8-1х) 


Sande {sin 3% соз (8— 14) + сов) 34 sin (В – 1«)} 
r sin (2 8—3) _r sin B 
sin 34 sin 34 

Exercise 16 


1. A man walks one mile b 
direction, 


earing an angle $1 with a fixed 
and then another mile bearing Фо with the same 
direction, Find (a) his final distance from the starting point. 
and (5) the final bearing, EO. U.’50] 

2. Ра isa line 1000 yds. long; © їз due north of P and 
from P a distant point R bears 70° east of north ; at P it bears 
41°29) east of north. Fird the distance from P to R. 

8. “The elevation of a tower due north of a point A is 6° 
and at a point B due west of Ais $, Show that its altitude. 
А AB віп 0 sin $ , : 
is GEO: IEn e 2 [ P. U. '38 Sup. Jj 
4. A person walking along a straight road observes that. 
at two consecutive milestones the angles of elevation of a hill in. 
` front of him are 30° and 75°; find the height of the hill. 

5. The upper two-thirds of a ship's mast subtends at a point 
on the deck an angle whose tangent is °5. Find the tangent of 
the angle subtended by the other part of th 


e mast at the point. 
6. A post Standing on a wall subt 


ends an argle whose 
tangent is fata P. on the ground and the ratio of their heights 
is 3:1. Find the tangent of the angle of elevation of the top 
of the post at the point, 


7. From an aeroplane vertically over а straight horizontal’ 


toad, the angles of depression of two consecutive milestones on 


the opposite sides of the aeroplane are observed to be « and В. 
Show that the height in miles of the aeroplane above the road is- 


; бап < tan В ? 
iven b: А 59) 
Е М tan <+tan f [C. U. 59] 
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8. The altitude of & hill is observed to be 43? and after- 
walking 500 ft. towards it up a slope inclined at 28° to the 
horizon the altitude is 73°. Find the vertical height of the hill 
above the first point of observation, given sin 43°='682, 

9. The upper half of a pole, seen from a point on a level- 
with the foot of the pole, subtends an angle whose tangent 18 3. 
Find the tangent of the angle subtended at the same point by the 
whole post. [ B. Н. U. 42 F 

10. A statue 6 ft. high stands on a column 10 ft. high. То. 
an observer on a level with the top of the statue, the column and 
the statue subtend equal angles. Find the distance of tbe. 
observer from the top of the statue. 


11. A light post on a pillar 20 ft. high subtends ац angle: 
of 7 ab а point on the ground and 1 also subtends the same: 


angle at a point which is 20 feet nearer to the pillar, Find the. 
height of the lightpost. 

12. Determine the height of в mountain if the elevation of 
its top at an unknown distance from the base is 28° and ata 
distance 8 miles 77 yards further off from the mountain along the 
game line the elevation is 16°; given log 1'6071—:2060, 
Lain 19° 93179, L sin 16—9'4403 and L sin 28°=9'6716. 

13. A post is fixed on the top of a wall standing on a 
horizontal plane. A person finds that the angles subtended at 
a point on the plane by the wall and the post are 15° and 30°. 
He then walks 200 feet directly towards the wall and finds that 
the post again subtends an angle 30°. Find the heights of the 
wall and the post. 

14. A tower subtends an angle < at a point Р on the same. 
level as the foot of the tower, and at a second point ©, which 
is h feet vertically above P, the depression of the foot of the. 
towor is В, Find the height of the tower. ГО. 0. 501 
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15. The elevation of a hill at a place A due Hast of it is 45° ; 
at a place B due South of A the elevation is 30°. If the distance 
AB is 500 yards, find the height of the hill. 


16. An object is observed from 3 points А, В, С lying in a 
horizontal straight line which passes directly underneath the 
object. Тһе angular elevation at B is twice that at A and at C 
three times that at A ; if AB=a, BC—b, show that the height of 


the object is © ./(a+-b)(3b—a). 
2b и 


17. А temple 50 yds. high stands on a hill 80 ft, high. At- 
what point on the plane passing through the foot of the hill 
should an observer stand so that the temple and the hill may 
subtend equal angles, the height of his eye being 5 feat ? 


18. The angular altitude of a lighthouse from a point on the 


shore із 12°32’, and from a point 500 feet nearer the altitude is 
96984. Find its height above the sea-level. 


19. The angles of elevation of an aeroplane from two stations 
a mile apart and from a point half-way between the two are 60°, 
30° and 45° respectively. Find the height of the aeroplane, 


20. Two towers stand on a horizontal plane and their 
distance apart is 120 ft. A person standing successively at the 
bases observes that the angular elevation of one is double that of 
the other, but when halfway between them, their elevations 
-appear to be complementary. 


Show that the heights are 90 ft. 
and 40 ft. respectively. 


[ P. U. '39 sup. ] 

21. A tower stood at the foot of a plane inclined to the 
horizon at 19”. Ata point 1000 ft. straight up the incline from 
the foot of the tower, the tower subtended an angle of 57°. Find 
the height of the tower having given log 8='30103, log 11'857 
=1 074105 and L sin 57°=9'99359. 

22. The angles of depression of two objects 360 ft, apart 
from the top of a hill are 27°19’ and 19°24’ respectively. Find 
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the height of the hill, assuming the objects and tho top of the 
hill are in the same vertical plane. ; / 
[ Given, log 360=9`5563, log. 3394 = 2/5308, 
log sin 27^19'—1'6600, log sin 18724! — 14992, 
log sin 8°48'=1'1847 ] (0. U. '58] 
23. The angle of elevation of the top of а tower AB from a 
station P due south of it ( and on the same level with the base A 
of the tower) is Ө; from another station © due west of the- 
former, the elevation is ¢ If а is the distance between the 
stations, show that Pa 
24. The angle of elevation of a balloon from a point k 
feot above a lake is ф and the angle of depression of its reflection, 
in the lake is 6. Prove that the height of the balloon above 
sin (6--9) 
sin (0— %) 
as much below tho surface ag the balloon is above it. 
[0.Р. в. Т 
25. At each end of a horizontal base of length 2a itis found 
that the angular height of a certain peak is Ө and that at the 
middle point it is $. Prove that the vertical height of the. 
peak is тшшш —, U. 55; : 
Wain (%-56) sin (Ө) [ U. P, B. '55 ; P.U. '40 ] 
26. The angles of elévation of a bird flying in a horizontal 
straight line from a fixed point at four successive observations 
are 4, В, 7, 6. Тһе observations being taken at equal intervals 
of time, Assuming the speed of the bird to be uniform, show 
that cot? « — cot? 4—8 (cot? B—cot? 7). [ P. U. '41 1 
27. Тһе elevation of a steeple at a place due south of ib ig 
45°, апй at another place due west of the former place the 
elevation is 30°. If the distance between the two places be q 
find the height of the steeple. j 


the lake is h assuming that the image is vertically 
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the greatest angle which two objects subtend is <, From the 
‘spot he walks a distance c and the objects now appear as Опе, 
‘their direction making an angle В with the road. Shew that the’ 
2c sin « sin В 
cos 4-+cos f` 

29. On the bank of a river is a. column 200 ft. high 
supporting a statue 30 ft. higb. To an observer on the opposite 
bank with his eye on the level of the ground the statue subtends 
an angle equal to that subtended by a man fft. high standing 
-ati fhe base of the column ; determine the breadth of the river. 


| 28. A person walking along a straight road observes that 


‘distance between the objects is 


Changes in the Trigonometrical ratios, 


119. We aro going to diccuss the changes іп the 
"trigonometrical ratios of an angle as it increases from 0°. 
Let the st. lines XOX’ and YOY’ intersect at right angles at О. 
Lot a circle be drawn with centre 
^O and with any radius OP. Неге 
“ОР traces out different angles 
revolving from its original position 
OX in the anti-clockwise direction. 
So OP is the radius vector or the 
angle-generating line. 


When OP is coincident with 
“ох, ZXOP is 0°. It gradually Fig. 30 
traces out the positive angles РОР), POPs, eto. in different 
positions. Here ОР), ОР», eto are always taken to be positive 
and equal to the radius ОР. P My, РоМо, ete aro drawn 
perpendicular to XOX'. These perpendiculars are positive in the 
first two quadrants and negative in the other two. ом}, ОМа, 


ОМ; are positive and ОМ», OM, are negative. ‘These have been 
-discussed before, 
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120. Changes in sine. 


perpendicular 


hypotenuse ' When 4 ХОР = 0°, the hypotenuse ОР 


Sine= 


-coincides with OX and the perpendicular (PM) from P to ОХ 
becomes zero and therefore sin XOP=0, Now, in the first 
quadrant, as the angle intreases from 0° to 90°, the perpendicular 
РІМ) increases gradually, for the hypotenuse always remaing 
equal to OP and both are positive. 

When (ХОР=90°, both OP, and РІМ coincide with oy 
and both OP; and Р} М; being equal, the sine of the angle is 1, 
which is the maximum value of sin ХОР. 7 

Again, in the second quadrant, as the angle increases from 
90° to 180°, the hypotenuse (ОР;) remains the same but the 
perpendicular (РзМз) diminishes gradually, remaining positive, 
So the sin ХОР will gradually diminish. Thus when /ХОР 
=180°, ОРҙ coincides with Ox’, but Р.М; becomes zero and 

consequently sin ХОР is then zero, Hence ав Z XOP i increases 
from 90° to 180°, its sine diminishes from 1 to 0. 

Now, if ZXOP increases further from 180° to 270° ( i. е., 
in the third quadrant), the perpendicular (Р.М. ) gradually 
increases numerically from zero but is negative. So sin ХОР 
really decreases gradually from 0. Thus, when ZXOP=270°, 
the perpendicular (P4M,4) coincides with ОУ’ and becomes 
equal to the hypotenuse (ОР, ) which also coincides with oy’, 
remaining always constant (—OP) and positive, Then sin ХОР 
=віп 270°=~—1 (РМ; being negative). Hence, as the angle 
increases from 180" to 270°, its sino gradually diminighog 
from 0 to — 1. | 

In the fourth quadrant, as / ХОР increases from 270° to 360°, 
the perpendicular (PM) is negative and gradually diminisheg to 
zero. Sosin ХОР numerically diminishes from 1 to 0, but really 
it increases from —1 to 0. 
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Now the discussion above ma 


у be summed up as follows, 
taking the angle to be @ : 


As Ө increases from 0° to 90°, sin Ө increases from 0 to 1. 

As 6 increases from 90° to 1 80°, sin Ө diminishes trom 1 to 0. 

As 6 increases from 180° to 270° 
0 to —1. 


As 0 increases from 270° to 360°, sin Ө increases from—1 to 0. 


» Bin Ө diminishes from 


121. Changes in cosine, 


base - It appears from art. 119 that in the 
hypotenuse 
firs& quadrant as /ХОР (4. e., O ) increases from 0° to 90°, its 
base (OM) gradually decreases (see OM, OM, in fig. 30), but its 
hypotenuse (OP) remains unaltered (oP—oP, =OP,=-:-) and 
both are positive, So, cos Ө diminishes gradually, 

When 0=0°, the base (om) 
equal and во cos 9=1. 
and the base (OM) beco 
increases from 0° to 90° 


Cosine = 


and the hypotenuse (OP) are 
When 6=90°, both op and OY coincide 
Ines zero, so then сов 0—0.  Henoe, as 0 
» бов Ө gradually diminishes from 1 to 0. 

In the second quadrant, ав 0 increases from 90° to 180°, the 
base (OM) gradually increases numerically but is negativo and 
when 0=180°, the base and the hypotenuse are equal. Hence, 
ав Ө increases from 90° to 180°, cos Ө gradually diminishes from 
0 to —1. 

In the third quadrant, as Ө increases, 
diminisheg numerically, remaining negative. 
the base becomes zero. Hence as 6 increa 
сов Ө increases from —1 to 0. 


the base gradually 
When Ө= 970°, 
ses from 180° to 270°, 


Again, in the fourth quadrant, the base (OM) is positive and 
gradually increases, When 0Ө=860°, the base OM —hypotenuse OP, 


and then сов 6--1. Hence, ав Ө increases from 270° to 360°, 
Sos Ө increases from 0 to d. 
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The above results may be summed up as follows : 

Ав Ө increases from 0° to 90°, cos Ө diminishes from 1 to 0. 
As @ increases from 90° to 180°, сов 0 diminishes from 0 to — 1 
Ав Ө increases from 180° to 270°, сов Ө increases from — 1 to 0, 
As Ө increases from 270° to 360^, cos Ө increases from 0 to ale 
122. Changes in tangent. 


gents perpendicular 
: base 

In the first quadrant, as 6 increases, the perpendicular 
(PM) increases but the base (OM) decreases, both remaining 
positive. Бо the tangent increases gradually, 

When Ө= 0°, the hypotenuse OP coincides with OX and then 
the perpendicular=0 арӣ ` the base=OP, and therefore 
fan 0= 20. о, 

ОР 


When 0=90°, OP coincides with OY and so the perpendi- 
P 


---- о, 


cular=OP and the base=0, and therefore tan 90°= б 


Hence in this quadrant tan Ө increases from 0 to ©, 


In the second quadrant, the perpendicular (PM) gradually 
diminishes, but the base is negative and increases numerically, 


Here we observe that as soon 88 the radius vector OP passes OY 
and enters the second quadrant, the value of tan @ suddenly 


passes from © to - 9, ie, there is а sudden break іп the 
value of tan @ which changes from a very large positive to a, 


very large negative value. 
As OP coincides with ОХ’ when Ө is 180°, the perpendicular 


becomes zero and the baso=OP. Then tan 6— =o. Hence, 


in the second quadrant the value of the tangent numerically 
diminishes from © to 0 (2 6., really increases from — œ to 0). 


Ei. M. (XI) T—9 
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In the third quadrant, the perpendicular increases numerically 
from 0 to OY’, while the base decreases numerically from ОХ’ to 
0, both being negative. So tan 0 is positive. Since OP coincides 


with OY’ when Ө is 270°, the Базе = 0 and the perpendicular=OP, 
and therefore tan a70°= == ©, Hence, in the third quadrant 


tan @ increases from 0 to ©, 


In the fourth quadrant the base is positive but the 
perpendicular is negative and so the tangent is negative. Again, 


in this quadrant, the perpendicular gradually diminishes while 


the base increases and therefore the tangent diminishes 


numerically. It is seen here that as soon as the radius vector 
(OP), passes OY’, tan Ө suddenly passes from co to - о, So 
here also there is a sudden break in the value of tan Ө. When 
0=360°, ОР and OX coincide, the perpendicular (PM)=0 and 


the Базе is equal to OP, .. tan 369" — 20. = 0, Hence in this 


quadrant the tangent gradually increases from — со to 0. 


To state briefly : 


As 0 increases from 0° to 90°, tan @ increases from 0 to ©, 
but as Ө passes through 90°, tan Ө suddenly changes from 
со fo — о, 

Ав Ө increases from 90° to 180°, tan Ө increases from — co to 0. 


As Ө increases from 180° to 270°, tan Ө increases from 0 too, 


but as Ө passes through 270°, tan Ө suddenly changes from 
< to — о, 


Ав Ө increases from 270° to 360°, tan Ө increases from 
— € to 0). 
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128. Changes in cotangent. 


‘The value of cof 0 is the reciprocal of the value of tan 0, 


4.0, cob в= 22, Hence the changes in cot Ө сап be obtained 
ап 


from the changes in tan Ө as follows : 

Ав Ө increrases from 0° to 90°, cot Ө decreases from co to 0 ; 

Аз Ө increases from 90° to 180°, cot Ө diminishes from 0 to 
—©,andas Ө passes through 180°, cot Ө suddenly changes 
drom — o to +0; И 

Ав Ө increases from 180° to 270°, cot Ө diminishes from 
о to0; 

As Ө increases from 270° to 360°, cot Ө diminishes from 0. to 
— œ, butas Ө passes through 360°, cot Ө suddenly changes 


drom — œ to +, 


124. Changes in secant. 
Ав sec ө=1.., the changes in secant oan be determined 
со 


from those іп cosine as follows : 

As Ө increases from 0° to 90°, sec Ө increases from 1 to co and 
immediately after вес Ө suddenly changes from+© to — о, 

As Ө increases from 90° to 180°, вес Ө increases from 
— © to —1. 

As 0 increases from 180° to 270°, seo Ө diminishes from — 1 
to —© and immediately after sec Ө suddenly changes from 
- о to +o, 


As 0 increases from 270° to 360°, sec Ө diminisheg from© to 1, 
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125. Chages in cosecant. 


As совес а ; the changes in cosecant can be obtained: 
from the changes in sine as-follows : 
As Ө increases from 0° to 90°, cosec Ө diminishes from © to 1; 


As 0 increases from 90° to 180°, cosec Ө increases from 1 to 
© and then cosec Ө suddenly changes from +o to — co : 


, 


Ав Ө increases from 180° to 270°, совес Ө increases from. 
-o to —1; 

And ав Ө increases from 270° to 360°, совео Ө diminishes from. 
—1 бо — со and as Ө passes through 860°, cosec Ө suddenly 
changes from — © to + о, 

126. We know that if an angle increases by any complete 
multiple of 2z (or 360°), all its trigonometrical ratios remain 
the same (ie. unaltered), Ifthe radius vector OP of angle Ө 


revolves further and makes complete revolutions the 


trigonometrical ratios of @ will be repeated for each complete 
revolution. Since there is a recurrence of the values of 


trigonometrical functions (ratios), they are called periodic. 


functions (they being repeated after each period of 9л), 


Graphs of Trigonometrical Funetions 


127. The graphs of trigonometrical functions (sin т, сов Ө,ебо) 
can be drawn just like those of algebraic functions. 
Here also the straight lines XOX' and YOY’ intersecting at 


right angles at O are taken as the axes ef co-ordinates, О being 
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the origin. The positive and negative directions of the axes are 
the same as in algebraic graphs. 

Here the values of the angles are represented by chosen 
lengths along the z-axis апй the corresponding values of the 
trigonometrical ratios along the y-axis. Thus each pair of the 
Dortospondlüg values will be the co-ordinates of a point. Then a 
suitable scale being chosen, several points are plotted on the 
graph paper. 

Now joining the plotted points free-hand .we obtain the 


required graphs of the given trigonometrical function. 


128. Sine graph or graph of sin x, 

Let у =вїп z. The values of sin æ (i.e, y) corresponding to 
the different values of 2 can be found from the table of natural 
gines, Неге the values of sin æ (correct to 2 places of decimals) 
corresponding to the values of т, differing by 10°, are tabulated 


below. 
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Graph 1 [sine graph (—2 to Qn) ] 


TRIGONOMETRY 135 


Let one small division along the x-axis represent 10° and 10 
small divisions along the y-axis represent unity (ie 1). Now, 
plotting the points (—90°, —1), (—80°, —'98), ete tabulated 
above and joining them free-hand, we get the required graph 
[ See graph 1 J. 

[N.B. The sines of angles from 0° to 90° are given in the 
table of natural sines. То find the sines of angles less than 0° 
and greater than 90°, we take the help of the formulas sin (- Ө) 
---віп 6, sin (180°—6)=sin 0, sin (180°+6)= —sin 6, 
sin(360'—0)— —sin Ө. (2) Тһе values of the angles may be 
taken at intervals of 10°, 5°, 15°, or ай any other suitable 
intervals. (8) It is convenient to represent unity (i. e., 1) by 
10 or 5 small divisions along y-axis, (4) This process will be 


followed in drawing other graphs. ] 


Some special features of sine graph 


Tt appears from the graph that (i) it is a continuous graph 
extending on either side in symmetrical waye form. (ii) The 
ordinate of no point on the graph exceeds +1 or is less than — 1, 
and so the maximum value of sin т is+1 and its minimum vilam 
is —1, and these values occur when the values of 2 are odd 
multiplies of 90°. (iii) At the origin and at points where 2 is 
an even multiple of 90°, the value of sin z is 0, for the graph 
cats the a-axis at these points. (iv) ‘’ sin (9nzx--z)—sin @, 
2, the portion of the graph from 0° to 2% goes on being repeated 


on either side. 
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129. Cosine graph or graph of cos x. 


Let y=cos т. Неге the values of z аб intervals of 15° and 


the corresponding values of cos = (to 9 places of decimals), 
[* from the natural cosine table, are tabulated below $ 


Let one small division along the g- 


axis represent 10? and 10 
Small divisiong along the y-axis represent 1. Now, plotting the 
above points and joining them free-hand, we obtain ‘the required 


graph. [see graph 9] 
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sine graph ( — 180° to 180°) ] 


Graph 9 [ co 
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Some special features of cosine graph 


If appears from the graph that (i) the 


-from - 90° to 90? is symmetric 


because cos (-а)--сов S. (ii) Ав 
graph repeats itself at intervals of 360° 


becomes exactly the same a 
graph is moved to the left th 
(in graph 1) be shifted 9 sm 


S the sine 


portion of the graph: 
al about the y-a 


xis. This happens 


cos (9nz 4-z) = cos a, the 


(iii) 


The cosine graph 


8raph, only if the sine 
rough 90°-space, 4.0., if the origin О’ 


all divisions to the lef; and this new 
position of O be taken 


cos z —sin (90°+2), 


as the origin. 


130, Tangent graph or graph of tan x. 


Let y=tan g, 


Corresponding values of tan g 
m the natural 


tabulated below fro 


Here the values of ш 


This is so because { 


differing by 10° апа the 


(to 2 places of decimals) are 
tangent table, 


70° | - 60° 


tang | 173 | 975 | 576 | _® | 5-67 | об 11-73 
оО ош 50 aga E 10° 

fepe ate gallega cua E 18 
т 90% 80° 40° 50° 60° 

у ог р б h 

tone | 36 | 88 | ва 119 | уз 
v 90° | 100° | 110° 120° 

yer | ze |-567|-275|-11 

tang | — œ pice 


Let 1 small division along the z-azig 
along y-axis represent 


3 small divisions 
above tabulated points and 
the graph of tan д [see graph 3] 


Unity. 


joining them fre 


represent 10° and 


Now plotting the 
9-hand, we obtain 
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Graph 3 [ tanget graph ( - 2 to 9л) | 
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Some special features of tangent graph 


If appears from the graph that (i) 16 is not a continuous 
‘curve, but consists of an infinite number of similar Separate 


90°. As x Passes through these Points from the left to the 
tight, the value of tan x sud 
(i) The graph continually approaches the lines parallel to the 
y-axis аб points Corresponding to the odd multiples of 9U° on 
either side of the z-axis, These lines are called the asymptotes 
to the curve of the graph. (ін) ** tan (n. 180°+a)=tan а 
(where 5 jg any integer) 2 each branch is repeated ab an 
interval of 180°, the repetition being of the branch from — 90° to 
90° on both sides (left and right). 


131, Cotangent graph or graph of cot x, 


Let y—cot z, Неге the values of z at intervals of 10 sna 
the corresponding values of У (ie, of cots) taken from 
natural cotangent table are tabulated below, 

ae E ы 


“|-110%| - 100° —90*| — 80° 
`58 | `86 | 18 0 |-18 


Tab 3807 ЫТЫК 


7119 |173 | 92475 - 5'67 


30° | 40° | 50 60° 


173 | 1119 | ва | ‘53 
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| Graph 4 [ cotangent graph (= л to 9л) ] 
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Let 1 small division along z-axis represent 10° and 3 small 
‘divisions along y-axis represent unity or 1, 
»points and joining them free-hand, we ob 
Г seo graph 4 |, 


Plotting the above 
bain the required graph 


Some special features of cotangent graph 


(1) Itisalsoa discontinuous 


graph. The continuity breaks 
at points where д = 0° or any mul 


tiple of 180°. (ii) The tangent 
graph becomes the cotangent graph, being shifted through 90" 
‘either to the left or to the right. (iii) ^: aot (n. 180°+2) 
7002, ~. the portion of the graph between 0° and 180° are 
repeated again and again on either side. (iv) The graph 
‘continually approaches the lines parallel to the y-axis on both 
sides of the x-axis at points where д = 


авушрќобез to the curve, 


182. Cosecant graph or graph of cosec x, 


Let y=cosec v. Hore the values of z at intervals of 15? and 


the Corresponding values of созөс 2 are tabulated below from the 
"natural cosecans table [it this table be not available, the 
values of cosec x сэп bs found from the natural sine table, ag 


<озев a= | 
sin z 
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yor 1-104) -1|-ro4 —1°15] - 1°41 209) - 3°86 


т 15° 30° 45° 60° 75° 90° | 105° 


VO | 3:86 | а | 141/115 | 104 |. 1 | 104 
icosec T 


Let one small division along the z-axis denote 10° and 3 such 
divisions along the y-axis denote 1. Now, plotting the above 
points and joining them free-hand, we obtain the required graph. 
([ see graph 5 J. 


Some special features of cosecant graph 


(i) This graph also is not continuous. It consists of an 
infinite number of detached branches. At angle 0° and at each 
multiple angle of 180°, the graph is disconnected. At these 
points the lines parallel to the y-axis are asymptotes to the 


curve. 
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TETH ITTTTTTTTÀ 


РЕА ЕЕЕ B ЗІНЕ 
Е Е ОШО. 
Г] ГІСІ ПЕГЕН 11111] НЕН 


ЕҢ: LIT] ГІ L- Ш 


[ш num 2. 
ШІ? e Hip e 
Ші г ae ЕЕ: з 
HH шш ГЕН 
шш gu Hii шш: n ШЕ НЕНІ E 


(T. ae a ae 


Graph 5 [ cosecant graph (л to Qn) ] 
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(i) Мо part of the graph lies between y—1 and у=—1, 
for y is always greater than 1 or less than —1. So the graph 
lies aboye the x-axis within the limits of 0° and 180° and below 
the x-axis within the limits of 180° and 360°. 

(iii) 77 совес (п.360°--2)==еозес s, .. the position of 
the graph between 0° and 360° is repeated again and again on 


either side. 


188. Secant graph or graph of sec x. 


Let у=вес 2. Here the values of y or seo z corresponding to 
the values of z at intervals of 15° are tabulated from the natural 


secant table les from the natural cosine table, as sec am =: l 
- —— 


—80* — 15 0° 
115 |104|1 


105° [120° | 185° 


-I004|-115|-114 


386 |-386| -2 а 


Let 1 small division along the a-axis represent 10° and 
3 such divisions along the y-axis represent unity. Now, 
plotting the above points and joining them free-hand, the 


required graph is obtained [see graph 6]. 
EL. M. (XI) T—10 
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a 


цы: 


Graph 6 [ secant graph 23 
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Some special features of secant graph 


(i) This graph also is not continuous. There is discontinuity 
at points where z is an odd multiple of 90°. The lines parallel 
£o the y-axis аб these points are asymptotes. 

(1) *' Вес (п. 360°--2)= вес 2, .. there is repetition of 
the graph at intervals of 360°. 

(iii) Since cosec (90*--z)-—seo т, the cosecant graph being 
shifted to the left through a 90°-space will become the secant 
graph, 

184. Graphs of other  trigonometrioal functions such ag 
sin 92, 2 сов Зх, etc сап be drawn in a similar way. In the 
tabulation in these cases, the values of = are noted in the first 
row, the values of 2a or 3x in the second and those of the whole 
function (sin 22, 2 cos 3%, etc) in the third row. The graphs are 
drawn, plotting the points on a chosen scale, 

Again, to draw the graph of a trigonometrical expression, such 
ав tan «+ cot v, the values of 2 are noted in the first row of the 
tabulation, those of tan c and cot z in the second row and the 
third row respectively and the sum of the second and third rows 


is noted in the fourth row. 


135. Graphical solution of equations. 

Like algebraic equations, trigonometrical equations also can 
фе solved graphically. Suitable methods may be adopted in 
different cases. (i) Draw two graphs of the expressions on 


the two sides of the equation. The abscissm of the points of 
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intersection of the two graphs will give the required golution. 
Or, (ii) 'Transpose all the terms to the left hand side of the 


equation. Thus the right hand side willbe 0. Then draw the: 


graph of the expression on the left side. Now the abscisse of 
the points, where the graph intersects the х-ахів, 
required solution of the equation. 


Examples (17) 


Ех, 1. Draw the graph of y=sin z+cos x between the 
range «=() to == 927, and find from the graph the values of z 
| for which (i) y— 0, (ii) y is maximum, (iii) y is minimum. 


[ 0. U. "84 | 


12 and the 
corresponding values of sin z and cos x taken from the table are 
tabulated. The sum of sin z and cos 5 is noted in the fourth row. 


Here the values of д at intervals of 15” or 


15872121198 


lix 
12 


will give the 
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---------------1.-2---:2----1-------1------:------- 


—1'4|—1'37 |- 1°23 
xc" "ximo Pags ох 
АВ его 


—"5 | — 26 


—ы=——ы—— 
- aden ля ——-———— 
—Ó ——— —— 
— — c — 


Let 2 small divisions along x-axis represent 15° and 10 small 
divisions along y-axis represent 1 (unity). Now, plotting the 
above points and joining them free-hand, the required graph is 
obtained [see graph 7]. | 

Again, (i) y 2 0 at the points where the graph intersects the 


z-axis. Here 2—2 апа 2-12 аб the two points where the 


x x 
graph cuts the z-axis. Hence 2—37 апа 2-7 ‚ for which у= 0, 


(ii) 16 appears from the graph that the abscissa of the highest 
point of the graph is T Hence y is maximum when 2-7. 
(iii) Again, the abscissa of the lowest point of the graph ig 


geen to be Hence y is minimum, when s= or 225°, 
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"ЕЕЕ ЕЕЕ ЕЕ ЕЛЕЕ ЕЕ ЕЕЕ ЕЕЕ ЕЕ Е ЕШ ЕЕ БЕГЕ ЕЕЕ 
ampa ЕЗЕ1Е ©} 21 27 23 212307 22 NA E EI ЕЛ] ЕЛ E] оа ЕЙ ЕЛ ЕЛ E EB ED ЕЕЕ] EJ ES ES ГЛ E EZ EET 23 ЕЙ ЁЗ ER № E ES S EYES 
mgmEBEBEEEEEEEEEEHEE EE B EE ELE ЕШ] ЕЕ ЕЕЕ ЕГ ЕЗГЕ ЕЕ ЕЕ ШЕЕ 
CEEEHHLEEHEEEEEEHEHHEHEHHH НЕН НЕН 
-E-EEEFEEEEEEEEEBEEREHEEEH-EEELEEEEEBEEBES BIS Ee 
E] EL ESI ЕЕЕ E E ETE E E E E 1 EJ E3 isa 24 E E 63 ШЕ] ЕШ Е] Ей pH tt ШЕЕ ЕЗ ЕБЕ 
TE eee EERE 
E) EBBGEBEHHEEDEBGEEZHEEEEB SEEN ЕЗ ЕЙ ЕЗ Е] ЕЕ ГЛ ЕЛ EHE E EIE ES EUR ETE ED ЕЗ 
ШЕ -LCE-HHH-HHHHHH РА ШЕ ER EZ E ЕЁ кї  @@ E ELLE E] FEL E EL EL EE EZ EZ CI PT EST ED] E 68 ER RR E Г 
СЕРЕ А4656 
EHBBEBHBHEBEHEHBEDBBLdEESBEBEEBEDWUEBHEBSEDEHDIEELDDECGEEEEEBEHEE E EE EE 
HOR ГЕЗ GSS FEE ESL ELE? 1 #1 Б ER Е] Ё1 Е] ЕЗ ER LELEN E E EI EET EL ES ESL EE CH ETE D ЕЕН ETE ETE D ЕЛ 
EEIBEIBIBEDBELBEEBHE, ЕНЕС 
ЕЕ] ЕГА ЕЛЕЕ) ЕЗ EZ EB јаја 2 ET ES E I ER E ED ER ЁЛ ER tal le) ope Ө ЕЛ ЕЕ! ЕП ЕГ] EL EL ES E E E EE ER ED ES ER E ET E B CE ЇЗ 
HBBEBEBBHEEHHFGEHBEBEEHHEEUBHHENSEHEEOUHOHEFGEHBEUBEEBSEEE 
ЕЕЕ ELS ГЛ ЕЕ] RR ІЗ BD LES ER 


EJELESETETETERETETESES Z--CHHHHHHHHHHHHHHHHHNHHHHHHTA ETEJEIEJCI ES D ЕН ЕЗ БЕ БЕ Ж] E БЕ] Б E 
Г Ме аш 


E \ Eg] = 
ЕНЕН ER Pe ot 


Graph 7 [ graph of y=sin z--cos 2 ] 
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[N.B. Неге the equation may be put ав y=sin Ф--сов х 
= ,/9 (sin a. un E cos 2) | 
== 4/9 (sin 2 сов 45°+sin 45° cos z) 


= 4/9 sin (45° 2). 


Hence, if the values of sin (45'--z) as obtained from the 
tables be multiplied by 4/29 or 1'414, the corresponding values 
of y can be had.] 


Ex. 2. Solve graphically the equation cot 6—tan 0-9 
between 0 = 0 and 9—z. (0. U. ^49] 
Here cot Ө — tan 0— 9, 
Or, ыы --бап 0=9, ог, 1- бап? 6=2 tan Ө, 
tan Ө 


2 tan Ө 
1 – 55020 

Now, by drawing the graphs of y=tan 20 and у= 1, the 
solution is obtaind from the abscisse of the points of their 
intersection. . 


(1) y=tan 20. 


ог, = ], or, tan 20—1. 


75° 


150° 


173 | 373 |-373|-173| —*58 


150° 


300° 
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10. Solve graphically the equation tan 2= сов g, 
between с--0 and a=4z, (0. 0,6) 


711. Solve graphically the equation tan z=97 between the 


т 
values v=0 and х= DE [C. U. 39] 
12. Solve graphically sin 9z —sin 2, giving only those values 


(0. U. '40] 


0 between 


of ш which lie between #=0 and z- 9x, 


18. Solve graphically the equation s-tan s= 


л 
2= 0 and 2— г. (Ans. z—0] [O.U. '45] 


14. Solve graphically the equation 5 sin 


0+2 сов 0—5 

between 6=0° to Ө=970°. (Ата. 46795” (App.) and 90°] 
э [C. 0. '47] 
15. Sketch а period of the tangent graph y=tan 2, 
including т-іл and discuss the behaviour of the graph near 
=й. (0. U. °51] 


16. Sketch the graphs of V—27, y=sin ала y —tan z in 


л x * 
ihe range — 3 andd-; with reference to the same axes of z and y, 
From the nature of ihe graph near the origin, can you suggest 
any relation among them at the origin ? [C. U. 252) 


------- 


OHAPTER III 
CO-ORDINATE GEOMETRY 


Some important Results 
[ Cirele ]: 
1. (a) Equation of a circle : 
(i) standard form: z?-Fy?-a?, where centre is (0, 0), 
radius = а. 
(ii) general form: 27--у2--%--2/у--с--0, where centre 
is (—g, —f), radius— Jg?+f? — c- | 
(b) Equation of a circle with the st. line joining the points. 
(21, уу) and (zo, yg) as diameter is 
(a — aX — 25)--(u —v1)(y — 92) 7 9. 
2. (a) Equation of the tangent to the circle z? --y? — a? at. 
(шу, уу) is 225 Буу =a’. я 
(b) Egun. of tangent to 2%--/%--92--9/у--с--0 at (2,94) 
is 221 Буу 0(2 +23) Ku +y) “с> 0. 
(c) Condition that the line y=mx-+e is а tangent to the 
circle 22 у? = а? is c= Ба Лт : 
G) у=та+а,/1+т? and (ii) y—mz-aWi-m? are 
tangents to z2 -- y? = а? for all values of m, and in (i) the point 


of contact is c Nis Jem) and in (ii) the point of 


Е 
eon мате т? 
3. (i) Equation of the normal to the circle 2? у? —a? at 
ey АҚАН 
(дю) ле окш уу = 0. 

(ii) Equn. of the normal to 2? -- y? --9gz-9fy--o— Q at 
(шу, 91) is а(уу+/)— (1+) 72110010. 
bake ek (бүз me yen де Зее а А 

pee ҮК. Чо. 


wka ENRE 
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Let 1 small division along the z-axis denote 5° and 5 such 
divisions along the y-axis denote 1. Now plotting the points and 


joining them free-hand, the graph of y=tan 20 is obtained 
[seo graph 8]. 
(i) Again, the st. line, parallel to the a-axis on positive 


side at a distance of 1 unit from it, is the graph of y=1. 


This st. line (the second graph) cuts the first graph at two 


points (within the given limits) whose abscisse are 295” 
and 119'5°. 


Hence, the sotution is 0=99'5° and 119'5°. 
у the equation 00860 т=со& 2--,/8 


Ех. 8. Solve graphicall 
[C. U, ^49] 


between z — 0 and # =”. 


1 совт 
Here coseo v= cob at »/3, OF; Ms Hua 4/8, 


or, 1==008 2--,/3 іп 2, OF; je cos =. 34-5. sin т, 


or, {= 608 2 005 60°--віп 2 sin 60°, or, 1 = сов (#—60°), 
Hence, by drawing the graphs of y =}='5 and у = сов (z — 60°), 
the solution oan be obtained from the points of intersection of 


the graphs. 


G) The graph of y— Bis the st. line AB parallel to the 
g-axis аба distance of `5 units from it on its positive side 


[see graph 9]. 


-———— 
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4. (a) Length of the chord of the circle ж? 4+y2—,2 intercepted 

1 = се Ж 

by the line y—mz +c ig 712-5 - Ja? (1-Em)—c2. 
mà 


(b) Length of the tan 


gent from an external point (1,71) to 
the circle (i) 22-4-0242 


and (ii) z2--y2 Hgs --9fy --c 0 is 
( Ма уза? and (ii) Уату 37y Fo, 
[ Parabola 1: 
1. Equation of the Parabola : 
Standard form y2 =4az, focus 18 
(a, 0), directrix is 2-Ғас-0, an 


where latus rectum= 44, 
d extremities of the latus rectum 
ате (a, +2a). 


2. (i) Equation of the tangent at (21, уу) ig ууу = 2a(z +e). 
(i) Condition that Y=mr+c may touch the parabola ig 


== © (where m is not zero), 


7n 


(ii) The line a is a tangent to the parabola for all 
values of m (except 0), and the Pt. of contact ів ( E 22), 

m? ж 
3. Equation of the normal at (21,94) is у-уу=— PG -2). 
4. Length of the Chord of the Parabola intercepted by the 
st. line y my Ee is E Ма(а— me)(1-+m2), 


5. Equation of the diameter ig y=% 


= 
6. Parametric representation (i) £—a1?, y — дд, 
(ii) Equation of the tangent is y=24 at, 
t 
ii) Equation of the normal ig y+o;— 2at+at2, 
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[ Ellipse ]: 
4. Equation of the ellipse in 


2 2 
standard form is aug =1. 


(i) Here latus rectum=2a(1—e?)= ар? 3 
@ 


(Н) eccentricity e= , /42 M or, VEE 
a в? 


(ii) the directrices are «= +" 
e 


(iv) focus S is (ae, 0), S' is (— ae, 0) 
(v) the focal distances of P (21, y1) are SP—a —ezi, 
S'P—a-ex,. .. their виш = а, 


2. (i) Equation of the tangent at (шу, 71) is aca = 


(ii) Condition that the st. line y=ms+c is а tangent!to the 
allipse is c= + Ja2m? 4-52. 
(ін) Тһе st. lines y=mx+ y a?m® +52 are tangents to (һе 
-ellipse for all values of m their points of contact being 


(- а?т b2 ) 
Мате Fb? Мат? +b?) 
and ( a?m A b? ) 
Мат? +b? Ja?m?-+b2/ 
3. Equation of the normal at (21, y1) is —— 


4. Length of the chord intercepted by the st. line. y=ma+e 
2ab J1--m? „Мат? +b? — 0? 


on the ellipse is 
а?т? +b? 


2 
5. Equation of the diameter is y= -4 g. 
т 
6. (i) Auxiliary circle is 22--у2--«(2, 
(i) Director circle is z2 +y? — a? -- 52, 
7. Parametric representation «=a сов 0, у= gin ө 
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Gi) y=cos (z— 60°), from which we have 


© 105° | 120° | 185° | 150° | 165° 


т— 60° 45° 60°| 75° | 90° | 105° 


y or E . + y. 
сов (z—60^) 71 5 26 0 96 


Now, let one small division along the a-axis denote 7'5^ and 
that along y-axis denote '1 unit. On this scale the points (05,5), 
(15°, '71), ete are plotted and joined free-hand, and the graph of 
у = сов (= — 60°) is obtained [graph 9}. 
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Here, the two graphs intersect at two points within the 


given limits and the abscisss of the points are 0° and 120°. 
Hence, the required solution is z—0^ and 120°. 


Ex, 4. Draw the graph of 3 sin +4 cos 2. What is its 


maximum value ? [ C. 0. '50 ] 


Let, y=3 sin 2--4 cos 2. 


Here, the values of 2 at intervals of 15° and the corresponding 


re first determined from the table and 


values of sin z and cos T а 


| then the values of z and y are tabulated. 


30° | 45° | 60° 


8sinz | - 78 1-5 [9'12 |2'61 


3'86 8:46 |283 


4 cos 2 


4796 |495 


Let two small divisions along the z-axis and 4 small divisions 


along the y-axis represent 15° and unity (i. e., 1) respectively. 


Now, plotting the above points and joining them free-hand, the 
» 


required graph is obtained. [see graph 10]. 
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[ Hyperbola 1: 


2 2 
1. Equation of hyperbola in standard form is = - БОШ 
a 


3 2 
Here, (i) latus rectum=2a(e2 — 1)=2% ; 
@ 


Е 
(ii) eccentricity е= Ма? +2 
а 


[ for rectangular hyperbola 


акар, 2 в= 9. ] 
(iii) focus S is (ae, 0), S' is ( — ae, 0). 


(iv) Directrices are z— ^. 
e 
(v) focal distances ot P (2, уі) are 
SP-—ez; —a, S'P=en, diy 
`2. (i) Equation of the tangent at (25, у,) is а = Wi- 1. 


(i) Condition that the at, line 


У = тсс is a tangent to 
the hyperbola is c= + Мат? b2. 


(iii) The st. lines 0 = тх Jam? ра are tangents to the 
hyperbola for all values of m, their Points of contact being. 


(- ать Т b? ) d Зуу b2 
Мат -0? uma 58] аш (= =b //а#т1— =) 


8. The equation of the normal at the pt, (21, уу) ів 


Ure ҒАН 
a? b? 


ial 7 
= a?gy? + 52 
ат? — 52 с 
5. Equation of the diameter is y 25b. 
ат ` 
6. i 
Equation of the asymptotes ате y= TON 
—— © 


о o Б ------------ ы 
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CIRCLE 
Definition: A circle is the locus of a point which 


moves so as to be always at а constant distance from a fixed 
point. 

The fixed point is called the centre and the given distance is 
called the radius of the circle. 

The line traced out by the point is called the circum- 
ference of the circle. It is to be noted that the term cirole 
strictly denotes the space bounded by the circumference, but the 
term is often used to denote the circumference itself, if there be 
no confusion. 


187. To find the equation of a circle whoss centre is the 


origin. 


Let XOX' and yoy’ be the two axes of co-ordinates, the 
origin O be the centre of the circle and 


a be its radius. 
P(x.) 


Let P be any point on the circum- 
ference of the circle and let its co-ordinates 
be (т, у). x’ 

Join OP and draw PN perpendicular 
to OX. Then ON—z and РМ=у, 

Now, in the right-angled AOPN, Fig. 1 
ом?-- РМ? = ОР?, 

/. х?-ру? = а?, this is the required equation of the circle, 


[ М. В. The equation of the second degree represents a 
circle, if the coefficients of z? and y? are equal and there ig no 
ӛту” term. | 


Graph 10 


It is apparent from the graph that the maximum value of y із 5. 


Hence, the required maximum value=5 


Ex. 5. Solve graphically the equation 2 sin?z=cos 9х, 


giving only those solutions of ш which lie between — 3 and =. 
[ C. U. 46, '48] 
Here, 9 gin? 2 = сов 2ш, or, 9 sin? 2- сов 9220, 


Or, 1-— eos 9% — сов 259 


gs p" Cu 


» ог, 1—9 сов 2z—0. 
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Let, y=1-2 cos 2z, then y=0. The required solution will 
be obtained from the points of intersection of the graphs of the 
two equations. 

The a-axis itself is the graph of the equation y=0. 

For drawing the graph of y —1 — 2 cos 9%, the values of z at 
intervals of 15° and the corresponding values of y are tabulated 


from the natural cosine table. 


255° | 270° 


=й! 


214 | 3 | 


Lot 2 small divisions along the z-axis and 5 small divisiong 
along the y-axis represent 15° and 1 (unity) respectively. Plotting 
the above points and joining them free-hand, the graph of 
у=1-2 cos 2c is obtained [graph 11]. 
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138. To find the equation of @ circle, the co-ordinates of its 
centre being (=, В). 


Let C be the centre and a the radius of the circle, 


Take any 
point P(z, y) on the circumference, 


Draw CM and PN perpendicular to ОХ and draw CRLPN, 

Then, ОМ--«, см=в, ON-—z, PN=y, 
and CR=MN, PR=PN- RN—PN-CM. 

Now, in the right-angled ACPR, 

CP? -—CR?-FPR? 

=(ом-—ом)?-+(Рм = см)? 

. a? =(@—4)? +(y — 8), 

.. The required equation of the circle 
is (x —4)?--(y —8)?—a2, 

Corollary : 
ofthe circle, 
(z—24)? -F (y 4-8)? — a2, or, (z--«)2 


Conversely, 


Fig, 2 
If (—«, f), («, —8) or (—«, —8) 
then its equation will be (а--«)2--(у-0)2-а?, ! 


be the centre: 


+(y+6)? =a? respectively. 
(«, B) is the centre of the circle 
(5—4)2 4- (y = 8)2—а?, 
LN. В. In the Art, 188, ( 
ference, then ОМ?-Емс? 
of the circle will be 22 


i) if the origin О be on the cireum- 
таз, i.e., «?--0? —52. Бо the equation 
+02 — 245 — 98y — 0. 

(i) If the origin be the centre, 
equation of the circle ін g? +y? 

(іі) If the origin is n 
lies on the c-axis, 
(w= 4)? уа = 92, 


then <=0 and B=0; so the 
=а?, 


об on the circumference and the centre 


then f—0, во the equation becomes 


on the circumference and the diameter 
8 with the a-axis, then 6=0 and a=« 


‚во 
2-9? - 9«g— 9. ] 


the equation will be z 
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139. То show that the equation х? +y? +995: d- 3fy o c 0 
always represents a circle. 


Transposing c, and adding g? and f? to both sides of the 
given equation we have (z? 4-2gz-- g?) - (y? + 9fy +f?) 
=g?+f2—-0, or, (e+g)?+yt+f)?=(Vg?2+f2—c )2, and 
` evidently this represents a circle whose centre is the point. 
(—g, —f) and radius ів „/02 +72 c. 


[N.B. If (2--/%>с, then the radius of the circle will be 
real, i.e., the circle will be real ; 

If g2+f2<c, then the radius and therefore the circle will be 
imaginary ; 

It g?+f2=c, then the radius vanishes, and во the circle 
becomes a point coinciding with (-g, — f). Such a circle ig 
called а point-circle. | 


140. To find the condition that the general equation of the 
second degree ax? +by? +2hay + 29% +2fy+c=0 may represent 
a circle. 

Let us take the equation ax? tay? + 89-Е /у-е=0. 
Dividing it by a we have 22 +022. 05-21, 4 0, this 


is the equation of a circle whose centre is (- 5, -1) апа radius 


Thus we find that az?-r-by?-F2hzy--2gz--2fy-Fc-— 0 will 
represent a circle if a=b and h=0. 


Hence the general equation of the second degree represents a, 
circle if the coefficients of z? and у? be the same and the 
coefficient of xy be zero. 


u 
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ИЗ 
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Graph 11 
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This graph intersects the z-axis (i.e. the graph of y=0) 
at four points between the given limits. The values of z at these 


points are — 30°, 30°, 150°, 210°, the ordinates being 0. 


Hence, the required solution is а= — p P x : = А 


Exercise 17 


Draw the graphs of :— 
1. Sin 20 and cos 20 between 0= 0° and Ө:=210°. 


1 
and 
сов 22 cot 25 


3. Sin z-Fcos ж and сов 22 between z =0° and z—z. 


2. 


л 
between а= —д and «=z, 


4. Тап 32 between z—0^ and a- 


5. Sec 3 between z— = and 2-5 


6, Trace the graph of y=sec 2 from z—0* to д=90°, 
tabulating at the intervals of 10°. 
7. Draw the graphs of y=sin т and y=cos a between с--0 
and т=л. Find the points where the graphs interseot. 
[Ans. z—12] — [0.U.'86] 
8. Obtain graphically a solution of the equation tan x=] 
between #=0 and z— 37. (Ans. 1л] [0. 0. 237) 
9. Draw the graphs of y —sin z and y=cos > between >--() 
and w=. Find the values of = between these limits which 


satisfy the equation sin 2 = сов 2. 
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141. To find the equation of a circle whose diameter is the 
line joining the two given points (ті, V1) and (то, yo). 

Let А (21, y1) and B (z2, уз) be the given points, 

and P (a, y) be a point on the Y Ре.9 
circumference of the circle, В. 

Join AB, AP and BP, 
Now, the gradient of AB is = N 

dient of BP is ТУ». en 
and the gradient о is ege o X 

but since AB is a diameter, ~, £ APB Fig. 3 
in the semicircle is a right angle, i.a., АР, BP are perpendicular 
to each other. .. the produol of their gradients — --1. 


E 


or, (y- 71Ху -0з)= - (а—т,)(а—„), 


-. the equation of the circle ig 


(s — 21) — 25)-- (y V1Y(y уз) =0. 


Ехашріев (18) 


Ех. 1. Find the equation of a circle whose centre is the 
origin and radius is 4, ` 


Here from the formula g2 +y?=a2, we have 22 Чу? = 43, 


4. he required equation jg s? +y? = 16. 


| quation of a circle Passing through the 
point (2, 3) and having the centre at the origin. 
Let œ? +y? 


=a be the equation, 


the circle passes through the point (2, 3), 
et 29-32. аз, 


2. the required e 


‚ ЗАБИ 


4. а@%=13. 


quation ig ж®--,у9.. 13. 
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Ех. 3. Find the equation of a circle whose centre is at 
the point (3, 4) and radius is 6. 
Evidently the required equation is (e—3)?+(y—4)2=62 ; 
or, &2—6z-F9-Fy? — 8y-- 16 =36, 
or, z2--y? - 62 —8y - 11=0. 
Ex. 4. Find the equation of a circle passing through the 
point ( — 1, 2) and having the centre at the point (2, — 3). 
Let (a - 2)? 4 (y+8)2=a be the equation. 
Since the circle passes through the point ( — 1, 2), 
(-1-9)--(8243) —a*, .. a7—9-F95—84. 
.'. the required equation is (== 2)? -- (y 8)? —34, 
or, z?—4zt 4-- y24-6y - 9 84, 
or, 21--у” — Ay 4-6y - 21—0. 
d the co-ordinates of the centre and the radius 


Ex, 5. Fin 
of the circle z? +y? - 4z--6y —12—0. 
a? y2 — 4z--6y - 1270, > transposing — 12 and adding 
(4+9) or 13 to both sides we have 
(23- dn +4) +(y2+6y +9)=25, 
or, (2—2)? +(y+3)?= 95 =(5)?. 
the required co-ordinates of the centre are (2, —3) and 
the radius is 5. 
Ех, 6, Find the co-ordinates of the centre and the radius 
of the circle 302+ 30° — 52 -6y4-4— 0. 
Here 322--3y? - 52 — 6y 3- 4—0, 
or, z3--y? —$z-9yd $70 ( dividing by 3 ) 
or, (2 aa +38) - (v? 2y +1)=1+23-4 


5\? 2.19. 18)? 
or, (2-5) 4E (y - 1) = ( т ) . 
.’. the co-ordinates of the centre are (5 1) 


s i 
and the radius. 
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Ex. 7. Find the equation of the circle Passing through the 
points (0, 1), (1, 0), (21) 


Let z? +y? --99z--9fy --c—0 be the equation, 

Since the circle passes through the points (0, 1), (1, 0), (9, 1), 
-. the equation is satisfied by these co-ordinates, 

“. 1--2/--с--0-:--(1), 1--90--с--0...... (9) 

and 5-+49-+2f+c=0------(3), 

Now, subtracting (2) from (1) we ha 
Subtracting (3) from (1) we haye — 


e f—-1 


ve2f—9g—0, .. f-g. 
4-4-0, — g= —1; 


-. from (1) we have 1-2+c=0, ‚'‚ c=1, 

-. the required equation ig z?--y2—9; — 2y+1=0. 

Ex, 8. Find the equation of the circle passing through 
the vertices of the triangle formea by joining the points 
(0, 0), (a, 0), (0, 2). 


Let w? +y? +2974 2fy+o=0 be the equation, 


7 the circle passes through the points (0,0), (a, 0), (0, 5), 
-. the equation must be satisfied by these Co-ordinates, 
Hence 02-0-:: 


(1) ?-F2ag —0...(4 
аео Ш ме a*+2ag=0 ( 2 

b? +207 +e=0--.(3) b24267=0...(5) | 
Now from (4) we bave Qag= - д2, 


Wt) 
DD Up 


and from (5) we haye f= at 


“+ the required equation is ту? — ag — by =0. 
. Ек 9. Find the 9quation of the circle passing through the 
Points (1, 9), (3, — 4) ana (5, —6). 
Let the equation be s? +у2 :-242--9/у-Ес--0. 
Since the circle passes through the given Points, 
5--20--4/--с--0-- (1) 
25+ 64- 8f Fc — 0---(ii) 
61+ 109 — 12f+ce=0...(iii) 


‚ satisfied by (6, — 4) also. ~- 
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—11, f=—2, с=95. 
2 +у2 – 992 — 4у4+95= 0. 


Solving them we have 9— 
.. the required equation is z 


Ex. 10. Show that the four points (0,0) (1, 1) (5, —5) 


and (6, — 4) are concyclic and find the equation of the circle. 


Suppose the circle z2--y2--F9gz--9fy-kc- 0 passes through 
the points (0, 0), (1, 1) and (5, — 5). 
0 0---(iv) 


Hence в=0--:() 
g+2g+2/=0 (ii) or, 1+g+f=0---(v) | 
50-100 — 10, 2:0--(ii) 54g —f=0:--(vi) 
Solving the equations we have g= —3, / 22, c=0. 
the circle 220° — Gr--4y- 0 passes through these. 


three points. 


Now, we find that the equation a2+y2-6z+4y=0 is 


the point (6, — 4) lies on the cirole. 


.*, the four points are concyclic and the equation of the 
circle is 22 -+y? — 6z-4-4y —0. 
Ex, 11. Find the equation of а circle passing through the 


points (1, — 2) and (4, — 3) and having its centre on tho straight. 
line 3z4-4y— 7. 
Let the circle be 2 


is ( 7% -). 
** tho oircle passes through the points (1,— 2) and (4, – 3), 


5--%- ду+с=0-@) and 25 +8g — 6f-+c=0:--(ii). 
вїпсө the centre (-g, —f) is on the straight line 
8a+4y=7, —8g-4fe 1:7 ii). 
Solving the equations (i), Gi), (iii) we have 
g=—th /=% в=1А. 
the required equation is z? y? — о о, 
15z2--15y?—942--18y +55=0. 


24y? 4-9gz d 2fy te=0, so its centre: 


Again, 


or, 
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> 

“%% 12. Find the equation of a circle which passes through 
‘the origin and cuts off intercepts 3 and 4 from the axes. 

Let С be the centre of the circle passing through the 
origin and let it cut the Z-axis at A and 
the y-axis at В. 

Draw CM.LOA and CN.LOB. 

Now, 0A—3, Ов=4, 


4 OM=30A=8 and ON=}0B=9, 
4. the co-ordinates of the centre 
are (3, 2). 
Again, 0с? =0м? +см2= (3) E (9) 
аа, 
“+ the тадіпз= Ос= $, 


Fig. 4 


+. the required equation of the circle ig 

(в-$)%+(у— 2) =з, 

от, z?—8z-Fj--y?— 4y--4-. эб, 

от, а%--у%- 3; — 4y ЗА, on д ty?—3z- 4y—0. 

Ex. 18. Show that the. centres 
2?-- y? — 10z4-9— 0, 
22--у2-18:- 4y+21=0 li 
equation of the straight line, 


Here the equations of tho three circles are respectively 
(-5)%--у2--16, (@—8)? + (y+1)2—9, (ж - 9)?-+(y - 2)2—64. 
“e their centres are (5, 0), (3, —1) ава (9, 2) respectively. 
Now, the equation of the Straight line passing through (5, 0) 
and (3, —1) is y— SV = 
(3, )is y—0 5—8 (= 5) 


of the three circles 
2? y? — 65-4 94 1—9 and 


© on a straight line and also find the 


or, у= (5—5), or, 9y—z—b5, ог, ш Зу=5. 
( a find that this equation is satisfied by the co-ordinates 
the three 


3 given centros lie on a straight line whose 
9quation is m= ду 
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Ex. 14. Find i 5 
the circle ERT * ме E p TE concentrió “with. 
И passing through th 
point (—1, 2). ji 
The equation of the circle concentric with the circ 
аз 4- y? - 4y 520 is 2? +y?+32—4y o 0. стој 
Since this circle passes through the point (— 1, 2), 
1+4-3-8+с=0 (7 2=-Ъ y=2), 22 c=6 
Hence the required equation of the circle is T 
2 22--у%--82- 4y +6=0. 
Ex. 15. Find the radius of the circle whose centre is at: 
952 point (1, —2) and which passes through the point of 
intersection of the straight lines 32-7 =14 and 224+ 5у=18. 
[ 0. U. "45 ] 
we have 24, у= 9, 
tersect at the point (4, 2). 
given point (1, —2) and the- 


Solving the given equations, 
2. The given straight lines їп 
Hence the distance between the 


point (4, 2) is the required radius. 
+, the required radius= A(4—2)?-4- (2 +2) =5. 


Ехегсїве 18 


1. Find the equation of the circle 
(i) whose centre is (0, 0) and radius is 3 5 
(ii) whose centre is (0, — 3) and radius is б; 
(iii) whose centre is (2, 3) and radius is 4; 
(iv) whose contre is (—8, 4) and radius is 3 ; 
(v) whose centre is (— 3, 2) and radius is 4/5; 
(vi) whose centre is (—1, — 9) and which passes through 


the point (1, — 3)5 
(vii) whose cen 


point (5, 7). 


tro is (2, 3) and which passes through the 
[0. U. 57] 
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2. Find the centre and radius of the following circles : ; 
G) а?-ру2--4; (ii) z?-py2—5; 

(н) а?--у2--92-4у--3-0; 

(іу) 27--у2-42-6у-12-0; 

(у) Qu? +2y? +30 —5y - 9—0 ; 


(vi) 224-02 – 624+14у -33— 0, [ 0. U. '51] 


9. Find the area of the triangle formed by joining the centres 
of the three circles 
z?-Fy? — 102 - 6y+30=0, 2? -F y? -F 4 — 9y— 0 and 
2° +y? — 6z3-6y 3-8— 0. 


4. Find the area of the triangle formed by joining the contres 
of the circles z?--y? — 97g, +19=0, 


wy? --4 450, а узд 14у +17=0; 
"what is your conclusion from the result you find ? 
5. Show that the centres of the circleg 


z?--y? — 18g- 6y +26=0, т 
and 22--/2- 6z--5— 0 are collinear, 


6. Prove that the centres of the three circles 22 у? =1, 
а2+у2 -67—9y — 1, 22--y2 — 12z+4y=1 lig on one straight 
line, and find the equation of the Straight line, 


Го. U. (B. Se.) '20 ; H. 8.68] 
*. Show that the centres of the circles z? --y* — 62--3--0, 
25 E y?--14z—8y --55—0 and 2?-F y? — 16z--4y--19—0 lie on 
a straight lino and find the equation of that Straight line. 
8. Determine the 

2? ty? — Ont oy — %=0, 
2-3 8e 4 
Straight line, 


*+y?+4100+8y+25=0 


centres and radii of the circles 


s? +y? — 65 —9y — 8-0 
y —5—0, and verify that the centres 
› Whose equation you are required to obtain. 


ГО, U.'50] 


and 
lie on a 
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9. Find the equation of the circle which passes through the 
points :— 

G) (0, 0), (4, 0), (0, 5) Gi) (1,2), (3, —4), (5, —6) 

GR) (1,1),(9,-1),(8,4) Gv) (в, -1, (8,3), (4, - 

| [C. U. ^19] 

(v) (0,0), (0, 5), (-2, —1. [Mysore 46 ] 

10. Show that the four points (2, 0), (5, —3), (2, —6) and 
(—1, - 8) lie on в circle and find the equation of that circle, 

11. Find the equation of the circle passing through the points 
(—3, 7), (2,2) and having the centre on the straight line 
22 — By —13. 

12, Find the equation of the circle which passes through 
the points (4, 3) and (—2,5) and has its centre on the line 


Qe —3y-4. [ 0. U. '50 ] 


“Аз, Find the equation of the circle passing through the origin 
and making intercepts 6 and 8 on the axes. 

14. Find the equation of the circle passing through the 
point (0, 0) and the points at which the straight line 3z -- 4y — 19 
meets the axes. 

15. Find the equation of the circle concentric with tho circle 
z2--y2 — З#-+4у-+6=0 and passing through the point (3, 2). 

16. Find the equation of the circle concentric with the circle 
923 +9y2-+52—6y +2—0 and having radius equal to af, 

17. Find the equation to the circle whose centre is at the 
origin and which meets the straight line  — $ =1 on the axis of y. 

ГО. U. 40] 

A8, Obtain the equation of the circle which passes through 
the two points on the axis of z which are at a distance 9 from the 
origin and whose radius is 5. [ C. 5. 59 1 

19. Obtain the equation of the circle which passes through 
the two points on the axis of œ which are at a distance 4 from the 
origin and whose radius is 5. (0.17, 541 


2 
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9 H 
"$0. ABOD is a square whose side is a ; taking AB and AD 
as axes prove that the equation to th 


square is s? +y?=a(z+y), [ С. 0. 1951 1 
“AA, Find the area of the equilateral triangle inscribed in the 
circle 2? y? +902490), 


(Hints: It ABC be the equilateral triangle and О be the 
Centre of the circle ; 


5 then AABC=3 AOBC=$0B.00 sin BOC.] 
“әз. Obtain the equation -of the circle. whose centre is the 
Point (2, 3) and which passes through the intersection of the lines 
32—92y — 1—0 and 42--у-97-<0, (0. U. ^47] 
V эз. A triangle has its vertices at the points (0, 1), (—9, 0) 
and (1, 0). Find the equation of the straight lines forming the 
Sides. Find also the equation of the circle which has ава 
diameter that side of the triangle which lies in the first quadrant. 
[C. U. '50 (Sup.)] 

ET 


4. Find the equation of the circle circumscribing the triangle 
formed by the lines 2+0=6, 9z--y— 4 and 2 3- 2y — b. (Agra '45] 
[Hints : Solving the equations two at a time, find the points 
of intersection of the three pairs, Let m2 "Ey? +292 + 9fy +c=0 
be the required equation, It is satisfied by the co-ordinates of the 
the points of intersection. Now find the values of 0550. cases 1 
ФУУ о e the radii of the circles g24+y2—1, 
2*-Fy?—95—gy—g. 25 --y? — 42 — 19y—9 aro in A.P. [C.U. ^17] 


142. То find the po 
with а circle, 


e circle circumscribing the 


ints of intersection of a straight line 


Let g?-py2—4 


Бе tho circle and у= тс: (9) be 
the straight lino, і 


Putting таг + о for 

22 + (ma; с) = в? 
is а quadrati 
from this 


Y from (2) in (1) we hays 


» ог, (m? -- ije? 4- 2mocz (с — a2) — 0, this 
© equation in m. 
equation, Then sul 


Two values of œ ean be had 
bstituting these values in 
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y=ma-+c, we have two values of y also. Thus we have the 
co-ordinates of two points, and these are the co-ordinates 
of the two points of intersection of a straight line and a 
circle. 

If 4m2c? —4(m? -F1)(c? – а2)20, i.e, if a?(14-m2) — c2 0, 
then the two points are distinct and real, | 

If a?(1--m?)—c?—0, then the two points will be 
coincident. 

If a?(1--m?) — c? —0, then the two points will be imaginary, 
ie, the straight line will not meet the circle. 

142. (b) To find the length of the chord intercepted om a, 
given straight line by a given circle. 

Let the equations of the circle and the straight line be 
g? +2 =02...(1) and y=mate...... (2) 
respectively, Let them intersect at the M 
points P and @ whose co-ordinates are 
(жі, y1) and (го, уз) respectively. 

Now substituting —mz--c for y 
from (9) in (1) we bave 2 + (ma--c)? —a?, 
or, (m? -- 1)z? +2mez+(c? – a2)—0...(3), 
it is a quadratic equation in =. The 
two roots of this equation will be the Fig. 4 (a) 
abscissm of P and Оо. Hence ту and ғә will be the roots of the 


Pr, Фр 


СЕАТ) 


equation-(3). 
4. the sum of the roots 
с2— а? 
1-т” 
А тата Дара алтаре a e (атар) 
(+з T xai. 


Мт?с? = (1 т? (с? — а?) 


2mc t 
ия and their product vyv = 


E 9 
14m? 
9 


Na?(1+m?)—c?......(4) 


1--т? 
Eng. El. M. (ХІ) 0.G—2 


N 
DMS LM 3220.02. СЕ С.си 
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Since the points P and @ are on the straight line-(2), 
the equation Yy=mg+c is satisfied by the co-ordinates of 
P and о, 


es y17mz--c and Va mzs +c. 


207 Уа-Уі-т(ш; =s). 
<. the length of the chord Ра 


N(zs — Fua y)? 
= Ма а) Fme, 21)? = (05—21) Лв 
=: Na*(1-+m3) — 52, Ay 


+m? [putting the value of 


%2—m from (4)] 4 
EA Ма (ат) оз occ (5). 


Alternative Proof : 


Le& the gt, 
circle z2--y2 —,2 


at P апда, 
To find the length of the chord Pa, 
From the centro о draw om 
Perpendicular to the chord Pa, 


Then ом =?”#0—0-+ 


line у=уш-Ьв out the 


Lom с 

lim? JI me 
and OP =a [ the radius of the circle ] 
Sinee the perpendicular 


from the 


circle toa chord bisects the Fig. 4 (b) 


» £M being a ті, angle, 
ED ad 
^ CMT Морз Ома с? 


——— 


1+m? 


сх 1 
олжа IP) us 
The length of the chord 


=2РМ 


m9 - ару 
А теа Маз )—с?, 
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[ М. В, Тһе length of the chord РӘ gradually diminishes as 
the two points of intersection P and © of the chord gradually 
approach each other and thus when P and @ will coincide at 
a point, the chord willbe a tangent to the circle and in this 
position the length of the chord РӘ = 0. , 


Hence the condition for the st. line-(2) being a tangent to the 


2 Loe 
паи, 


or, c?—a*(1--m?), ie, c= +a ,/14-т3. 1 


.sircle-(1) is Pa=0, i.e., 


143. Tangent 
A straight line intersects a circle at two points. In the 
case the straight line meets the circle in two coincident 
points (i.e, when the two points of intersection coincide), 
it is а tangent to the circle. The point at which the tangent 
meets the circle is called the point of contact. 
The tangent is always perpendicular to the radius drawn 
through the point of contact. 
) 144. То find the condition that the straight line y=mz+e 
may touch a circle к? +-у?=а?. 
The given st. line is y 2mz--c. 
е Putting this value of y in the equation z?-l-y?—a?, we have 
2? + (mz -- c)? =а?, 


or, (m?-F1)z?-F9mcz-- (c? — a2) — 0...(1) 


The given st. line will touch the circle if the roots of the 
-equation-(1) are equal, the condition for which is 


4m*c? — 4(m?+-1)(c? – a?)=0, 
or, mc? — (0202 —m?a? +c? – a®)=0, 
or, m2a2—c?+a?=0, ог, с2=а%(т2 +1), 


or, c= ta/m?+1, 
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Hence the condition for the st. line y—mz-Fc being is 
tangent to (ie, touching) the circle 23--у?--а% ig 
c= а хат, 

» [N.B. We, therefore, 
та ,/т241 ig 
z? +y2 = 92) 
14b. (a) То 
z?-py2 32 


have that each of the two st. lines 
always a tangent to. the circle 


find the equation of а tangent to the circle 
at the point (z1, уу) on it. 
Suppose (шо, Yo) to be another point on the given circle, 


Now, the equation of the straight line passing through the 


Pts. (21, 71) and (ло, уз) is d (z—2,); but since 

(ү, Уз) and (о, уз) lie on the circle UP + y2— 42 

те mate Pau bt } from which we have 
(ш? —2g)-(yg =92)=0, 


or, (21 +25)(a, —@o)+(y, ЕРДЕН —92)-0, 


>. The equation of the chord Passing through those two 

n 2 

points is у — y, = — £17 2 (-г)), and this st. line will be а 
Vicus 

tangent to the circle 


when the two points ooi 
this position =T; and 


Уо=у,. 
Hence the equation of the tangent ig 


neide, and im 


у = — 2% z 
У— 01 и) (a), 


95 у-у = -er +212, or, 


Now, since zy? Ty = а? 


zri yy mcg ty, 


› (еі, 91) being on tho circle, 
the required equation of the tangent ig 


ях: НУ, =a2, 
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[ Alternative proof | 

We know that the radius ОТ through the point of contact ін 
perpendicular to the tangent РТО, 

The co-ordinates of T and O are 


(23, Уз) and (0, 0) respectively. 


2. The equation of the st. line OT is 


у= 1.2 (a being its gradient). P 
21 21 


Let the equation of РТӘ be Fig. 5 
y - yy 7 m(z—24). 
Now, since OT is perpendicular to РТ@, .. the product 


-of their gradients= —1. 


B t т 
д m. Y=-1, m--—-, 


21 е y1 
-. The equation of the tangent is у — yı = = @—а1), 
1 
or, yyi—-Vyy-— —zsziccy, or, 22i ЖК үйү 


77 the pt. (21, уу) is on the cirole, г. sP +ур=а 
-. the equation of the tangent to the circle Shae 


at the pt. (z1, y1) is 224 - yy3 —a?. 


145. (5) То find the co-ordinates of the point of contact 


when y=mæ+c touches the circle s? 4-y?—2a2. 


Let the co-ordinates of the point of contact be (a’, у’). 
Then the equation of the tangent to the circle 22--у2--02 
Ns 7 0 2 
at the point (z', у’) is ex’ +yy'=a?, or, y= тр e+" ...(1), 
y 


Now, since the line y=ma-+c is a tangent to the given 
circle at (2, у), ~<- the equation-(1) and y—mz--c must 
фе the same equation, i.e., we have 


р 2 i 
т а 5 а 2 
т-- 2, and се. 2. y =— and 2’ =—my'= "A, 
С с 
2 49 
1 H та а 
7, the required co-ordinates are | — ——, =) 
с с 
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Again, since б=а ,/1--т?, the co- 


ordinates may be written 
am a 
езе л D 
сы Жуз 


1446. To fing the equation of the tangent to the circle 
P+? +2924 9fy Log at the 


point (a1, уу) on it. 
Let (ғ, у.) be another point on the circle. Now, the 
equation of the gt, line passing 


through the pts. (zi, y1) and 
(с, yo) ig y vi aoa B 
the circle, 
71 Ey? 992, + 9fy, +c=0, and 
т Еу + 9925 --9/y. o. 
.. (212—2) (узу 


but since (21, уу) and 
(хо, уз) are points on 


)+29(2, — a) 


Ху: —y2)=0, 
or, (i eleitas E25) (y. — 92) (уз +y 3-97) =0, 
. Узе z1--c5--9g 
ӨТЕ er Vitus of 
"- The equation of the chord passing through tho points: 
(71, уу) ana (то, уз) is 


—уу= — 125-90 S 
Y-V1 Vi-Fys x37 С 21). 


When the pt, (са, Yo 


) approaching towards the pt, 
ultimately coincides with 
tan 


(v, 91) 
chord will become % 
position To=2, and Уал-У1. 

ent is 


it, then the aboye 
n this 
*. Тһе equation of the tang 


gent to the circle and i: 


‘= 971-590 
и в), 


т +g 
о, уу: = – 21 


Уа-а), 

УЕЛ 1) 

от, Ce Ne MIL 
9% уух Буу 


zy 0 gn, Буут. 
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Now adding 921 -ЕЛуз +c to both sides we have 
221 +001 +0(2 -21) ЙУ) +e 
—cg-yp-42gzi--2fy1 07 0. 

-. The required equation of the tangent is 

хху+ууу-+#(Х+ху)+Ку-+у,)+с=0. 

[ М.В. We find here that the equation of the tangent is 
obtained by substituting 221 for 2°, ууу for y?, (2-21) for 
Әх and (y--yi) for 2y in the given equation of the circle. 
This rule will be applicable for obtaining at sight the equation of 
the tangent at (шу, уу) to any of the curves which will be dealt 
with later on. ] 

147. Normal: Тһе normal at any point оѓ а curve is the 
straight line which passes through the point and is perpendicular 
to the tangent at the point. 

148. To find the equation to the normal at the point (шу, уу) 
of the circle z? +y? = а^. 

The normal will be a sb. line perpendicular to the 
tangent at the point of contact 
(ғ. yi) 

Here the origin is the centre of 
the given circle and the radius 
OP drawn through the point of 
contact P is perpendicular to the 
tangent at P. 

The equation of the line 
passing through the points (0, 0) : Fig 6 
and (т, 91) is у—0= 1—9 

5. The required equation to the normal is Жу, — yx; —0. 

Alternative method: The equation of the tangent at the 
point (25, Ул) is 221 уу: =a", 
y=- 21 ОЕ) and its gradient ig — 21, 

yi 71 71 


(= Si 0), or, y="Le ‚ OF, @уү=удү. 
21 


от, 
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Again, the equation 


is y—y, =т(ш— у )--(ii), 
Since the lines (i) ang (ii) are per 


$ m(—#1)__ muss Uil 
71 c 


Of the line Passing through (z1, уу) 


Pendicular to each other, 


- 


>. The equation of the normal ig у— ideni C — ay) 

or, Yi -yg — 0, à 

149. m, Jind the equation to 

of the circle Df yD 290+ 9fy +o— 0. 
The co-ordinates of the 

779, —f), and the normal pass 


The equation of the ling 


(9, — f) ana (23, уу) 


the normal at the point (a1, yi) 


centre of the 
Өз through it, 


given circle are 


passing through the points 


is y -y1 =H Imi), 


21-50 
0% у(х +g) - 71(1 +=) (у, +7), 
от, (уу +f) - ylz Жоу — fo, 0, Which ig the 
equation of the normal], 


Alternative method : 


The equation 
the pt. (zis V1) is 2ті-Еуу, 


(ее) 
от, = - 91-9 Q0 ga, +, +e 


of the tangent at 
Y+yi)+c=0, 


6 st. line through (23, 1) is 
AEN ) m(—21+0 1,2. o та Л. 
1 ( Дз yu sn 


sı +g 


EG 21), i 
or, S -H/)— v(s, д) ду, ол 22 5% (34 
N. B, (i) 1 is evident tro; 


equation of the 
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at any point of the circle passes through the centre. 
(ii) Conversely, any st. line passing through the centre їз a 
normal to the circle.] 

150. Тшо tangents can be drawn to a circle from an 
external point. 

The st. line y—mz--a,/g2--] is a tangent to the circle 
z?--y?-a?. If this tangent passes through an external point 
(>, у), then y'2mz'--a ^m? 4-1, 

or, (y'—mz')? —a? (m2 4-1), . 

ог, (z'?—a?)m? — ут (y'2 — a?)=0, which is a 
quadratic equation in m. 

-. Two values of m can be obtained from ib, and therefore 
two tangents can be had by substituting the two values of m in 
y=mat+a Nm? 4-1. 


151. Chord of contact. 


If from an external point two tangents be drawn to а 
circle, the straight line joining the two points of contact is called 
the chord of contact.of the tangents from the point. 

152. To find the equation of the chord of contact of the point 
(a', y') with respect to the circle v? +y2—=¢2, - 

The equations of the tangents to the given circle at the points 
(v1, yi) and (zs, уо) are 

$23 + yy1 =a? and 2z5 Бууз =а?. 
Since these tangents pass through the point (z', у’), 
“we have 2/2; БУУ —a? and 220 Бууз =а?. 

Hence it is evident that the st. line zz'J-yy'— а? passes 
through the points of contact (шу, ут) and (о, V3). 

2. The equation of the chord of contact of the point (®', y) 
is хх +уу'=а?. 
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[М. B. The tangent at tho point (z',y') and the chord of 
contact; with respect to the point (z', y') are represented by the 
Same equation zz'-Eyy'—52. The only distinction is that the 
equation represents the tangent, if the pt. (z', y') is on the circle 


and it represents the chord of contact, if,the point (шт, у’) is 
outside the circle,] 


153. The length of the tangent, 


To find the length of the tan 


gent from an external point (2, у) 
to the circle (4) z?--y? 


=a" and 
(ii) z? - y? -9gz.--9/j 4-c—0. 
Let PT be a tangent from Р 


(z', y') to the circle whose centre 
i8 O. Join OT and OP. 


T 
Now," ZOTP isa right angle, 


P 
(ЕА 
7. Рт2=0р2 отэ, 


(i) The co-ordinates of the 
Points Р and О are (z', у) and 
(0, 0) respectively, 
4 OP?=(e@—0)24(y – 0)? =e? уз. 
Again, ОТ--тайіпв--а (here), 
E PT?=OP?— 072 2 + у — 02, 
1. Тһе (tangent)? = 22 у — аз, 
(ii) Here, 
(~, -f). 
+ OP?= (stg)? 4(y' 4p), 
Again, OT=radius = Ng? +f2—c (here) 
т 9)? (у) (924.72 с) 
i.o, (Tangent)? =a y2 oga gp 


ПМ. В. We fina from (i) and (ii 
circle p 


Fig. 7 


the co-ordinates of P and О are (z', у’) and 


) that if the equation of the 


by Substituting 2,0 for m, y.] 
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154. To find the equation of the chord of a circle which’ is. - 
bisected at a given point. х 

Let «?+y?=a? be the circle whose centre is О and 
Р (Л, №) be the given point. 


The equation of the st. line through 


P (h, k) is y—k=m(z — №). о 
The equation of the st. line ОР is у=. А в 
Again, since Р is the mid point of the Fig. 8 
chord AB, 
5 5 Retr 3 h 
БЖТОРШАВ) s no сыш, 4% fm | 


/. The equation of the chord, whose middle point is (h, k), 
isy-k=—- he = h), or, h(z — h) d- k(y— k) =0. 


155. То find the locus of the middle points of a system of 
- parallel chords of a circle. 

Let 22 --y2 —a3--«(i) be the circle and y=mz-+c:--(ii) be the 
equation of any one of the parallel chords. 

Since the chords are parallel here, the gradient m is 
constant and the values of с are different for the different. 
chords. 

Eliminating y from (i) and (ii), [1.в., putting the value of 
ж from (ii) in (i)] we have m? (та +)? =а?, 

or, ®°(1 -Em2)-- 9mez -F (c? — a?) =0---(iii), it is а quadratic 
equation in & and its two roots represent the abscisse of the 
two points of intersection of (i) and (ii). 

Let æ, and za be the roots of the equation- (iii). 


9mc $ 
1+m? 


Then zı +22=the sum of the roots— — 
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' Let (7, Е) be the middle point of the chord-(ii), 


= h=3(2)+29)=— iene Gy). 


k) lies on the chord-(ii), 
^0 k=mh+e (у). 


Again, *^ the pt, (h, 


Now, eliminating c 


= = 


from (iv) and (v) we have 
нии), or, h+mk=0 ; ав it is independent of o, it 


will be true for every one of the parallel chords. 

Hence the required locus 
a linear equation in z and 7, 
Again, since this equation ig 
term, it will Dass through the 
is the centre of the 
‘centre, 


is 2+ту= 0). Since this ів 
the locus is a Straight line, 
independent of the constant 
origin. But as here the origin 
circle, so it passes through the 


Hence the locus is a diameter of the circle, 


C Aso, Find the locus of the 


middle points of the chords of the 
‘circle m? + у2— 2 


which pass through the fixed point (h, k). 
[O. U. (B. 8c) '37] 


dle point of any 
Then the equation of the 


Let (21, 71) ba the Co-ordinates of the mid 
chord passing through the point (Л, k). 
chord is zz, НУ = уз, 

Again, ** the chord Passes through the pt. (h, k), 

4. from the equation; we have hey thy, —o?-yg. 

Hence the locus of the middle point (21, vı) is 
hat ky = ауз, or, 25 Ey?— hz — ky =0, and it is evidently 
the equation of a circle, Thus the required locus ig в circle 


which Passes through the origin, the equation being independent 
af the Constant term, 


ке» 
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Examples (19) 

Ex. 1. To find the equation of а circle which touches each 
axis at & distance of 3 from the origin. 

It is evident from the figure that 
ON=3, OM = 8, 

The co-ordinates of the centre C 

are (3, 3) and the radius— 3. 3 

-. the equation of the circle 18 
(a—3)? + (y—3)?=3?, . 

or 22 +y? – 62 — 6у+9=0. Fig. 9 

Ex. 2. То find the equation of a circle of radius 5 that: 
touches each axis. 


[It is evident from the above figure] CN — CM — radius = 5. 
the co-ordinates of С are/(5, 5). 
the equation of the circle is (2 — 5)? --(y – 5)2=5°, 

or, 22--у2-10:-10у--95--0. 

Ex. 8. Write down the equations of the tangents to the. 
circles (i) z?-Fy?—5 (ii) а?--у2--72--12у--19--0 at the 
point (1, —2). 

(i) Неге the equation of the tangent at the piont (1, — 9) ів. 
g,l--y(— 2)—5, or, z— 9y—5. 

(ii) Here 27--у2--72--19у--19--0, 

or caotyyth(ct+z)+6(yty)+12=0. 
the equation of the tangent at the pt. (1, —2) is 
wlty(-2)+3(e+1)+6(y—2)+12=0, 

or, w—2y+$e+6y+$—12+12=0, 

or, $z--4y-c$—0, or, 9e+8y+7=0. 

Ex. 4. Find the equations to the tangents to the circle 
22-+y?=20, which are parallel to the line 2-Ғ2у--5--0. 


The equation of the st. line parallel to the line z4-2y--5—0 
isa+2y=c, or, Ф-с- 27. 
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Putting z—c— ду in the equation of the circle we have 

(c - 2y)?+y2—920=0, or, 5y?- 4cy+c?—20=0. 

Now, if 2--2у--с be a tangent, the roots of the quadratic 
equation will be equal. 

1. 1642-4,5(02-90)-0, or, 402 – 5(с2 –90)=0, 

or, c?—100, .'. с----10. 
-. the equations of the tangents ате z-1-2y = +10, 
k le. 2+ Зу= 10 and z--2y 2-10 — 0. 

Ex. 5. Hind the equations to the tangents to the circle 
:æ? +y? — 9z--10y —15—0, which are perpendicular to the line 
192--бу-з1 and also find their points of contact. 

The equation of any st, line perpendicular to the line 
19z--5y-1 is 52-12у--с, or, gt Iu, 

Now putting $(c+12y) for т in the given equation of the 
-eircle we have 

dg(c+ 129)? Ну? — (c+ 12) -10y — 15— 0, 

or, 62-1449? +24cy+25y? — 15c – 180y + 950у —375= 0, 

or, 169y?+2(12¢+35)y - (c? — 18e — 315) — 0-----. (1). 

Now, (1) is а quadratic equation in y. Its two roots represent 
‘the ordinates of the two points of intersection of the st. line 
52--12у--с and the given circle, This gt. line will bea tangent 
tothe circle when the two points coincide, i.e., when the roots 
-of the equation-(1) are equal. 

1. 4(19c-- 85)? — 169 x 4(c? — 15c — 375), 

от, 144c*-F840c-F-1225 = 169c? — 2535c — 63375, 


от, 950° – 33756 — 64600=0, or, с?— 185c—9584— 0, 


ш) 152) 0» „с 17 or 159. 
7. the equati 
t. imr E enion of the tangents are 5g — 12y+-17=0 and 
т 


т» 
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Again, substituting — 17 for c in (1) we have 
169y? -2(— 17 X12+35)y +(289—15 x - 17 —375)— 0, 
ог, 169y?—92.169y--169—0, or, y?—2y+1=0, \ 
ог, (y — 1)?—0, S. y=l, 1l. í 
Putting these values of y in the equation of the first tangent 
we have c= – 1, —1. y 
The co-ordinates of the point of contact of the first 
tangent are (— 1, 1). 
Again, putting c=152 in (1) and simplifying we have 
169у24-9.1859/--20449--0, or, y?+2.1ly+121=0, 
or, (y+11)2=0, 3 y=—11, 1. 
Putting these values of y in the equation of the second 
tangent we have c=4, 4. 
;. The co-ordinates of the pt. of contact of the second 
tangent are (4, — 11). 
Ex. 6. Find the length of the chord cut off from the Straight 
line y —22z — 5 by the circle 22 4- y? — 62+8y—5=0, 
The given equation of the circle is z? у? — 6z-8y — 5 =0, 
or, (e—38)?+(y+4)?=30, 
the centre is the pt. (3, - 4) and the radius= ,/90, 
Now, the length (OM) of the perpendicular from the centre 
(8, — 4) to the given st. line (y= 22 5) 
-28-(-4-5 5 . 
1134-93 TS 5 
[ vide Fig. 4(b) in Art. 149 (b) 1 
1. PM?-0P?-0M?—30-5—95, .. PM=5, 
.'. The required length of the chord = 2.5— 10. 
Ex. 7. Show that the iino z—y--2-—0 touches the circle 
23 --y? = 9 and find the co-ordinates of the point of contact, 
ІН. 8. '62 (Compl.)] 
From the given line we have у--2--9, 
Putting this value of y in the equation of the circle we have 
z?-F(z4-9)?—9, or, 9:2--42--2--0, 
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or, z?-F9z--1-—0, or, (e+1)2=0, ~. 

Substituting these valueg of z in 
we haye у=1, 1. 
st, line cuts the circ 
(Gal 3), 


Hence the st. line Z—y+2=0 is a tangent to the circle 
z?--y?—9 and the co-ordi: 


nates of the point of contact are 
(= 1, 1). 


к=к it 

the equation of the st, line 
So we find that the two points at which the 
le are coincident, their co-ordinates being 


of k, the line 2+ Зу =k touches 
2—0 and in that cage, find the 

point of contact. 

Putting z— – 3y in the equation of the circle we have 

(k= 3)? +y? - 3(k— зу) 3y+2=0, 

or, 10y?+6(1- k)y+(k?—3%+2)=0 

This is a quadratic equation in y. 
this equation are the ordinates of the tw 
of the given st, line ава the 
bea tangent to the circle 
ате coincident. 
(i) must be equal. 

“. 36(1—k)2— 40(%2 

от, 9(1- 2k--k*) 10 

or, 52- 12k+11=0, 

“| k=1 or 11. 


Now the two roots of 
© points of intersection 
The given st, line will 
© points of intersection 
is that the two roots of 


given circle, 


when the tw, 
The condition for ‘this 


=3k+2)=0, 
(0° — 3k+2)=0, 
ог, (k-1)(%- 11)=0, 


Putting k—1 in (i) we haye 
a ‘The co-ordinates 


10y? — 0, Or, y=0. 
of the pt. of Contact of the tangent 
t+ 3y=1 are (1, 0). 


Again putting а= 11 in (i) we have 10y? 
or, у%- 6y+9=0, or, 


*. the co-ordin: t of the tangent 
Z-F3y—11 aro (2, 8), 


— 60y+90=0, 
(у-3)2-0, . y=8. 
ates of the point of contaci 
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Ex. 9. Find the equation to a circle touching the straight 
line 524-12у--1 and having its centre at the point (3, 4). 


Let ж? +y2+292+2fy +c=0 be the equation of the circle. 
Here g— —3, f— — 4. 
',', the equation of the circle becomes 
z? +y? — 6z -8y+c=0, 
and its radius— Ag? +f2—c= 9-16 —с= Ма5 - c, 
The length of the perpendicular from the pt. (3, 4) to the 
given st. line (5z-- 19y — 1) 


_15+48-1_ 62 
~Jap+144 18 


or, ЭДд#=2Б5—о, .*, c-95- ЗАК 


*. The equation of the circle is 


174 2+2 — 62 - 8y 4-185 — 0. 

Ex, 10. А circle, the co-ordinates of whose centre are both 
positive, touches both the axes of co-ordinates. If it also 
touches the line 3z— 4y--6—0, find its equation and the 
co-ordinates of its point of contact with the given line. 

Since the co-ordinates, т. е., the abscisa and the ordinate 
of the centre are both positive, the circle lies in the first 
quadrant. 

Again, since the circle touches the axes, the axes are 

' equidistant from the centre, the distance being equal to the 
radius. 

Let № be the radius of the circle. 

Then the equation of the circle is (z — h)? +(y— WP =}, 

By the given condition, the distance of the line 

8г--4у--6--0 from the centre (h, h) is also equal to h. 

== 9, or, 5h=6 - h, 

Eng. El. M. (X1) C. G.—3 


4. heel, 
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So the required equation of the circle is 
(z—1)?--(y 1 2—1, or, z?-Fy? — 9; — 9y --1—0. 
Again, the point common to the 


equation of the circle and 
the given line is the point of contact 


From the equation of the st, line we have a= PS 
Substituting this value of z in the equation of the circle 
‘we have (48-1) ee), 
or, (8-9) |, or, 25y?—90y--81—0, 
or, (5у-9)%-0, ., у= 


4х9 _ 
а GP TNI: =? 
api К "Чөн, 5X8 Б 
“. Тһе required co-ordinates of the pt. of contact are 
(® 9 
5,5” 


X. 11. Find the equation of the 
intercepts equal to 5 and 9 on the axes of 
and whose centre lies on the line Qe —y 


circle which cuts off 
? and y respectively 


=6. Show that thera 
ате two such circles satisfying the given conditions, 


Let the equation of the circle be 
2? +y? 4990-4 9fy ez 0--(1). 
Since its centre (— g, 


=f) lies on the line 2% -у=6, we 
have — 29 +f=6---(2), 


The equation of the z-axis ig 470; 
-+ The roots of the quadratic equation 
z? +0+29¢-+9F.0+4+c=0, от, z?-F9gy--c— 8 are the 


absoissm of the Points аб which the z-axis intersects the 
Sirele-(1), Let ті and дь be the roots, 


** SFe, =the sum of the roota = — 
Ns - 21)? — 421; 
n to- g1=5, 


2g and 2152 c, 
= Jag? —4c, but from 
1. 492-46 25...(3) 


Кз: Шаз-Фүз- 
‘the given conditio; 
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Again, the equation of the y-axis is z— 0. 

.. Тһе ordinates of the two points at which the y-axis 
intersects the circle-(1) will be obtained from the roots. of 
the equation O+y?+29.0+2fyt+é=0, от, y?+2fytc=0. 

Let y; and yo be the roots of this equation. - 

Then у2 у = — 2f and ууз. 

Again, by the problem ys — у1=9. 

2 == Jiya tyi)? Ayiya = Af? — 4c, Г. 4f*—40— 4 (4). 

Subtracting (4) from (3) we have 4g? — 472 =21---(5) 

and from (2) we have f=2g +6. 
Substituting this value of f in (5) we have 
4g? — 4(9g +6)? — 21, or, 442--820--55--0, 

or, (2g--5)(8g--11)—0, 1 т-і% or —M. 

Putting these values of g in (2) we have f—1 or —5. 

Again, putting these values of f ір (4) we have c—0 or 94. 

Since g, f and c have two valuas each, there are two circles 
-satiefying the given conditions. 

Hence the equation of one circle is . 

в? y? -- 9( — $)z -9.1.y --0— 0, or, 22--у2--бе--2у-0; 
„and that of the other circle ig 

22 -- y? 4- 9( — 2)е-59(-5)у--94--0, 
or, 43--у%-112-10у--24--0. 

Ex. 12. Find the equations to the two tangents to the 
circle z?--y?-—3, which make an angle of 60° with the 
a-axis. [ €. U. (B. Se.) 55) 

Here the equation of the circle is 23--у3--( ,/3)9, so the 

-equations of the two tangents to the circle will be 


у=та-а /1--т?. 
Here т = бап 60°= ,/3 and a= ,/3, 
22 у= /8+ ,/8./1-3- „32+ J3. / 4— Joe 9/3. 
+ The required equations are у = ,/ӛ2:-9 4/3. 
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Ех. 18. If y= sin «+a sec 4 be a tangent to the circle 


z? --y? — a2, show that cos?«— 1, [ 0. U. (B. Se.) 19 J 


2 c?—a?(1--m2), if y=mz-+c isa tangent to the circle 


a +y?=42, 


“. The line y—z sin 4+a вес < being a tangent to the 


Circle z? Ну? = 42, we haye 


a? seo?« —a?(1-Esin?4) ог, sec?« =] --sin?«, 


Or, sec?«- 1— gin?«4, or, tan?«—sin?«, 


or, 


in2 

57: % sin?« 
—sgin?4, ), соз?4- LM 

сов? < - Bin?« 


VA Ex. 14. Show that the circles 


2? --y? — 4x -6y--8—0 


and 22 +y? — 10% — 6y --14— 0 touch each other and find their 


point of contact. 
The equation of the first circle is 22--у% 
or, (%—2)?+(y+3)?=5=(./5)2, 
7. is centre is the pt. (2, — 3) and radius = ,/5. 
Again, the equation of the second circle ig 
2? -F y? — 10z— 6y4- 14— 0, 
от, (= 5)2--(у – 3)2=20=(9,/5)°, 
Its centro is the pt. (5, 3) and radius—9 A/5. 
Now, the distance between the two centres 
= (5 - 9? --(3-8)3— i53 A5. 

The sum of the two radii— 4 5-F9,/5—8 J5 

=the line of centres, 
-. The circles touch each other. 
Again, the ratio of the two radii J5: 9/521: 9. 
-. ‘The st. line joining the centres (2, 


divided in the ratio 1: 2 at the point of conta 


eb. 
“: The со. 


ordinates of the point of contact are 
{ааах 2x(—3)4+1x3 
2+ > 


— 42+6у+8=0, 


-3) and (5, 3) is 


1 23-1 \ or (3, —1). 


+ 
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Ех, 15, Find the equation to the common chord of the two 
circles z2--y? — 62 — 10y--9—0 and s? +у? – 4z-F6y - 12— 0, 
and show that this line is perpendicular to the line of centres 
of the circles. 

Suppose the given circles =? +y? — 6x — 10y 4-9 —0--- (1) 
and 2z?--y2—-4c--6y—129—0--(9) cut 
each other at A and В. AB is their 
common chord whose equation is to be 
found. Take any point P (h,k) on АВ 
produced and from Р draw the tangents 
РӘ and PR to the circles (1) and (2) 
respectively. 

Now, PG is a tangent and PBA a 
secant of the circle-(1), 

/. Ра? = РА,РВ, 
Again, PR is a tangent and РВА a secant of the circle-(2), 
А /. РЕ =РА,РВ. Г. РӘ =РЕ?, 
Now, Ра? =h? +k? — 6h—10k+9 and 
PR? =h? +k? —4h+6k—12 [ vide Art. 158 | 

г. Р-Р — 64—10L-4-9 — A? --k? — 4468—19, 

or, 2h+16k-21=0. 

The locus of the pt. P is the equation of the chord AB, 

Hence the required equation of the common chord is 

22--16y —21—0. 

Again, едип, (1) may be written as (z— 3)?-F(y—5)? — 95 

‘and equn. (2) may be written as (= — 2)? -- (y +3)? — 95. 


2. The gradient of the line of centres of the circles 


and the gradient of the common chord= —47 = — $. 
The product of the gradients 8X — = — 1. 
-. The common chord is perpendicular to the line of 
«centres. 
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Exercise 19 
1. Find the equation of the circle which touches the’ 
co-ordinate axes at (1, 0):and (0, 1). [ оќо. ] 


2. Find the equation to the circle of radius 3, which touches 
both the axes, 


3. Show that the circles z?--y? - 145 — 10y+58=0 and 
2? y2— 2x --6y—96—0 touch each other externally. 


» Show that the circles д? +y?—12¢—16y—195=0 and 
2? y? 4-19; — 6y+41=0 touch each other internally. 


Find the equation of the circle which touches z-axis, 
Passes through the point (1, 1) and whose centre lies in the first 
quadrant on the line s+y=3. [0. U.] 
. Find the equation to the circle which touches the z-axis 
at a distance+5 from tho origin and cuts off a chord of length 
24 from the y-axis. [ H. 8? 68 ], 
7. Find the co-ordinates of the point of intersection of the 
Circle v? 2 —95 with the straight line z-1-y — 7. ІН. S. ”6%(о)! 
2 


8. Find where the line 32+4y+7=0 cuts the circle 


2? +42 — 4л —6y-19=0, [0. U.] 
9. Prove that the linog =, y=8 both touch the circle 
v^-Fy? —4z —6y—19, Find the points of contact, (0. 01 


10. Show that the line у=х-Ь9 touches the circle z? +y? mE 
апа find the co-ordinates of the Point of contact, 

11. Show that the 
z?+y2— 12 --6y—104 an 
contact. 


line 8y=97-+95 touches the circle ' 
d find the Co-ordinates of the point of 


12. Prove that the Straight line yoo 42e touches the 
стае z2 +442 = 62 and find its point of contact. 

18. Show that the circle 22 +y? -9a5— 2ау--а? = 0 touches 
the axes of д and y, 


[U. P, B, '44] 
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14. Show that the circle z?--y?—95 is touched by the 
straight line 3z -- 4y = 25, (0. U. 48] 
М 1з. Show that tho straight lino у —35—10 cuts the circle 
z2--y?-10 in two coincident points and determine the 
co-ordinates of this point. [C. U. '48] 

16. Find the length of the chord cut off from the Straight line 

(a) 3z — 4y 3-15 = 0 by the circle z?-- y? —95; 

(b) 82--4у-с--0 by the circle z?-- y? == 64. [W.B. H.S, '60] 

17. (а) Find the equation to that chord of the circle 
z?--y? —81 which is bisected at the point ( — 2, 3). [C. U.] 

(b) Find the equation to the chord of the cirele 2? +y? — 95, 
which is bisected at the point (1, 2). 

“Ав, Find the equation to the chord of the circle t? +y? — 45 
+6y—3=0, which is bisected at the point (1, - 2). 
19. Write down the equation of the tangent to each of the 
following circles :— 
(i) z?--y?—25 at the point (3, — 4). 
(i) z?-Fy?--4z-- 6y — 87=0 at the point (4, 5). 
(ii) z?-Fy?— 8z--10y— 188 at the point (- 8, 0). 
40. Find the equations of the tangents to the circle 
2° -- y? 41 at the points where a= 4. 
21. Find the equations of the normals to the circles : 
(1) z?4-y?—99 at the point (2, 5). 
(ii) z?-Fy?--4z-4-6y—87 at the point (6, 3). 

22. For what values of 0, the straight liney=ke+13 
touches the circle z?-- y? — 144 ? 

23. Find the equations of the tangents to the circle 
ж? +y?=9, which are parallel to the line 32+ 4y — 0. 

[C. Pre. U. '63] 

24. Find the equations of the tangents to the cirole 
x? +y?=25, which are perpendicular to the line 4#—Зу=19, 
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25. Find the e 
2?--y?—95, 

(i) which are 

2. Aii) which pass 

26. Find the equi 

2?-F y? — 95 which ате 


quations of the tangents to the circle 


Parallel to the straight line 3a+4y=0. | 
through the point (13, 0). (0. U. '58] 
ations of the tangents to the circle 
Parallel to the straight line 4¢-+3y=0, 


[U. U. 47] 
27. Find the equations of the tangents to the circle 
©? +у2 ба-Е4у==19, which ме parallel to the line 
4n+8y+5=0, C M [C. U.] 
28. Find the equations of the tangents to the circle 
ау? б2--4у--7, which are perpendicular to the line 
22--у--3--0. 
29. Find the equation to the circle 

i A — 8) and touches 2g — y —4-—0. 


30. Prove that the two circles g2 


which has its centre at 
[U. P. B. '51] 

TFy?--9az 4-62 = 0 and 

2? Бу? --95y 4-2 — 9 touch each other if ы. 2l. 

а? b? в? 

91. Find the length of th 


(iii) 322 -- 3y3 - 4; 

32. Tho length of the 
2?-Fy?—6 is twice the | 
z? tya + 8--3y— 0, show 
88. Find the locus о 
circle 24+ у? =9 


ength 
that f* а ву E49 +90, [0. U.] 


oints of all chords of the 

5, which pags through the fixed point (1, 1). 

34. Show that the line œ+ 

atya = 16 and find the point of соп 
35. Prove 

the circle 29 +y2 


A/dy — 8 touches the circle 


tact. [U. U.] 
that the Straight line tty=9+ ^/ 2 touches 
792-9у-1--0 and find its point of contact, 


[O. U. '39] 


= бый аай 


= 
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a, 36. Ifthe line /x+my=1 touches the circle g? +y? =a? 
. 2. H B 

then (1, m) lies on а certain circle, Find its equation. 
е% ГО. Р. В. 49] 
37. Find the equations of the tangents to ` the circle 
2? у?=95, which are inclined at an angle of 80° to the axis 
of z. [U. P. В. 46] 
22538, Find the equations of the tangents from the origin to 
the oirole «2-+y2+20(e+y)+20=0. [U. P. B] 
39, Find the value of ciso that y —z--c may be a tangent 


to the circle s? +y? —4y for all values of m. [U. P. B. '48] 


40. Find the equation to the common chord and the line 
of centres of the two circles 23--у2--62-39у--4-0 and 
952--9y2 - За - 9y 2-0 and show that the common chord is 
perpendicular to the line of centres. 

v 41. Find the equation to the common chord of the two 
circles  z2--y2- 4e+6y — 36—0 and 2? +? —5z--8y — 43—0 


also find its length. 


PARABOLA 


157. Definition: If a point moves in а plane so that itg 
distances from a fixed point and a fixed Straight line on the same 


plane are always in a Costant ratio, then its locus is called a 
conic or a conic section, 


Parabola : Parabola is the locus of a point which moyes in 


a plane so that it is always equidistant from a fixed point and a 
fixed straight line. 


The fixed point is called the focus and the fixed straight line 
is called the directrix, 


The straight line passing through the focus and perpendicular 
to the directrix is called the axis, 
The point at which the 


axis intersects the parabola is called 
the vertex, The line throug 


h the focus of the parabola perpendi- 
the latus rectum. 

N.B. (i) Ina conic the ratio of the two distances of the 
Moving point from the fixed point and the fixed straight line is 
always constant, This constant ratio is called the eccentricity 


and is denoted by е. In the case of а parabola this ratio із unity 


ten в=1). Soa parabola is a conic in which the eccentricity e 
is equal to unity. 


(ii) The focus is denoted by s 
by AX and tho latus rectum by LL’, 


(iii) Тһе focal distance of any pt 
distance sp, 
158. The length of the | 


equal to four times the focal 
the verter. 
Let LL’ be the la 


focus, Мм’ the directrix 
A the vertex, 


‚ tho vertex by A, the axis 


atus rectum of a parabola is 
distance of 


tus rectum, S the 
› SX the axis and 


To prove that LL'—4As. 


LM, L'M' are drawn berpendieular to 
the directrix, 


Proof: Here from th 


© definition of a 
Parabola, we have 


AS=Ax, LS=LM, SL'= L'M', 
> вр фама 
=2SX=9.9As=dasg, 


Now. 


=. 
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159. Definition: If from any point Pon the parabola 
PN is drawn perpendicular to the axis, then PN is called the 
ordinate and AN the abscissa of the point P. 

Thus the latus rectum of a conic is the double ordinate 


drawn through the #0018. 

160. The square on the ordinate of any point on the pst 
is equal to the rectangle contained by the abscissa of the point and 
the latus rectum, ù. 6. РМ? = 4AS,AN. 

Let S, A, MX, SX be respectively the focus, the vertex 

> 


the directrix and the axis. Let P be 


any point on the parabola and PN be 


drawn perpendicular to the axis. 

To prove that PN2—4AS.AN. 

Proof: Join SP and draw PM 
perpendicular to the directrix. 

Here SP=PM and AX=AS.- 


Fig. 11 
N2—pM2—SN? = XN? — SN? 


= (AN -АХ)2—(АМ— АВ)? 
 (AN--AS)?—(AN—AS)* —4AS.AN. 


To find the equation to a parabola. 


Now, in the right-angled ASPN, 
PN?—SP?-S 


161 (A). 
(4) Where vertex is the origin and amis is the amis of v. 
Taking the axis АХ аз the z-axis and the tangent to the. 
parabola ab the vertex А to be the y-axis, 
the co-ordinates of the point P on the y Pew 
parabola are taken to be (2, y). 
PN is drawn perpendicular to the axis. 
So, AN ez and PN=y ; X À S N 
but PN? —4AS.AN. 
Suppose АЗ==а. Then the required 
equation to the parabola is у? = 4ax. Fig. 19 


Corollary: The latus rectum 4AS— 4a (towel the 
coefficient of z). The abscissa and ordinate of the focus S are 
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(^S, 0), że., (a, 0); the equation of the direotrix ig s= —a or 
@+а=0. 


(2) Where focus is 
Taking the focus a 
and the axis as the = 


the origin and axis is the axis of x. 


8 the origin ' 


Р (х,у) 


-axis, let the | 
t Co-ordinates of the point Р on the Tad 
-Parabola ba (ғ, y) ana РМ be drawn t | 
‘Perpendicular to the axis, ya | | 
Then 5№=;, PN=y and x 
ANS SN+AS aca, A EUM 


i 
but PN? = 4AS,AN, 
>. The equation of the parabola 


ig Y* = 4a(x a), Ne 
Corollary: The latus rectum i 


= 443=44 (2.е., the coefficient; of х) Fig. 13 
and the Co-ordinates of the focus S are (0, 0). The equation of 
the directri 


xis v= —94 ор t+2a=0, 
(iii) Where atis i$ the aris of т and the directrig is the 
axis of y, 

Here the directrix ig the 


Y-axis and the axis is the 
@- axis. 


Let the Co-ordinates of p 
be (с, y), and PN 
dicular to the axis, 

Then XN=2, PN= 
AN=XN — AX XN— As 

but PN? = 4AS, AN, 


be Derpen. 


У and 


“+ The equation of the 

Parabola ig y2 =4а(х — a), 
Corollary : 

the focus s =(xs 


Fig. 14 


The latus rectum=4a and the co-ordinates of 
ў 0)—(2As, 0)= (аа, 0). 
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Similarly if the атіз of the parabola be taken as the y-axis 
E 


the equation of the parabola is * 
($) w?=4ay, when the vertex A is the origin ; 


(а) 2?=4a(yta), when the focus S is the origin ; 

(iti) 22=4a(y—a), when the point of intersection of the: 

axis and the directrix is the origin. 

М. B. The equation to the parabola may be of different. 
forma, Suchas (1) y?=4az, (3) у%---4аг, (3) z3—4ay 
(4) == —4ay. | 

(1) Here the equation of the parabola is y?—4az, the. 
co-ordinates of the vertex are (0, 0) and the z-axis is its axis. 
The latus rectum is the coefficient of the variable of the first 
order in the equation (here т) independent of the sign (here 4а). 
The co-ordinates of the focus are (а, 0), i.e, (X of the. 
coefficient: of z, 0), and the equation of the directrix is t= - a, 
Since y? is positive for all real values of y, z is always positive. 
Hence the concavity of the parabola is towards the positive 
side of the w-axis, 2.0. the parabola extends infinitely on the 
positive side of the a-axis. This is the standard form of the 


equation to а parabola. 
(2) If the equation be y2= — 4am, the parabola will be of 


the shape shown in fig. 14(a). 
The co-ordinates of its vertex are (0) О tho orarie ia ita 


axis, the latus rectum is 4a ( the ve 


coefficient of 7 independent ( 

of the sign), the co-ordinates ae 

of the focus 816 (-a, 0) and , 

the equation of the directrix is у^ 

т--(-а)ға. А x 
Here the coefficient of z being 

negative, the concayity of the 2 Y 


parabola is towards the negative =: 
side of the z-axis. Fig. 14(a) 
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(3) If the equation be 2? =4ау, the Shape of the parabola 
"will be as in fig. 14 (b). Неге the 


Y 
co-ordinates of the vertex are 
(0, 0), its axis ін the y-axis, the 
Co-ordinates of the focus are (0, a), 5 
the latus rectum is 4a and y= -q x— К x 
is the equation of the directrix, — eem 
The concavity of the parabola : 
is to the Positive side of the ү 
“Y-axis, Fig. 14(b) 


(4) If the equation be z?— — 44у ( draw the figure ), the 
Co-ordinates of the vertex are (0, 0), the y-axis is its axis, the 
latus rectum is 4a, the co-ordinates of the focus are (0, — a), the 
equation of the directrix is у= —(—a)=a, and its concavity is 
‘to the negative side of the y-axis, 

161. (B) To find the equation о? a parobola,. 


(i) When the azis of the parabala is parallel to Z-axis. 
Let (=, В) be the Co-ordinates of the vertex A and the latus 
rectum be 4a, 
It is evident that if the axes OX 1/75 
-and OY bo transferred to the parallel 
axes АХ' and AY’, and if (X, Y) be 
the co-ordinates of the point p 
Corresponding to the new axes, then 
the equation of the parabola becomes 
Y? = 4ax-..(1), 
If (w, y) be the Co-ordinates of p 
corresponding to the original axes, 


then we fing from the figure that Fig. 14(o) 
X=2-¢ ana Y=y-8, 

Thus the 
which ig the 


г 


Squation-(1) becomes (у —8)2 =4a(x— «)...(9) 
тейпітей equation, 
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[ М. В. Here the co-ordinates of the focus are (а--х, B), 
vertex is the point (4,6), LL'—4a, the directrix is the line 
2=4—a and the equation of the latus rectum is z—« +a. 1 

Alternative Proof: Since the co-ordinates of P and S are 
respectively (a, у) and (a+4, В), 

SP2-(r—a— x)?(y — £$)’. 

Again, PM =ZN —ZA-FAN —a--z - < [ see figure | 

From the definition of parabola we have SP=PM, 
2. 5Р2 =РМ?. 

(z—a - «)° +(0 -B)* =(=+а - <)’, 

or, (y-5)? — (za —«)2?—(2-a—%)*=4ale - «). 
2, The required equation is (y — 8)?=4а(ж— «)---(9). 
(Gi) When the axis of the parabola is parallel to y-axis. 
Drawing а figure and proceeding as in (i) we have 
(a — 4)? = 4a(y —8)---(3) as the equation of the parabola, 


(ғи) Form of the equation of а parabola when its awis is 
parallel to x-axis or y-axis. 

When the axis of the parabola is parallel to the z-axis, 
the equation of the parabola is (y —8)? =4a(@ — <) [From (2)], 


‚ дату? - y +6? + 4а% о —1„9_ 6, 18240 
or y y Snor oea 229252271 Я 


ie, w=Ay?+By +С. 
Again, when the axis of the parabola is parallèl to the y-axis 
the equation of the parabola is > 
(a—4)? = 4a(y — B) [ From (3) 1 


or, 4ay —z2—9«z +4? +4ap, or, ТЕ саати +52 +446 
da 2a йд? 


ie, y=Au?+Betc. 
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161 (0). То determine the vertex of a parabola when iis 
equation is of the forms & — ^y? -FBy--C and y—Az?--Bz-L-C. 
It appears from the equation £-— Ay?--By-FC that the axis of 


the parabola is parallel to z-axis, во 16 is to be expressed іп the 
form (y - 8)? = 4a(g — 4), 


B 
Now, Ay?+By+c=z, or, VE 


BY 2, в? C_@,B?-4ac | 
Ар (+=) ПАН х ЧА? C 


or, (қау, ат өле), ““(1) 


The co-ordinates of the vertex of (y — 8)? = 4a(z —«) are 


(x, в). 

^ Comparing this equation with (1) we find that the 

| .B?—-4AC в 

Co-ordinates of the vertex are ( ДАСТ a) 

The equation y— Az? вас can be similarly expressed in 
the form 

ENS eal в? – =) 
(+2) =A (v+ ДУЛА E 


Since the axis of the parabola in thi 
y-axis, во comparing this equation wit 
find the co-ordinates of the vertex to be 

(-8. LER Ac), 
2A 4А 

161 (D) то find the е 
and the equation of the dire 


Let the co-ordinates of the vertex S be ( 
of the directrix be AX+BY+c=0, 


8 case is parallel to the 
h (2 —«)2 = daly - в) we 


quation of a parabola when its focus 
ciris ате given, (General equation). 


4, B) and the equation 


Let P (o, V) be any point On th 


e parabola and le& PM be 
berpendiculay from P to the di 


rectrix, 
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Аз-Еву-+Ес\* 
МАЗ +в? } 
Since from the definition of the parabola SP—PM, 


Now, SP2=(e—«)2+(y—6)? and вм*—{ 


1 SP?=PM*. 
_ „уз enV aes Ac+By+c)\? 
(«9*4 0) = › 
or, (A?--B?)[(z —4)9 "(y - £)*E- (Az-FBy-F C), which is 
the required equation. 
This equation can be written as 
(А3--в3)|(в3--у2) - (62-80) + («* +8°)} 
- (Аз ву)? - 2c(Az--By) - c?—0, 
or, (A? -- 82) (z* --y?) - (A+ By)* — 3a l«( ^" +B?) + СА} 
— ay {B(A2 +B?) вс} (AP +826208) - с2=0, ~ 
9 |«(A2--B2) -- CA] - 2ylf(^? +В?) BC] 
(А +82)(«2+82) - c? — 0. 


f the general equation of the parabola will 


or, (Bz — Ay)? — 


Hence the form o 
be (12-Е my)? 4-992 - 9fy +0=0. 

[N.B. It is noticed in the above equation that tho 
second degree terms in т and y are ав & perfect square. бо 
if the general form of the quadratic equation in 2 and y, i.e., 
ат? 4-by3 орлу +290+2/y 0 70 represents a parabola, its 
second degree terms, ie, ar? +2hay 4-бу2, will be a perfect 
square, and this will be 50 when A? —ab. 

Hence the condition for the general equation of the second 
degree in a and y representing а parabola is A? —ab. | 

Examples ( 20 ) 


Ех. 1. Find the length of the latus reotum and the 
co-ordinates of the focus of each of the parabolas : 


(a) 02= 42, (b y?—3z, (c) 9y?—5z, (4) y?-F6z-0 
(е): 22=2y, (f) 22= — ру, (0) у? =р2+а. 
Eng. El. M(XI) 0.9.—4 
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The equation of а parabola is у2— 442, 


(a) Here the equation is y2— 45. 
oD 4a=4, go- (Sh 


“. The co-ordinates of the focus are (a, 0), ie, (1, 0) 
and the latus rectum — 4а--4х1--4. 


(5) Hore у%-32; во 44=3, аз, 


“. Тһе co-ordinates of the focus are (3, 0) and the latus 
rectum =4a—4 x 3=3 


(c) Here ду? = 52, or y?—$r. 80 4а=3, ^ a=} 


*. The Co-ordinates of the focus are (8, 0) and the latus 
reotum — 44-4 x й=$. 
(d) Since the equation of the parabola is y? 4-6z— 0, 


or, y*— бр, во the parabola extends towards the 
Degative side of the t-azig, 
Its latus rectum — 4a — 6, and the Co-ordin 


ates of the focus 
are(—a, 0), от, (-%, 0). 


(в) Here the equation of the Parabola ін д? 
lies on the y-axis and its с 
of the y-axis, 


== 2, во its focus 
oncavity ig towards the Positive side 
Here 4a=9, - а=}, 


4. The latus reotum 4, 
of the focus = (0, a)=(0, 1) 


(f) Here 2%-- 4ру is the parabo! 
the negative portion of the Y-axis. 


a=4xX3=9, and the co-ordinates 


la, so its focus lies on 


“ Тһе Co-ordinates of the focus=(0, 


=p) and the latus 
rectum = 4p, 


(9) Here the parabola ig y? 


» o Z 


реа, от, y?—y 2+9), 


у . 
OO-ORDINATE GEOMETRY 5l 


Now suppose y — Y and эсе › le. suppose the origin 


‘to be transferred to the point (= 2 0) and the axes to be the 
lines through this point parallel to the original axes. 

Then the given equation becomes Ү?=рх. So the focus will 
‘be determined by Х=д and Y=0. 

-. With respect to the original axes the co-ordinates of the 


2- З 
focus are (5-9, o}, or, (e m 0) and the latus reobum — p. 


Ex. 2. Find the vertex and the directrix of each of the 
parabolas : (а) y*—19z and (b) y?—4z—9y— 7-0. 

(a) Here4a—19. .. a=3. 

-. The vertex is the point (0, 0) and the equation of the 
directrix is 2+0=0, ie, 2+3=0. 

(5) Here the given equation is y?-9y-4z— 120, 

or, 02—20+-1= 4248, or, (y-1)?—4(z4-9) 

Now if we put У=у-1 and X-—z4-9, i.o., if wo transfer 
‘to parallel axes through the point 
(—2, 1), the equation becomes 
w2—4X. Then 4a=4, .. а=1. 

Hence the vertex is given by 
x=0 and Y=0, and the directrix 
by X+1=0. 

<. With respect to the original 
axes the vertex is the pt. (—2, 1) 
and the directrix is the line Fig. 14(d) 
g+2+1=0, or w+3=0. 

[ М. В. In the Ex. 9(b) above, x=0, but X=0+2, so 
2+2=0, .. z— —2. Again, Y=0, but Y=y—1, во 0-1=0. 
4, 9-і. 2. (9, 1) is the vertex. ] 
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Ех. 3. The parabola у? 


=4pz passes through the point: 
СЭ 2), find the latus reotu 


m and Co-ordinates of its focus. 

[ 0. 0. 734] 
Әбен through the point (8,.- 2), 
^o^ pel. 
rabola becomes y?—5., 


"^ The parabola 02 = 4pz p 
(-9)%-4рхз or 4= 19р 
^ The equation of the ра: 

The latus rectum =, 


Again, here а=їй{=1 - the co-ordinates of the focus. 
are (a, 0) or (4, 0). 


NZ/ Ex. 4, Tf a+b0, find the co- 


ordinates of the focus of the 
parabola y?= Ing which passes shea 


ugh the intersection of the 
lines И and 27-1. [ 0. 0. 8] 
а b b а 


Solving the equations 5+0=1 апа Pil we havo 


PD апа yaw 50 the co-ordinates of the pt. of 
T Дд м b ab 

t ji 1 лон ab 
Intersection of the ines are (с P quus 


Since the parabola y2 
intersection, we haye 


(ау та, 4%), а a 


focus are 


=2ma passes through that pt. of 


“> The required Co-ordinates of the 
ab 
erp o}: 


the parabola &(у- 1)? 
(ii) the co-ordinates of th 


Ex, Б. In = —1(ж—8), find (i) the 
latus rectum, Ө focus and the vortex. 
[O. U. 256], 


7 -1*- -qT(5— 3) ; 
ог, (/-1)з. —1(ш—- 3) 


The given equation ін 4( 


42 
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[See Art. 161. В (1) ] Неге the axis of the parabola is 
parallel fo the z-axis and the parabola extends towards the 
negative side of x-axis. 

Here the length of the latus rectum=4, the co-ordinates of 
the vertex are (3, 1). Now,4a— -1, `; a= -yp 
1. the co-ordinates of the foous— (( — y; 4-8), 1] = ($1, 1). 


‚ “Ex. 6. A double ordinate of a parabola у? = 4az is of length 


8a. Prove that the lines joining the vertex to its ends are at 

- right angles. (ХУ. B. Н. S, 1960] 
A 'double ordinate! is a chord parallel to the latus rectum. 
Let P@ be such a double ordinate and let it cut the z-axis, - 


de., the-axis of the parabola at М, 2 


To prove that Z PAG із a right angle. 

А ів the vertex of the parabola. The: ordinate (y) of the 
point P=4a (`` PGis bisected at №). “ 

Substituting y = 4а in the equation of the parabola, we have 
4az-16a?, ... w=4a, 

Hence we have AN=PN, 

-. ANP is an isosceles right-angled triangle. 
Л ZPAN=45°. Similarly ZQAN=45°, 


|, 2ZPAQ@=90°=a right angle. 


Otherwise: From the above proof we have the co-ordinates 
of P=(4a, 4a), those of а= (4а, - 4a) and those of A=(0, 0). 


Now, the gradient of рА-30- 1 and that of 


So the product of the gradients 2 1X —1=—1, 
- pA and QA are at right angles to each other, ie, ZPAQ 


oe 


ів a right angle. 
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is the 
Ex. 7. Fini the equation of the parabola whose focus is th! 


point (2, 1) and whose directrix is the Straight line 4g — 3y—1 
and determine the length of the latus rectum, i 

Let P(z, y) be апу point on the parabola, Here the focus 
is the pt, (2, Іі Bess М — 2)? +(y - 1)2, } 

Again, if pm be Perpendicular from Р to the directrix 
42—3y—1, then РМ Tee = 80-1 EI 

rir 
= 8y-1)? 

“7 SP?=py2, 2. (2- дра Шала ше DM 

Оп simplification we have ea 

922 -F94zy +.16y2 — 99m 56y--124 — 0, which ig the require 
Squation of the parabola. 

If SZ be the length of the 
directrix, 40 —Зу-1= 0, 


4х9-3х1-1 4 

then Er o E 
4 

Тһе length of the latus rectum LL'—9sz, but here SZ = $. 


*- the length of the latus rectum — 9 х$=$. 


Perpendicular from S (2, 1) to the 


Ex. 8. Fina the equation of the p 


arabola whose focus is at 
the point (— 


1,1) and whose directrix ін the straight line 
a+y+1=0, [ C. U. (B. во.) 341 
Let P (с, 2) be any Point on the parabola, 
Here the focus S is the pt. (— 1, 1). 


Now, the distance of p from S= 


Мет) (ут. 
Again, the distance of Р from the directrix 2+0+1=0 is 
2+7-4-1 2-Е-у--і 
А or . 
A12 +12 
Since from the 


озы 
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on G1) (y 1) CHEDE, 


or, 9(z--1)?--9(y - 1)? = (z-Fy - 1)?, 

or, 92?-F4z-F2-F2y? — 4y - 9—z? у? +14 9zy +20 4-9, 

or, 22 +02 +95 —6y – 9zy -3—0, 

ог, (z-y)?--2z—6y--3—0, this is the required equation. 
“Жы 9. If the focus of а parabola be (5, 3) and its vertex be 
(3, 1), find the equation of the parabola. 

. Here the co-ordinates of the focus S and the vertex A are 
(5, 3) and (8, 1) respectively. From SA produced out off 
AZ=AS. Let the co-ordinates of Z be (<, В). 

** Ais the middle point of 25, 


3-575, ort апат з 


5 and or B= - 1. 
The co-ordinates of Z are (1, — 1). 
Now, the equation of any st. line passing through Z ig 
у-Ғ1--т(г-1)"(1). 
Тһе st. line-(1) will be the directrix when it is ee eae 
to AZ at Z. 
The gradient of az= CDa 1. 


So the st. line-(1) will be the directrix when m X 1— — 1, i e., 


when m= - 1. 
*. The directrix of the parabola is the line 


y+1=- (@- 1) or а+у=0. 


Now take any point Р (z, y) on the parabola. 

4 вр®е=рм?, 7), (2 5-9 - 3). 
or, 2(z?--y? — 102 — 6y-- 34) 2 z? 4- 9zy - y?, 
or, 22-Фау--у3 – 202 — 12y+68=0, this is the required 
equation of the parabola. 
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Ex. 10. If the vertex of a parabola be (3, — 9), 
rectum be 4 and its axis is parallel to the z 

Here the co-ordinates of А are (3, — 2) and LL'—4, 

7 The axis of the parabola is parallel to the a-axis, 

>. the co-ordinates of S are (3+4, -9) or (4, —2) and 
the equation of the directrix is z— 3—1 or z-9=0 


[See the note in Art 161 B ()] 


the latus 
-axis, find its equation. 


Now take any pt. Р (г, y) on the parabola, 


7 OSP?—pM2, . (z — 4)? --(y--2)?— (s - о), 
or, (у+9)9 = (s — 2)2 – (s — 4) 

= (z-9-Fa — 4Ya — 8—z--4) = (s — 8), 
95 (y--9)?— 4(z - 3), 


parabolan 
м Find the equation of the circle on the latus rectum 


of y?=4az as diameter and Show that it passes through the point 
where the axis of the parabola meets the directrix, 

Here the equation of the parabola is y2— 46. 

». The latus rectum= 4q, 


- The diameter of the circle=the 1 
its radius = 9g, 


Again, since the latug rectum is the diameter, the focus $ 
is the centre of the circle, 
+» Tho co-ordinates of the ce 
е che required equation of the cirole ig 
(z—a)3 E (y — 0)? =(Qa)2, or, (z —a)2-- y2 — 42, 
Again, the axis of the parabola inter; 
whose co-ordinates are (=a, 0). 


Putting the Co-ordinates of 2 in the equation of the circle, 
we have (а a)? +0=4q2, во the equation is satisfied by the 
€0-ordinates, 

Hence the Circle passes through the 
the parabola mests the directrix, 

N 


which is the required equation of the 


atus rectum = 4a, 


ntre are (a, 0). 


sects the directrix at Z 


point where the axis of 
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Чч Exercise 20 
1. Find the latus rectum and the co-ordinates of the focus 
„of each of the parabolas 2-- 
(i) 02= 142 (ii) y? = 6с (іі) 9у2= 75 
(іу) у2--22--0 (v) а?-4у (vi) z2-4-8y—0 
(vii) 222 +7у=0 (viii) y?-—az-Fb. 
2, Find the vertex and the directrix of each of the parabolas 
(а) w2=8y (b) 22 - 4r- 9y— 7-0. 
3. The parabola y? —3pz passes through the point (2, — 1), 
4ind the latus rectum and the co-ordinates of the focus. 
е AY Show that the straight line parallel to the axis of the 
parabola meets the parabola in one point only. 
5. Find tho equation of the directrix of the parabola y?=182 
and find the co-ordinates of the ends of the latus rectum. 
6, Find the vertex, the focus and the length of the latus 


rectum of the parabola y —az? 4- bz +c. (0. U. ^12] 
7. Find the length of the latus rectum of the parabola 
5y2=72, and also the co-ordinates of the focus. (0. U. 7861 


8. The parabola /%--4р2 goes through the point (3, —2). 
‘Obtain the length of the latus rectum and the co-ordinates of the 
focus. [С. U. °34] 
4 97^ Find the latus rectum and the co-ordinates of the focus 
of the parabola 3y2=4a, and determine the points in which it is 

met by the straight line 9z—3y. [O. U. '35] 
22-110: Find the vertex, the focus and the latus rectum of the 
parabola y2=4y — 42. (0. 9.1 

11. Find the vertex, the focus and the directrix of the 
ola (y+ 3)2=2(z +2). [U. P. В. '46] 
12. Find the point of intersection of the lines g+¥=1 and 
&+3=Ь and determine the co-ordinates of the focus of the 
=9алхл which passes through this point. (0. U. 48] 


parab 


parabola y? 


58 A TEXT BOOK OF H, в, ELECTIVE MATHEMATICS (вх. 90] 


13. Find the equation of the parabola : 


(а) Whose focus is at the point (2, — 1) and whose directrix 
is the straight line 2х-Е8у=6 


(b) Whose directrix ig 32 —4у-+ 
(1, 8). 


5=0 and whose focus is 


(c) Whose vertex is the origin, 
passes through the point (6, 9). 
*(d) Whose vertex is (—2, 2) and focus is (1,— 9). ү 
*(e) Whose focus is (0, 0) and the tangent at the vertex is 
the line y — 2=4, 


axis is the y-axis and which 


*(f) Whose latus rectum is 10 ,/9, axis i 
the equation of the directrix ig 24-у--5--0. 
14. Find the equation of a parabola :— 


(a) Whose vertex is (— 3, 2), latus rectum is 8 and axis is 
parallel to the a-axis, 


s the line z—y and 


(b) Whose vertex ів (1, 
parallel to the Y-axis, 

15. Obtain the e 
at the point (3, - 2) a 
20 —y+3— 0. 

16. A parabola opens 
axis of y, Tts foous is the 
latus rectum ig 12. Find 


— 1), latus rectum is 8 and axis is 


quation of the Parabola whose focus 18: 
nd whose дігәсігіх ig the straight line 
[ C. 0. 58 J 
out along the positive direction of the 
Point (0, 3) and the length of the: 
its equation. [C. U. '50 (Әр)! 
uation y?+Qa2+2by-+o=0 represents 
arallel to the axis of *. Find its vertex. 
i [0. U. °53] 
n to the parabola whose axis is parallel 
to the y-axis and which passes through the points (0, 4), (1, 9) 
and (—9, 6). Also determine its latus rectum. 
19. A parabola opens out along the positive axis of y as the 
axis. Its focus ig the point (0, 3) and the length of its latus- 
rectum is 19, Find its equation, [O. U. '50 Comp.] 


2 = 4pz is of length 8p ; 


* 18. Find the equatio 


Eu 


QO-ORDINATE GEOMETRY 59 


on of a parabola whose focus is аб 
trix is the straight line 9z4-y—1-0. 
um. [O. U. '54] 


а 21. Find the equati 
the origin and whose direc 


Also determine its latus rect 
22. Find the equation of the circle whose centre is at the 


vertex of the parabola y?=8a and which passes E the focus 
4, 1,0 


of it. 
93, Find the radius of the circle passing! through the 


‘extremities of the latus rectum apnd the vertex of a parabola. 
( Give the result in terms of the latus rectum.) 
гсш ст. 


length of the chord of the parabola 
line y ^ mz c. 

Let the line ye mae) cut the parabola y?— 4az---(2) 
at Р, @ and let their co-ordinates be (шу, уу) and (ғо, у») 
ely. Now putting the value of у from (1) in (2) 


162. To find the 
y? = 4an intercepted on the 


respectivi 
wo have (mz--c)? = 4az, 
or m2a2+2(me - 2a) +0? =0:--(3) 
Evidently the roots of the equation-(3) will be 21, zs. 
—9(mc — 2a) 2 
ma x 


Л и Фа and түт 2. 
m? 


62 (а —а@о)®%= (zi 22)? — 42125 

_ á(mc — а)? 4c? 16а(а- mc) 

m* m? mt - 
Again, since the pis. P and © also lie on the st. line-(1), 
5 пет "pos (4) and yo mzg te (5) 
Subtracting (5) from (4) we have 
yı- Va ms —25):(8) 

Now, the length of the chord P@ 
= J(z3—22)? - (1 -ya)* 
= Ме. — 25)? т? (= — £a)? 
PET Vi 


=“, 414m. daas 
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Corollary * When Ра-(0 


^ the st. line(1) will be a 
"tangent to the parabola-(9). 


^. the Condition for the line-(1) being a tangent is 


4 EA ALL ty 
mà 41m Vala- mz) — 0. 


Here, neither m nor a is zero, so а- тс= 0), 


а this is the condition, 
т 
103, m, Jind the condition that 


the straight line y—mz--c 
“тау touch the parabola y? 


=4az, 
Putting the value of y from 
we haye (таз с)? = 4am, 

or, 


y —mz-Ecin у? = 4ag, 


т?л? + Ome — 2a)z-Ec3—9...(1), 
This ig a quadratic equation 
the "co-ordinates (i.e, 


Intersection ofthe given 
St, 


іп z. Its two roots 


will represent 
; abscisse ) of 


the two Points of 


st. line and the parabola. When the 
line will touch the circle, the two Points of i 


must coincide and the condition for which ig that the 
'equation-(1) must be equal, 


ntersection 
roots of the 


The roots will be equal, if 4(mo~2a)2— 45,9, =0, 
Or, me? —dame+4q2 — т?с? = (у, 9r, 4атс--442, 
От, mo-a, or, om 

m - 
* The condition that the st. line y= 


the parabola y? — 4ag ig cet 


т 
From the 


mete may touch 


Corollary 2 


above “Condition we have that 


a, 
ae 18 а tangent to 02-440 for any value of m, 
| 
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164. Wheny=mate touches ihe parabola у%--4ат, find 
the point of contact. к 


We know that ф-та (1) is always a tangent to the 


parabola y? = 4az---(2). j 
Now substituting the value of y from (1) in (2) we have- 
aV ау 
(nz) --4ат, от, (ma +%) —4аш=0, 
т m 
( -2y'—o ог, т2=%, =; s= 
or, тт = ' , т E) vend m? m 
Putting these values of z in (1) we have 
2 2 9а 9 
у=тх а =, y= 
тё m т m'm я 


Hence, the required co-ordinates of the point of contact 


(Е 2a 
are (а, 


165. Two tangents can be drawn to a parabola from an 
external point. 


The st. line у-та--2. is always a tangent to the parabola 


)9--4ағ. 1 
If the tangent passes through an external point (=, у), 


then утта 7, or, т?’ - my --a—0, and ibis a quadratic 


equation in №. So we have two values of m from the 
equation. 

Hence two tangents can be drawn from the external point 
(а, у’) to the parabola. 

166. To find ihe equation of the tangent io the- 
parabala y2—4a at the point (шу, Ул). 


Let (до, Ya) be another point on the parabola. = 
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Now, the equation of the st. line passing through the 
points (21, уу) and (zs, ys) is y- хс к= (ашса) 
Since the two points lie on the parabola, 


we have y? = 4az, and у —4azs ; 


© Р 27 Ya 4a 
7. y?—yg—4a(z.—z A0 ex (a), 
1—3 (21—25), $1—253 yitys (2) 
Hence from (1) and (2) we have у-у} = QE (2-21) ав 
Yı tya 
the equation of the chord passiríg through the points (шу, yj) 
and (zs, ys). 
This chord will be а tangent when the points (ш\, уу) and 
(та, уз) are coincident points. Then 2ә--2) and Уз=у1. 
2. Тһе equation of the tangent is 


4 
0—01 = (z—21), or, yy у ==9аа—9ату, 
1 


“о, уур = ату? —9az,, or, Vy1—2az- 4az —9az, 

72az-F92az, —32a(z +g). 

4. The equation of the tangent at the pt. (ғ), 

ууу=2а(х--х ,). 

‘IN. B. If we write the equation y2— 
in the form y.y = 2a(z з), and pus 21, 
and one y, then we have the equation of 

107. То find the equation of 
102—442 at the point (ту, 71). 

Let the equation of the 8 
be y—y; —m(z — 21). 


71) is 


4am of the parabola 
Уі in place of one œ 
the tangent.] 


the normal io the parabola, 


t. line passing through (21, yi) 


AN За В 2 
isis Panai [ 77 the gradient of the tangent is за 
Уі 
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*, The equation of the normal to the parabola is 


y-n7 756-72) on 24(0—21) +21(2—21)=0, 
ог, узх-Е2ау=уц(ху +2а). 


168. То find the equation of the normal in terms of its 


gradient. 


In Art. 167 we have taken — 2 n рел: (1) 


.. mis the gradient of the normal. 


Now, from (1) we have y1— ^ 2am. 


Since (21, y1) is a point on the parabola y?=4az, 


we have y 3? = 4221, 


2 2,42 
а ут — ват ° 
ое a am. 
UTE 4a 


Now, putting the values of 21 and y; in the equation of the 


normal y—y1= — эха — тү), we have y -2am = m(z —am?), 


от, y=ma—2am—am$---(2), this is the equation of the 
normal, 
Corollary : (am?,—2am) are the the co-ordinates of the 


foot of the normal, i.e., of the point on the parabola at which (9) 
ig а normal. 

169. To prove that, in general, three normals can be drawn 
from a point to a parabola. 


point from which the normal is to be 


Let (тү, 71) be the 
drawn. ‹ 
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The equation of the normal to the parabola y? = 441 
at the pt. (am?, — 2am) is у= тх — 2am-—am? (1), 
and this  equaion-(1) passes through the point (a,y1), 
ify; =mz, — 90m ——am?, $e, if am? + (2a — 2,)m4-y4 = 0...(2). 


This is a cubic equation in m giving three values of m, 
generally distinct, for which the normal at (am?, — 2am) passes 
through the point (23, 71). 

Hence three normals сап be 


drawn from any general 
Point, 


Corollary: (1) Ifthe three roots of the equation-(2) above ' 
be mi, ma, ms, then the co-ordinates of the ieet of the three 
Normals are (am, — даті), (amè, — Зато) and (am?, — Затз). 
These feet are called tho co-normal points. 

(2) Since the coefficient of m2 in (2) is zero, the sum of the 
three roots will be zero, i.e, TW +m +m; =0, 

(8) The sum of the ordinates of the 
that can be drawn from any 
- 2am, — Зате — 2атз = 0, 


‘feet of the normals 
Point to а parabola is zero, i. 6., 


or, —2a(mi-d-ma--m4)— 0 [s 

170. To find ihe equation 
tangents drawn from the point (а” 

The equations of the 
(е; уо) aro yy, =2a(a+a, 


т ть ть=0 1. 


asses through the points 
Уз), 4. е. it passes through the points of 
tangents that “сап be drawn from the point 


(vi, уу) and (ey, 
Contact of the two 
(е, у) of the parabola, 

** The equation to the 
у) is Уу —2a(x-F-x'), 
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171. .Subtangent and subnormal. 

Р is а point on the parabola 
(fig. 15), PN is perpendicular 
to the axis, and the tangent 
PT and the normal PG at the 
point P intersect the axis of 
the parabola at Т and G 
respectively. 

TN is the subtangent and 


Ма is the subnormal. Fig. 15 
172. The subtangent at any point of a parabola is bisected 


at the vertex. , 
Let P(x’, y) be а point on the parabola y? —4az. 


Iit РМ be perpendicular to the 
axis and let the tangent PT intersect 
the axis at T. 

The equation of the tangent PT 

is yy —9a(z--z'), but the ordinate 
of T is 0, 
4 0=9а(ш+@), 2 == —@. 
So the abscissa of the pt. T= —2, 
i.e, ATST (neglecting the negative 
sign), but АМ=2, /. AT=AN. 

Honce the subtangent TN is bisccted at the vertex A. 


173. The normal to a parabola at any point оп it makes 
egual angles with the focal distance of the point and the acis. 

Let the vertex A be the origin, 
the axis of the parabola be the 
x-axis and the latus rectum be 4а. 
Then the equation of the parabola 
ін y2—4az. Let Р(ш\, yi) be а 
point on it and let the tangent PT 
and the normal PG cut the axis at T 


Fig. 16 


and G respectively. 5 
То prove that /8Р@= ZSGP. 


Eng. El, M(XI) 0.G.—5 


66 А TEXT BOOK OF H. 8. 


ELECTIVE MATHEMATICS 


Draw PM perpendicular to the directrix MM’. 
' The subtangent TN is bisected at the vertex A, 
4. ATSAN. 2, TS=TA-+AS=AN АЗ = +a. 

Again, SP=PM=ZN=AN+ZA=AN-+AS 

ao SP=sT, .. ZSPT= ZSTP, 

Now, * Дарт=1 right angle, 

13 АРТА Рат=1 right angle. 

/. ZSPT--ZsPG- 1 right angle= Z STP + “бар, 

But ZSPT= ZSTP (proved), Г. /сра= ZSaP. 

Corollary * VU 2вға- ZSGP, -. ЗР=за, 

1. ST=sP=sa. 

174. The subnormal at 
the semi-latus rectum, 

[See Fig. 15] Let the normal,PG drawn at the point 
P(z, yi) of the parabola 0? —4az intersect the axis (y=0) at 
@, and let PN be perpendicular on the axis. 

Then NG is the subnormal and th 
rectum= 4а, 


=a, +a. 


any point on a parabola is equal to 
\ 


e length of the latus 


To prove that the subnormal NG=half of the latus rectum 
. *8a. 

Here AN=2,, PN —-yr 

The equation of the Normal to the parabola y?—4a5 at 


P(z1, y1) is y12--2ay—y (v, +2a), or, y—yi-- а-а). 
a D 

xis (y= 

AG=a, 

So from the aboye equation we haye 


Since this normal outs the a 


0) ава, the ordinate of 
А is zero and its abscissa = 


Eye 
и S es) or, —9ay1— -71(2-:)) 
AG —AN- 9a ( 2 


=AG—AN 


Mi $—2)-28, or, 
4. The subnormal ма 
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175. The portion of a tangent to a parabola at any point on 
it, intercepted between the point of contact and the directriz 
subtends a right angle at the focus. 

Let S be the focus, MM’ the directrix of the parabola 
у?=4аш and P(x, y1) be any point M 
on it. Let the tangent to the Ру) 
parabola at the pt. P cut the directrix 
аб Re 

To prove that. ZPSR=1 right 
angle. 


Here the vertex A is the origin, Mi 
‘he axis of the parabola is the 
a-axis and the distance of the Fig. 18 


focus from the vertex (i.c.,AS)=a, Then the co-ordinates of $ 
are (а, 0). 
‘Now the equation of the directrix MM'isz— —a ......(1) 
and that of the tangent PR is yy; —92a(z--2; )......(2). 


From (1) and (2) we have z— —a and у= (7a). 
1 
.. Тһе co-ordinates of в-(-а, 2а (- аға) 
Yı 


*' The co-ordinates of P and S are (21, yı) and (a, 0) 


wespectively, 
Vies РА. 


21-0 я-а 
Similarly the gradient mg of SR 


*. the gradient m4 of SP = 


.. 


= (—a-E21) = ere oh 22) 
—a—a 792ayi TII 


С Сри ,, өрен. 
21-0 = 01 
Hence ZPSR is a right angle. 
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Let MM’ be the directrix of the parabola, S the focus and 
PSP’ be a chord passing through the focus. 

Let SK be Perpendicular to Psp’ and let it ong мм’ ab К. 
Draw kv Perpendicular to the directrix, р 
and let it cut the Parabola at В ава Psp’ м 


at V. Then ку is the diameter of the 


chord through the focus, PSP’ {3 the - k / 

: EN 
Parameter of the diameter Ky and B s 
the vertex of KV. Join Bs, 


To prove that PP'— 485, 
Draw PM and P'M' 


Perpendicular to 
the directrix, 


Fig. 20 


Proof; -- PM, KV and РМ? ате perpendicular to the 


Same straight line, 


*- They are Parallel to each other, 

Again, since K ig the mid point of мм” 
point of PP’, p, KV = (Рм +P'M’), 

Now, PRITPSTP'S=PM Py’ оу, 

Again, +: BRS BS (9 ZBKS= (ВЗК, апа 

7 ZKSV ig а right angle, <BSV= Z Bvs. 
55 В5-ву, SI вк=вз=ву, US KV —9Bs, 
Now, Рр’ 2KV—92x9Bs.. 4в5. 


[ Alernative Proof, ] 


Let рр” be a chord through the focus of 
у®==4ал...(у), [See Fig, 20], 
And let y—m(z— 


; апй V is the mid 


the parabola. 


@)-*-(ii) be the equation of PP’, 

t the diameter BV bisecting this chord is 
2 1 z ; 
йт; and the Co-ordinates’ of the vertex в at which the 


diameter cuts the Parabola are (5 2) 


m? m) [See Art, 183] 
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Putting Ње value of y from (ii) in (i) we have 
m3(x — a)?—4az, or, m?s? — 2a(m? --2)z-- a?m? — 0. 


Let ті and хо be the roots of this equation. Then ті and 
то are the z-co-ordinates of P and P' the points of intersection 


of (i) and (ii). 
Б 455 заваа) 
mi 
Now, РР'=Р5-+ЕР'8= (021) (а-+ 25) = 2a-- (2$ +2) 
ЛЕ 2a(m? +2) _ 1 
95 30719) (1+). 
ИМ к шгар үз HN CRM OR 
Again, BS (& a) +) =al 1) = 
чы) 


i вз-«( 1-1) = PP'—4BS. 
т 


2 


181. То find the equation of a chord of a parabola which 
is bisected at the given point (h, k). 

Let у? = 4а@ be the parabola and y=mz-+c be the chord. 
2a 


n=—, 


Then by the above theorem (Art. 177) 2-24, 


'* the point (h, 2) is on the chord y =ms+c, 


2. k=mht+e. j 
*. The equation of the chord is y — k—m(z — h), 


or, y—k- Ae —h), or, kly – k)=2ala—h). 


Again, 


182. То find the locus of the middle points of the chords of 
a parabola, which pass through the given point (<, B). 
Let (h, №) be the middle point of a chord of the parabola 


у?= 407. 
Then the equation’ of this chord is &(y—%)=2a(a — h). 
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Since this chord passes through the point (<, В), 
we have k(8—k)—9a(« =h). 


-. The locus of the middle point (h, &) is 
y(8—y)— 2a(« - 2), or, y? -Ву-2а(2-4), which is a parabola. 


188. To show that the tangent at the vertex with respect to 


а diameter is parallel to the system of parallel chords bisected 
by the diameter, - 
Suppose the chords of the 


parabola y2—=4az are parallel to the 
8t. line y—mz-c. 


Then the equation of the diameter ig y= 2 


2 
Hence а, at the point where the diameter intersects 
а т 
the parabola, 


. The Co-ordinates of the vertex of the diameter are 


DES 
т? mf 


^. "The equation of the tangent at the point (5, да 
m 
+ 2a a а 
is m tae 5) = = 
У, t от, y far Ds 
‘the st. line у= ту Ta is parallel to the st. line 
V-—mm-ce, 7. the tangent ig parallel to the chords, 

184 Tf P and P be а pair of points on the parabola y? —4az 
Such that the normal at P is parallel to the tangent at P', then 
Prove that the chord pp’ Passes through the focus, 

Let the normal at the point P on the 
Parallel to the tangent at the point Р’, 

Then their gradients must be equal, 


parabola y2=4az be 
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Let the gradient of both be m. 
‘The equation of the normal at Р is y —mz — 2am — am? 
М 


- Ње co-ordinates of P are (ат?, — 2am). 


The equation of the tangent at P' is y=mr+ e 
` m 


the co-ordinates of P’ are (&. 22), 
m? т 


Зо the equation of the chord PP’ ig 


49am _ £-am? 9 
yr een = =» 9» у+®ат= + т (= - am?). 


2a 
—9am--3 ат%--; 
m m t 


Now, putting the co-ordinates (a,0) of the focus S in 
this equation, we have its left side=0+2am—2am, and its 
- % 2m _ п) — Зат 
right side — sin am т —m?)=2am. 
.. Both the sides are equal, се. the equation of the 
‘hora PP’ is satisfied by the co-ordinates of the focus, 
^, The chord PP' passes through the focus. 


Examples (21) 


Ex. 1. Find the co-ordinates of the points of intersection of 
he straight line z — 5y+6=0 with the parabola y? =. 
vo g—5yt6=0, Г. w= 5y-6 S (1) ' 
Putting this value of z in у?=т, we have y? =5y - 6, 
or, y2—5yt6=0, or (y-2(y-3)—0, .. у-2оғ3. 
=, from (1) we have z—4 or 9. 


^. The co-ordinates of the two points of intersection are 
(4, 2) and (9, 3). 
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Ex. 6. Find the equation 


of the tangent to the parabola 
y? —4z, which ів parallel to the в 


traight line 2+ 2y=3, 
The equation of the st. li 
isa@+2y=c. Then т-с-9у, 
Putting this value of z in y? 
V?--8y— 4c— 0, The two roots 
be the y Co-ordinates of the two poi 
parabola and the st, line z--9y 
So the st.line will be 
intersection will coincide, 2,2. 


ne parallel to the st. line z-F2y-—83 


=o, 


a tangent when the two points of 
› when the roots of the equation 


y?+8y—4c=0 aro equal. The rootg of this equation are 
‘equal when 64+16c=0, or, c= —4. 


". The required equation of the tangent ig 


e+2y=—4 or t--2y--4— 0. 

Ex. 7. Find the e 
the parabolas : 

() y*-4z at (1, 3); (а) 

(iii) у2=19 at the ends of th 


quations of the tangent and the normal to 


V?-F197—0 at (—3, 6); 
e latus rectum, 
(i) Тһе equation of the 


at (z1, y1) is Ууз = 2a(z +g), 
Here 4a=4, 


tangent to the parabola у2--4ат 


"^ а-1, and (1, 2) 


is the given point 
“+ = y172. 


<e The required equation of the 


tangent ig 
V.2—9(z-c1) or 


y7z--1. 

4. The equation of the normal isy—y\= 5 =) 
a 

1), or, y- 2= — 2+1, or, 

f the tangent to the 

is Vy1 — — 94 (2+1), 


VW, 
EXC 21). 


% e, У-д--%(2- 
(4) The equation о 
at the point (ғ, y) 


s+y=3. 
parabola y2— — 4am 


and the equation of 
the normal is Y-y = 
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Неге y2=-12z, .. а=3. The given point is (—3, 6), 
no түті--8, 71-6. 
* The required equation of the tangent is 


y.6— —6(z—3) or, = у=3. 
Again, the equation of the normal is y—6=8 (w+38), 


or, y—-G=2+3, ог, у--2--9. 


(iii) Herea=12+4=3. The co-ordinates of the focus are 
(3, 0) and the length of the latus rectum= 12, 


1. Тһе co-ordinates of the ends of the latus rectum, 
=(3, 6) and (3, —6). 
5, The equation of the tangent at (3, 6) is y.6—6(z--3),. 


or, у=®+8. 
The equation of the normal at the pointis y —6=—€ (2—3), 


or 2+у=9. 

Again, the tangent at (8, —6) is the st. line 
-Ө-б (#43) or 2+718=0, 

and the normal at the point is y+6= — * («- 3), 


о, y-72-9. 


Ex. 8. Prove that the line 9z-4-4y-9 is a normal to the 


parabola y? ==8л. Find the foot of the normal. 


The general equation of the normal to the parabola y?-—4az 
iy тт дат am? (1) and the co-ordinates of its foot are 


(am? —Зат) (8) [Art. 168]. 
Неге the equation of the parabola is y? — 82, 


- 48578, 1. а=8, 


The general equation of the normal to the parabola 


4-82 will be у--т2- 4m —9m? and its foot (2m?,—4m), 
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If a value of m сап be found for which the equation of the 
parabola will be the same ag 2z--4y— 9, then the st. line will be 
-a normal to the parabola. 


Now, we have 9z-+4y=9 or у= – 3:49. 

Putting m= — 1, the equation of the normal is 

y= —40—4(—3)—9(—4)8, or, у — 3e 24-3, 

or, y+łr=}9, or, 2х+4у=9. 

Again, Эт? = 9( -3)?=} and —4m=—4 x —}=9, 

Hence the st. line 22+4y=9 ів a normal to the parabola 
y? —8x and its foot is G, 2). 

Ex. 9. Find the point of the parabola у? = 441 at which the 
‘normal is inclined at 30° to the axis, [C. U.] 

Here gradient m of the normal=tan So. 


"The co-ordinates of the foot=(am2, — 2am) 
-( - 26) 
, NB J > 
\ Ex, 10. A tangent to the parabola у?=19л makes an 


"angle of 60° with the a-axis 3 find its equation and its point of 
“contact, ; 


Let y=ma-+c be the equation of the tangent, 
Then m tan 60^ — ,/9, 


Ve УЗ [`7 һегеа=12-4=5] 
“+ Тһе equation of the tangent ig y= „32+ ‚/8, 
от, у= 3 (#1), 
Now, butting this value of y in y?—195 we have 
S(u-F1)2— 195, or, (2-1)? — 45—9, or, (v — 1)2—0, j 
“5 1. 5 у= 4/8 (z--1)— м3 (1+1)=9 DER 


7: The co-ordinates of the point of contact are (1, 94/3). 
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Ex. 11. Find the equation of the chord of the parabola 
42—19z which is bisected at the point (2, 3). 

Here, h=2 and k=3, the middle pt. being (2, 3), 

and 77 4a=19 (from the given equation), .. а=3. . 

Now from the formula k(y—k)=2a(a—h), the required 
equation is 3 (y—3)=6 (2—2) or y—2z—1. 

Ex. 12. Find the locus of the middle points of all chords of 
the parabola y? —8z, which pass through the point (1, —2). 

Let (h, k) be the middle point of one of the chords. 
Its equation is &(y—%)=4(a—h), and since it passes 
through the point (1,— 2), we have k(-2—k)=4(1-h), 

or k2--9k—4(A —1). 

The locus of the middle point is y?--9y — 4(z — 1), which 
is a parabola. 

Ex. 18. Find the equation of the diameter of the parabola 
Qy2= 3a, -which bisects all chords parallel to the straight line 
4т-Е5у=20. 

The parabola is 2y?—3z or у?=32, -. herea—$. 

Again, the equation of the st. lineis y=- $ z-4-4. 

^ here m= —$. 
2. The equation of the diameter is 
9а 2X} 3 я 
^. Тһе required equation of the diameter is 16у-Е15==0, 


3 x, 14. Prove that the normal chord of а parabola at the 
point whose ordinate is equal to the abscissa subtends a right 


angle at the focus. [C. U. '40] 
Let у? =4а be the parabola. Here the abscissa and the 


ordinate of the point are equal. Let each be <. 
no 4?--4а4, s «-4а, 


* (4a, 4a) are the co-ordinates of the point whose abscissa 


and ordinate are equal. 
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Let Ра be the normal chord, P being the рё. (4a, 4a). 


>. The equation of PQ is y—4a= 5242—44), 


or, у= – 22 -19а·--(1) 


From (1) we have a= ee us putting this value of zin the 


€quation of the parabola, we have 
0%—94(19а— у), or, V? +2ay — 94420, 


ог, (у--ба)(у- 4a)=0, ^ y=—6a or 4a, 


2. The ordinate of a is — ба. 


The abscissa of @ ig obtained by putting y — — 6a in (1). 


So we have —6a= — 22+ 194, ns , ®=9а, 


+. The co-ordinates of a and the facus S are (9a, — ба) and 
(а, 0) respectively, 


Now, the gradient of spa 10.4 and the gradient of 


-ба-0 . 3 
sa 9-а 4 


4. The product of the two gradients=4 x — З=-1. 
.. ЭР and SQ ате at right angles to each other, 


+» The normal chord РӘ subtends a right angle at the 
focus 5. 


Ex. 15. 
axes are at rig 
each parabola 


Two equal parabolas have the Same vertex and their 
ht angles 3 Prove that the common tangent touches 
at the end of a latus rectum. [O. U. 2851 

[As here the parabolas are 
equal. Again because their a. 
that if the axis of one parabol 
the other will be along the y- 

Let y2 


equal, their latera recta must be 
Kes are at right angles, it is evident 
^ be along the z-axis, the axis of 
axis.] 


—az---(1) be the equation of one parabola, 
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Then, by the given condition, the equation of the other 
parabola is z? = 4ay ...(@) 

The co-ordinates of the ends of the latus rectum of the 
parabola-(1) are (а, 2-2а) and those of the parabola-(2) are 
(2а, а). 

Now, the equation of the tangent to the first parabola at the 
pt. (a, — 2a) is --Фау--2а(г-Ға), 


or, -y=r+a, о, z4-y T a-—0. 

The equation of the tangent to the second parabola at the 
pb. (— 2a, а) is — 9az — 92a(y +a), 

or, —e=yta or д +у-а=0. 
- Both the tangents have the same equation: 


.. 


Hence, the two parabolas have а common tangent which. 
touches each parabola at the end of a latus rectum. 


Ж. 16. 1 Тапа Г Бе #ће lengths of the segments of any 
focal chord of the parabola y?=4az, prove that 1+2=1. 
(0. U. (В. Sc.) 751) 
Tet PSP’ be any focal chord of the parabola and the 
co-ordinates of P and P' be (amy, 2am) and (ат, Зато) 
respectively. 
*' the chord PsP’ passes through the focus, 
5o mymg=-1, 5 тутф-і. 
2. Тһе abscissa of P is amy’, 
н вра +апё —a(1 4 m$), 
2. Неге jea(1- m) (1) 
Similarly, SP' ea-Famg —a(1 +m?) 
: me lea 4m): (2). 
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1 1 AF Етна 

А+) ang) САТУУ 

2--m +m? = SEL 
Патти и) а(1+°-кт2-+Е1) 
3 [ 99 трт =1] 


Эт т? SL 
а(2--т-ЕтҘ) а d 
Ex, 17. Show that the Straight lino 3y— 1 bisects a 


chords of the parabola 3y?=42, which are parallel to the straight 
line y 29; +8, 


The equation of the parabola ig у? = $2, 

аа dy. T 
"U^ The equation of the st, lino ін y—9z-4- 9, л т=9, 
The equation ot the diameter that bisects the Ohords parallel 


3 2a. 9x 
to the gt. line y-—9z--3 is yan) or, Зу=1, 


4. The st. line 3y—1 
parallel to the gt. line у= 95 

Ех, 18. Fina the Position of a point 
to the parabola y? = 445, 

Let P(z, Yı) be a Point outside 
the parabola and PN ро perpendi- 
cular to its axis AX. 

Let PN cut the parabola аба, 

^. The ?-00-ordinate of Ә-ді А 
and gince о lies on the para 
we hayo QN? = 4az,. 


bisects all chords of the parabola 
+3 


(1, у1) with respect 


Y| 


Реми) 


bola, 


Evidently, the point Р will be 


Outside, on ог within the Parabola, Fig. 21 
according ag PN>= or <ам, 
Le, PN2> = or <ем?, 
һе. when the 
negativo, 


һө, y2> = or <4ах1, 
value of yr- Зах: is Positive, zero or 
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4. Find the points of intersection of the line i 
(i) y=2+2 with the parabola y? — 9z. 
(ii) 32—у=1 with the parabola y? = 42, 

9. Show the the straight line 
(i) у-92--1 touches the parabola y?—8z. 

(ii) 8у--162--8 touches the parabola у? = 3z. 

(іі) 3у =2--3 touches the parabola 3y?— 4z, and find the 
point of contact in each cage. 

3. Prove that the straight line 4z —9y4-3—0 touches the 
parabola y?-129z and find the co-ordinates of the point of 
contact. [C. U.] 

4. Find the condition that the straight line Iz-Fmy4-n—0 
may touch the parabola z?— 4ay. 

5. Find the co-ordinates of the points where the line 
a—by+6=0 meets the parabola у? ==. (0. 0. °44] 

6. Find the equations of the tangent and the normal to 

(i) =?= -12y at (6, —3) 
(ii) y?=8z at the ends of the latus rectum, 
Alii) 22? +22+y=4 at (-2, 4) 
(iv) y?=6z at the point whose ordinate is 12. 
(v) y?=4a(z—a) at the ends of the latus rectum, 
7. Find the equation of the normal : 
(a) to the parabola y? = — 42 at the point (— 4, 4) 
(b) to the parabola z?— 4y at the point (6, 9), 
8. Find the equations of the normals to the parabola 
--Аат at the ends of the latus rectum, [U. P. B. '59] 
9. Find the equation of the normal to the parabola y? —8, 
which is parallel to the line z—2y-F3—0 and also find the 


y? 


co-ordjnates of its foot. 
ei Prove that the normal to the circle z? +у2--42--9у — 8-0 
(1, 1) is a tangent to the parabola 92—82, 


А 


at the point 
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11. Find the equation of the 
which ig Parallel to the 
Co-ordinates of the point о 

12. Find the е 


tangent to the parabola у%--7т 


Straight line 4y=2-5 and find the 
Í contact. 


quation of the tangent to the parabola y?=8a, 
icular to the line 9; — Зу= 6. 


angle between them. 


(0. U. '57] 
^ A4. The normal to the parabola y2— 46; 
` meets it again at (am 2 


15. Find the length 


16. Tf the line y—3z-4- 
the length of the latus re 


17. Show that the 
Parabola ау? = br. 


1 touches the parabola y? =\4ат‚ find 


ctum. [C. U. '36, D. U. '49] 
Straight line 4a(y— b)=2 touches the 


[C. U. (В. 8c.) '21] 
18. For what value оға will the Straight line y—3z--1 
touch the parabola у? = 46; ? 
19. For what value of а will be Straight line y—9z--3: 
touch the parabola /2--4а2 9 А [D. 9. '48] 
~/20. Show th 


at the line t+my+am2=0 touches the parabola 
Find also the co-ordinates of the Point of contact, 

(0. Р. В. 481 
=82 at which the 
s. (0.10. ^44] 
—Br makes an angle 45° 
Find its equation апа its point 
[C. U. '46] 
nt on the 


y?—4ag, 


Find the point of the parabola у? 
8 inclined at the angle 60° to the axi 
22. A tangent to the parabola y? 
With the Straight line у= 8ж-ЕБ. 
of contact, 

L8. mina the со- 
parabola у? — Зах, th 
is equal in length to 


* Find % 
Parabolas y2 


"ү 


ordinates of the Particular poi 


9 normal af Which, terminated by the axis, 
the latus rectum, [O. U. °56] 
he equation of the common tangent to the two 
= 32% and z2 — 108y. [С. U.] 


- 
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2/95. A straight line touches both x?+y?=9a2 and 

—8az. Find its equation. , [0. U. '55] 

26. Ed Um points on the parabola y?—4az at which the 
tangent is inclined at 30° to the axis. 


+27. Prove that the normal chord of the parabola y?— 
=az, 


which is normal at the point (ža, y) subtends a right 


angle at the vertex. 
/28, Show that the chord 42+3y+1=0 of the parabola 
= 8х is bisected at the point (2, — 3). (0. U.] 
2%. Show that the tangents at the extremities of a focal 
chord of a parabola intersect at right angles to the directrix, 

[U. P. B. '43] 
+30. If the straight line 4z — 2y4-3—0 touches the parabola 
—19z at the point (3, 3), verify that the subtangent is bisected 

at the vertex. (0. U. 50] 
‚81. А circle and a parabola intersect in four points, Prove 
that the algebraic sum of the ordinates of the four points ig 
zero. [0. U. (B. Se.) '20] 
32. Find the eliam of the diameter of the parabola 
у?=4% which bisects all chords parallel to the straight line 
у=9:+38. 
38, Find the equation to the chord of the parabola y? =19х, 
which is bisected at the point (3, 9). 
34. Find the equation to the chord of the parabola y?— 8m, 
which is bisected at the point (2, —3). 
-/35. Prove that the locus of the middle points of all chords 
of the Peel y2=4az, which are drawn through the vertex ig 
the parabola y? = 2az. (0. U. (B. Sc.) '46] 
36. Show that the straight lihe 4y--9 —0 bisects all chordg 


of the parabola y?=32, ү which are parallel to the straight; line 


9z-4-3y — б. 
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37. Find the locus of the middle points of all chords of the 
parabola 4у2=5;, which pass through the fixed point (—9, 3). 
38. Determine the position of the point (4, 10) with respect 
to the parabola! y?=9z, Try to obtain the equations to the 
h pass through the above point. 


Perpendicular to each oth 


(i) z,z,—a? (ii) Yiva=— 402 (ii) 4»,m,-Ey,y5—0. 
40. Tf the tangents at the points (51, By) ana (<2, 82) to the 
parabola y2— 4,5 intersect 


аб a point (д’, y^), then prove that 
"8182 
А 4a 
41, 


() Find the equation of the normal to the parabola 
02—32 which is parallel 


to the str. line y792z4-1, 
also find the Co-ordinates of the foot, What is the length 
of the subnormal ? 


(i) Find the 


joining the points of 
from the point (x, 8) is 


1 на, Мах. 


— 


жет 


ELLIPSE 


Definition : The locus of a point which moves in a plane so 
that the ratio of its distances from a fixed point and a fired 
straight line on the plane is always constant and less than unity 
is called an ellipse. Е 

Or, The ellipse is а conic in which the eccentricity е is less 
than unity. j 

The fixed point is the focus, the fixed st. line is the directrix 
and the ratio is called the eccentricity of the ellipse. 


Y 
D 
В (0) 
= M 
: ылу x 
Ч 5 C SN /A(a, 
X Creo) (20) 224 (ао) 
B M А А м 
B'(0,-6) 
yi } iD 
Fig. 29 


The eccentricity is denoted by e. If S be the focus and 
if PM be perpendicular from any point P on the ellipse to its 


directrix DD’, then E =e and e <1. 

If SX bo drawn perpendicular-from S to the directrix [ seo 
diagram ], it is termed the line of major axis. 

The point A at which the line of major axis cuts the ellipse ig 


called its vertex. On XS produced take a point A’ such that 


SA' SA.., then A’ will be a point on the ellipse and it ig itg 


——— m, 


Seeond vertex. 
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(8) The point on the major axis whose co-ordinates are 
(—ae, 0) is called the second fo 


сив and is denoted by S', 
There is’ another Straight line, parallel to the y-axis, 
whose equation ig ex+a= 


0. This straight line is called 
the second directrix, 
М. B. From the equation of the ellipse we have 
y= Ма? = ag Here, if т is greater than a or less than 
a 
та, then y will be imaginary. So the ellipse does not extend 
beyond A and a’, 


Similarly, 2—5 у, and if yb or <-6, 2 is 
imaginary and hence there {3 no part of the ellipse above B 
and below В’, 


yand for any ү 


f z. So the curve is symmetrical 
with respect to the axes of т and у 


Hence the ellipse is 
Major, as well as the 


187. Ths sum of the focal distances of а point on an ellipse 
is equal to the major axis, 


Let Р be any point 


on the ellipse, 
two directrices, 


S ands’ 
the two foci, and MM’ M 
be Perpendicular to the 


directrices through the 
point; P, X 


MX and М/Х” be the 


\ 


CUN X 
Now, sP+s'p we 
=e PM-Fe.PM' Ri ШЕ, 
=е(Рм-+-Рм’) 
—емм'=9е.сх=9а 


=the major axis. 
IN. B, The sum о 
ellipse ің Constant, bei 


Fig. 24 
f the focal distan: 


ces of a point on the 
ng equal to its maj 


or axis,] 
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188. To find the length of the latus rectum of an ellipse. 
Let LSL' be the latus rectum. 
25,7 The co-ordinates of S are (ae, 0), 


The abscissa of L=ae. Let (ae, SL) be the co-ordinates 


2 y2 
: gay 
Since L is a point on the ellipse ips 


*. this equation is satisfied by the co-ordinates of L. 


2 
А a?e? Е], or, F =1-e? 
а? b 
БЕГ E Tae: -%1 b — 62 
4 | Soe-] дз № Чүл 
952 


tum=LL'=25L=2 
* The length of the Jatus rectum :- 


[№ В. Thereis& second latus rectum through the second 


2b? 
focus and ib is also equal to A 
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189. To prove that PN? : AN.A'N : : BC? : AC2, 


2 ; 4652, уз 
The equation of the ellipse is Sti=1, 
аз b# 


or, Уз ү e? aga (a4- =)(а – к) 


b? ЕЕ: 
2 , 2 9 2 , 
ei EN? =A NAN а PN te (See Fig, 22] 
b? a? А`М.АМ а? АС? 


Corollaries: (I) It the 


* equation of the ellipse 
2 е 
be Sa 


; then its major axis is along the g-axis so 


that its two foci lie on the major axis and the two 
directrices are parallel to the minor axis. In such an ellipse 


(а) cs=cs'=ae, ава Cx—ox' =“. 


(b) Тһе distance SP of апу point P(z, y) on the ellipse 
from the focus S—a — ez and the distance S'P —a--er. 

“. S8—a( 27 for the pt. B, the abscissa т--0) 
and S'B=4. 

(c) Тһе co-ordinates of the vertex A are (a, 
of A’ are (—a, 0). The co-ordinates of tha two 
B' of the minor axis are (0, 5) and (0, —b) respective 


(4) The co-ordinates of S, x 
(4 0) and (- 5, 0) respectively. 


(e) Тһе equation of the ma 
minor axis is 2=0, 


0) and those 
ends B and 
ly. 

and X' are (-ае, 0), 


jor axis is y=0 and that of the 


(f) The equation of the second directrix ig ez--—a 


or gat 


2 
7 

The equatlons of the two la 
| ®Sae and g= — ae. 


B c AE 


bera recta are 
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(II) Ifthe major axis of the ellipse be along the y-axis 
i.e. if the foci lie on the minor axis and the origin lies on 
the centre as before, then the equation of the ellipse is 


[assuming the major asis=2a and the minor axis = 9b] 

In such an ellipse, the co-ordinates of the foci are (0, ae) 
and (0, —ae), and the equations of the two directrices are 
ey=a and ey— —a. 

190. (a) То find the equation of the ellipse taking its major 
acis along the axis of y. 

Since the major axis is along the y-axis, the co-ordinates 
of the focus S are (О, ае). 

Let P(z,y)be a point on the 
ellipse and PM be perpendioular to 
the directrix. 

By the definition of ellipse. 
SP=c.PM, г. SP?=e?PM?. 

In fig. 26, we find, SP2-(z- 0)? 


-F(y - ac)? and вмз = (1-5). 


Fig. 26 


ante a 
| Here the directrix 18 у= — 2] 


2 
-. wo have the equation 22--(у- де) e? (- ) ; 


g? (ишет [on simplification | 
ae) аз 


or, 


Hence the required equation is i п 


ха уз 4 К т (ЕЗ 
Au us 1 [7 8®=а(1—е%)] 


96 A TEXT BOOK OF H, g, 
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or, n —vsXu, cus) | (a, = ts (244-25) 

, 42 OTI 2 
5 у . b? Tı +r 
192 ау ty, 

^ The equation of 


: the chord passing through the 
points (a, 71) and (25, V2) 


is 


(z-z) and this will be а tangent to 
ағу py, 7 Т) 


the ellipse when the two points coincide, ¿e when fo—mc, 
and у, = у. 


b2 
Иш ae dmn 


Then itro Bay ту 
Vit. дуу yy 


“+ The equation of the tangent at the point (zi, уу) із 
b? r YY UP cri Qm. 
VR EIE Е) or, TTR kel aa, 
2 
9X1 ү ууу T3 yy u 
or, 43 = [ From (ii) 1 


Hence the required equation is 


[№. В. Here also we 


find that the equation of the 
tangent at the point (=, 


91) is obtained by putting wa, for c? 


2 2 
and ууу for у? in the equation of the ellipse E 1. | 


191 (b) 


To find the equation of the normal to the ellipse 
g? y? 


lat the point (1, уу). 


The equation of the st. line passin 

* (21, y) is У-7і--т(>-т)) and the e 
at that poing jg 771 VUA ү. 

is T + ЪЗ 1 


8 through the point 
quation of the tangent. 
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The gradient of the second equation= zb AE 
y a? 


“: The straight line is perpendicular to the tangent at 


point of contact, 


the product of their gradients is — 1, 


2 
$65 nx(- E. 2) -1, B matt, 
: 8921 


The equation of the normal is 


2 
= уу = z-21.9- V1 
y-y 2-2 r, LU 
1 (z-s), or, ТЕЛЕТ? 


“8 
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the 


192. То find the condition that the straight line y>mute 


g? y? 
may touch the ellipse UAT =1. 
a? b 


Putting mate for y in the equation of the ellipse 


(ma +e)? _ 
лао M 


' ог, (a?m2 +b2)a? + 2a? mos -a*(c* — 03707), 


д? 
have at 


it is a quadratic equation in 2. 

So the st. line y-mz-kc will 
and it will be a tangent to 
ts are coincident, t.e., when 


Tt has two roots. 
the ellipse at two points, 
ellipse when the two poin 
two roots of the equation-(i) are equal. 


The condition for the two roots being equal is 
4a*m?c? — 4(a2m2 +b2)a2(c?—b?)=0, 
a2m20? — (a2m?-+b?)(o? — 5%)--0, 


Eng, El. М. (IX) 0. G.—7 


ог, 


же 


cub: 
the: 
the ` 


22 уз _ 
as tyi 
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or, a?m?b? — 5252 — 0, от, ¢?=g?m2+52, 


S6 0m ami po. 


-. The condition for the st. line y2mz--c being ® 


ua 22, 92 : 
tangent to the ellipse St+5=1 is c= 
a? b3 


+ Ja?m?-b?, 


Corollsry : Each of the st. lines y—mz-- Na?m? 4-2 is & 


а.а 
tangent to the ellipse a+ ic for any value of m. 
a 


193. Two tangents cam be draw 


п to an ellipse from an 
external point, 


Let (2’, y") be any external point. 


The st line y=mc+ Aa?m?-rFb? is в tangent to the ellipse 


Tf this tangent passes through (ағ, у’), 
then y'=ma'+ „Мар, 


It is quadratic e 
ol m. 


ог, (y'— ma’)? 42,2 +3. 
quation їп m and во it gives two values 


Hence two tangents бап be drawn to an ellipse from an 
external point. : 


194. T^ find the locus of 


the poini of 
Perpendicular tangenis to an el 


lipse. 


4 
If the two tangents y=mg + Мата 4 p3 Pass through 
the point (h, 8), 


then we have k—mh4 Мат +2, 


“- (6 тћ)2а2 ә +2°, 


о, (h? дз) m2— 2mkh+ (k? — 52) — o. 


Let m, me be the roots of this equation, 


intersection of iwo- 
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11—62 А 
| Then туте = r5— z* But since the two tangents are 
«perpendicular to each other, Г. mQjmg- —1l. 
| ' 172 
ара 
| с m та, 1 95 Вар 


: ^. The locus of the point of intersection (h, k) of two 
| perpendicular tangents to ап ellipse is z?-Fy?—a?-Fb?, 
| which is в circle, whose centre is the centre of the ellipse 
and radius= /a?-+b?=A8. 

This circle is called the Director circle. 
| 195. То find the lengths of the subtangent and the 
l :subnormal. 

Leb P (а), y1) be a point on the ellipse and let the 
‘tangent PT and the normal А 
Ра ab P meet the major axis 
ab T and @ respectively. PN 
Е 4 x 
is drawn perpendicular to 
the axis. Then NT is the 
.gubtangent and ма is the 5 
-subnormal. Fig. 28 


The equation to the tangent at P is Sad dim) 

The equation of the major axis ів y=0, and as the tangent 
-intersects that axis at T, the ordinate of T is zero. 

The abscissa of T is obtained by putting y=0 in the 
«equation-(1). 


Thus from (1) we have 221 =1, e uiam 
a “44 
2 а? 
4% СЕ 
93 
. 2 2 
тот SON ee e Ed 
21 27 


.. The length of the даса. 
$i. 
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Again, the equation to the norm: 


al at the pt. (шу, yi) 
is колы Б 


бап be found by Dutting у=0 in 
the equation-(2), 


Thus from (2) we have 2—1 _— у 


=—$° 
a n ; 
а? b? 


$2 
Or, =e, ~ 7221. 
а 


b 53 2 2 
=t—2 (1-2) =®(1-е )= =e? . 
TEM qi aa -ü-e2m 
‚ 196. The Portion of the tangent at any point of an ellipse 
intercepted between в Point of contact and the directrix 
subtends а right angle at the 


focus, 
Let Р (1,41) bea point on the ellipse Liat ES 
a 


+ 
ў \ 
Fig. 29 
The equation of the tangent at P ig Зай... өзе (i). 


/ 4 
This tangent cuts the directrix ZZ' ie, a= —2...() ай z 
e 


(Fig. 29]. 
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Eliminating € from (i) and (ii) we have 


—714 4154, or (ае 4х1) 
ав b? M > aey , 
2 
2. The co-ordinates of Z' are {- z сша 
в’ aey 


апа those of the focus S' are ( — ea, 0). 
* The gradient of z's’ 


Ь°(ав+а\) 
rui ju = eT г pag o8) 
9 фае Yı 
e 


А 0 -0 Ут 
А i рә'=71 =. 
gain, the gradient of 2; ae TUS 
.'. The product of the two gradients 
с 24647, da =-1 2. 28405. 
Yı aet 91 
Hence ZPS'Z'is а right angle. 


197. Prove that the normal at any point of ап ellipse 


bisects the angle between the focal distances of the point. 


з 42 
Let P (21, уу) be a point on the ellipse pd =]. 


Fig. 80 
We know SP=a—er, and SP-—a-rez;. 


“Phe equation of the normal at P is ^—51-V V1...() 
2 | 


oy 11 


а? DE 
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The normal-(i) bas cut the axis y=(---(ii) of the ellipse 
аба [Еїд. 30]. Then from the diagram the «-co-ordinate of 
а=Са. The value of Са can be obtained by eliminating и 
from (i) and (ii), 

Thus we have 

aS b?z, а2— 02 
Са= ғ; – 7 


Oo oe a oet] VO e= 
а 


a2- | 
a2 
^^ S@=sC—ca=ae—e2s, =6(a- егі) 
and S'@=Cs'+C@=ae+e2n, =в(а-1-ешү) 


. ва —(@—ешү) _а—елү_5Р 


За ea-kezi) ates, SP 
< The normal РӘ bisects the ZSPS', ie, the angle 
between the focal distances, 
Corollary : The tangent at any point of an ellipse makes 
equal angles with the focal distances of the point. 


Since the tangent PT is perpendicular to the normal PG 
at the point P [Fig, 30] and PG bisects the ZS'Ps, 


<- PT must be the external bisector of Z SPS’. 


. The tangent at P makes equal angles with the focal: 
distances; PS and Ps’, 


Examples (22) ` 


Ex. 1. Find the latus rectum, eccentricity and the 
co-ordinates of the focus of the (i) ellipse 4z?--9y2 —36, 
and the (ii) ellipse Ба? +4y?=90. 

G) Тһе equation of the ellipse is 45? + 9y2— 36, 

қ g? 


B Ut 
or 9*4 it; 


Ж” р and а= 3. 
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з 
<. the TO of the latus Не 2х4 


a 
(23-59 RES 
Hoventricity =0=4/ 2 - — eren 


3 
+ the co-ordinates of the two foci are (ае, 0) 


ie, (48x20,0), on (+ 0) 
(ii) The equation of the ellipse is 5r? + 4y?=20, 


on eye —1, from which it is evident that BB' is here the 


major axis, 4.6., the {осі are on the y-axis. 
c 2x4 8 8/5, 
oe The latus rectum 75 SET 


Eccentricity в= 5—4. 1. 
RAT: 


.. the co-ordinates of the foci are 
(0, + „5х +) or (0, £1). 


Ex, 2. Find the foci, directrices and eccentricity of the 
ellipse 422 --9y? 4-16z—9y 3-12 — 0. 
The given equation i8 422 -- 16z-9y? —9y+19= 0, 
or, 422+ 16z--16--9y? —9y+2= 61, 
or, .4(z-4-2)? --9(y - 3)? —28, or, 1$(z-- 2)? +380 - 3)? 1. 
Puttingz-F2—X and y-4=Y, ie, transferring the origin 
to the pt. (— 2, $) and the axes to st. lines through that point 
parallel to the original axes, the equation becomes 1 
38x? + $$y?=1. 
Here a? = #5 and 27-32, 


2; y -Jii Ti- 
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Again the Co-ordinates of the foci with respect to the 


Don] 


mew axes=(ae, 0) and (— ae, 0)= (6.5, 0) d ( S ES ) 


and the directrices are х--%--0, le, ХЕ J5—0. 
e 


«. The Co-ordinates of the foci with respect to the original 


axes aro( — 945, „/5, М УЧ а+=х=-9 5 a= -2+5 Чо, 


1 Е 
and es y~3=Y=0, M j=] 
And the directrices are &-+2-3./5=0 [ X=c4+2 1. 


Ех. 3. Find the eccentricity of the ellipse whose latus 
rectum is 4 inches and the distance of ‘the vertex from the 
Nearest focus is 175 inches, ГС. 0,7441 


7. SL—2 in. and AS=1'5 in. 
Again, '7 SL—é.XS = (ХА Аб) o XA 


55 2=1'5+1'5e, or, 1l'5e— 


Here the latus rectum = 4 in, 


+e.AS=AS+¢.AS, 


92-15--5, 
Ue de cat 
гі 15 3 


Ex, 4. Find the equation of the ellipse whose foous is 


(1, — 2), directrix is y — 27--3 and eccentricity is 1. 


Let S be the focus, P(x, y) be any point on the ellipse and 
PM be perpendicular to the directrix, 


^% ЗР= Меча = М? уз = 


32 4у--5 
and the distance of P(w, y) from the directrix (Qa-y+3= 0) 
—2e-y+3 . —2r-y--8 T 
Лк “. РМ fp 3 but SP=e.PM, 
4. М 


а 2l 2 -у+3 
у? 224-40-45 3 TOUS 
<a 
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E. 2 
Be урчу Cada ніне 
20 
or, 2022-90? — 400 +80y +100 
= 42° +y? +9 — 4zy 4-122 — бу, 
or, 16z2-4-19y? +4ry— 52x +86y +91=0, this is the 
required equation of the ellipse. 

Ex. 5. Find the equation of the ellipse passing through 
the points (2, 9) and (3, 1), whose axes are the axes of 
co-ordinates, and find its latus rectum and the co-ordinates 
-of the foci. 
| 2 
усы 


; z? 
Let the equation of the ellipse be at 


** ТБ passes through the points (2, 2) and (3, 1), 


г. It is satisfied by these co-ordinates. 


T А Solving these two equations we have 
9 1 — 2253 d $223, ж 
ъз 1 а 32 an 
4-5,9 
ау =], 


+ The required equation is sat ap 


2 2 
32° Sy" =1, от, 322 --5y? — 39. 


95 за ' 32 
959 932 9,/32./8. 8 
The latus rectum = 7 JR 5 E A/6. 


3— p Е 
Again, NE =” E 


1, ge М9? 410, 4X Ja, 5х /9_ 8 
АА яг 5 5 415 


;. Тһе co-ordinates of the foci are ( ae, 0) 


or (+ с 9) 
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Ех. 6. Find the equations of the 


ellipses, whose axes are the 
axes of co-ordinates and 


(5) whose latus rectum is 5 and eccentricity is 2, (0. U.] 
(b) whose foci are the Points (+ 4, 0) and eccentricity 
is 3. 


4 2 „9 
(а) Let ate be the equation of the ellipse. 


2 2_ 272 
Е adus reotum — 5, and сара E 
a 9 
22 902 5a..-(i) From (і) 52=52 patting this 
and ба? — 952 —...(ii) 2 


value of b? in (ii) we have 
ба? — Saco, or, 5a (2- 3)=0, 
but '." 270, 2 в—$=0, ~. 


a=, 
е. a?—81. and b-$x8-a5 


. р 4 9 49 
++ Тһе required equation to the ellipse ig ati 
4 9g 


4a? | 4у3 
ШЕ TR 4271» er 202? -- 36y2— 405. 


(b) Let the ellipse be ERENT 
а? ъз 
The foci are (tae, 0), and е=1, 
Hore ae= 4, or, 1. а=4, 2. 0219. 


Again, > 211225426 от, а®е®==дз— ya. 
а 
О О ae ree 
"s the equation of the ellipse is 2” wee 
Wc ST TORT, 


1, 
or, 82°+9y2—1159, 
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an ellipse are the points (0, 1) and 
is of unit length. Find the equation 


w an ellipse can be considered as а 
(C. 9.7511 


Ex. 7. The foci of 
(0, —1) and the minor axis 
of the ellipse. Explain ho 
circle when its two foci coincide. 

a z?,v? е * 

Let the ellipse be ata” 1(b>a). Its foci are the points- 
Here be=l and а= 
= b? = Ь?е?, 
1 юе1+}=%. 


(0, be) and (0, — be). 
but a2—5?(1—2?), ог, a 
о, ł=b°-1 [D well 
МЕТ РЕ 
2. The equation of the ellipse 18 TUIRE 
б T 
on 4a il, 95 802? -- 4? — 5. 


Again, if the two foci coincide, they must coincide at the 
centre of the ellipse. 
In that case be—0, 


a=b [s 09-0] 


n e=0; buta?=b°(1-e), 


2 y2 
Honce, the ellipse becomes 25 aml, or, 2° у? =а2, and 


it is a circle. 


Ex. 8. Find the equations to the tangent and the normal 


(i) ав the point (3, 2) of the ellipse 4124-9у2=19 ; 
(i) ав the point of the ellipse 723 --8y? = 36, whose abscissa 
is 2; 
(iii) аб the end of the latus rectum lying i 
ying in the fi 
of the ellipse 32? -- 4y? —12. в 
от 3 
(i) The equation of the tangent from the point (шу, y1) to 


the ellipse 2? yy ig АИ = 
в? b2 в? b2 =1. 


a 
ES 
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The equation to the tangent at the pt. (3, 9) is 


42.3+9y.9= 79, ог, 22-+3у=19. 
Let у-9- 


m(z—8) be the equation of the normal. 

it is perpendicular to the tangent 2z -3y—19, 
EUM or 
++ The equation to the normal is y —2—$(z — 3), 
or, 2y—4-35. 9 
(i) 205 


» Or 35—98у=Б, 
The abscissa of the pointi—9, $e, в=9, 
from the given equation we have 28--8y? = 36, 
or, &8y?—g8, . у= +1. 
“. The equation of the tangent to the 
(2, 1) ig 72.2-F8y.1— 36, ог, Tz 4y—18. 
Let the equation of the normal at the point be 
0-1=т(2—9) 
т(—2)= ad Co m=}. 


The equation of the normal ig 


ellipse at the point 


y—l-—$*(z-9) or, 4:- 7y—1. 
Similarly the equation of 


the tangent at the point (2,—1) is 
72— 4y—18, 


Tf m be the slope of the normal, then 
mxi--1, - 


--4, 
4. the equation of the normal ig 
y+1=— 7(@— 9), 


от, 4#--Ту=1. 
(іі) The equation of the ellipse is 3ш? T 4y?—19, 
CIPRO TRUE 
or, DS 


Then, 93-4, 52 =3, 


4. The latus reotum = 25? ad 


—^ 7-8 
2 
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Eccentricity e= арш fa Б. 
3: 


а? 


2,. The co-ordinates of the focus are 
(ае, 0) or (9 x4,0) or (1, 0). 


5, The co-ordinates of the end of the latus rectum are 
(1, 8). 


The equation of the tangent is 
82.1 +4y.3= 12, or, х+ду=4. 


Tf the gradient of the normal be 7% then 
mx(-3)--L - m=2. 
The equation to the normal is y—$=2(2—1), 
or, 2y- 3=42—4, от, 4z —9y—1. 


. Ex. 9. Show that the straight line 3y = 424-11 touches the: 
‘ellipse 222+ 3y2—11 and find the points of contact. 


From the equation of the st. line we have y= eis 


Putting the value of y in the equation of the ellipse we have. 


2 
9524-8 X Gr DP agn, 


or, s?-F4gt 4-0, оъ (z--2)* —0, 
5 в=-8 oc -% 2. у=1ог1. 
2 The co-ordinates of the two points of interseoti 
lon ` 
(29; 1) and (—% 1), As 
They are coincident at (—2, 1). Hence the st. li 
2 Bb. i 
tangent at the point. Кек 
The straight line 3y=4e+11 touches the ellipse 
922--3у2=11 and the co ordinate! 
я в of the point 
are ( - 2, 1). кы 
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Ex. 10. For what values of т, the straight line у-т2-11 
touches the ellipse 952-209 ? Find 
-sontact, 


the point of 


Putting the value of y from y=mz—11 in 25? --y? = 92, 

we have 22° --(maz 11)? 929, 

о; (т24-2)5%- 929mz--99—0--.-..(1) ; 

The roots of this equation-(1) give tho #-co-ordinates 
of the two points of intersection of: the straight line and the 
‘ellipse, So the straight line will touch the ellipse when the two 


Points coincide. This condition is satisfied when the two roots 
are equal. 


29?m? — 4(m? 4-2)x 99 — 0, 
or, 11m?—9(m®+2)=0, or, m2=9, 2, m=+3. 
Again, when m=3, then 1122--662--99 =0, 
or, z?—6z-F9-0, or, (2—3)3=0 5 s=3, 3, 
S o ymz—-11253x3—11--9, 


7. The co-ordinates of the point of contact of the tangent to 
‘the ellipse are (3, — 2). 


Similarly, when m= — 3, then у= —3x 3— 11=—90. 


*. The co-ordinates of the point of contact of the tangent 
y— —3z—11 are (- 3, — 20). 

| ша уз А 

Ех, 11. The ellipse ааъ 1 18 touched by the 


‘Straight line 5y=32+-95 and its eccentricity ін $. Find a and b. 
< 


[G. 0.7481 
2 
{=> апа e i- E, 
о О b? b2 9 16 16 
* 35 1 азат T gp 95 © га: Pon (1) 


Again, the given st, line is 5y=82-+95, or, y  $z-L-5. 
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: Б, - 22 у? 
When the st. line у = 2-е touches the ellipse ast ys =1, 


wo have c?=m2a2+b?, and here c=5 and m=3, 

Г. Here 95 = ва? +b? = 5a? +330 —a?, 7. @=5 or -5. 

From (1) we have b=4 ( The negative value —5 of ais 
ignored ). 


2. а-бапй b—4. > 
Ex 12. Find the equations of the tangents to the 
ellipse 9:2 +02 =17, which are parallel to the straight line 


Ят 3у =12. 
The straight line parallel to the straight line 4z — 3y—12 is 


4c—0 
4%—Ву=с, or, у= Ho 


Putting this value of y in Qn? ry? —17 


> 9— + 2 
we have 229-182 — eere = 17, 


or, 3422 —8с2+0* — 153--0---“(4) 

The straight line 4z—3y—c will touch the ellipse when the 
two points of intersection of the straight line and the ellipse are 
coincident. This condition is satisfied, if the roots of the 
equation-(i) are equal. 

6462 —4x34(03—158)—0, or, 9c7=17X158, 
атат tee? VE 
2. The equations of the tangents are 4z — 3y = 17 

and 4z — 3y - 17 —0. 

Ex. 13. Find the equations of the tangents to the ellipse 
Әх? +у?= 17, which are perpendicular to the straight line 
За + 4y—9. ' 

The ssraight line 4z—3y-—c is always perpendicular to the 
gt. line 32--4у=9. 
за. 45-6 

==, 


8 
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Now proceeding as in Ex. 12, the equations of the tangents 
are 4z — dy — 17 and 4z— 239 --17 —0. 


Ex. 14. For what value of p does the ellipse pz2--4y2—1 
pass through the points (+1,0)? Find the lengths of its two 
axes. 5 (0.0. '35] 

7 Тһе ellipse passes through the points (1, 0) and (— 1, 0), 

-. its equation is satisfied by those co-ordinates. 

Now putting = 1 and у=01п the equation 

px? --4y? 1 wo have 2(--1)2--4х0--1, or, p=1. 


"The equation of the ellipse is z?--4y?-F1 (^7 р=1), 


* 


2 29 
or, a ET, oni са ==]. 


-. Here halves of the axes are 1 and $, с 
Hence the lengths of the ахев = 9/ and 1. 


2 „2 
Ex. 15, The ellipse dips Passes through the point 


of intersection of the straight lines 72--13у—87=0 and 
5z — 8у-Е1 — 0 and its latus rectum is 22 ,/2 ; find a and b. 
Solving 72 -- 13y —87 — 0 and 5z — 8y--7 —0 we hay 
&=5, у= 4, E 
m the sf. lines intersect at the pt. (5, 4). 
_ Now since the ellipse passes through the point (5, 4), 


. 25,16 А 
2 пы" Сид! G) 


Again, 72 the latus rectum = 29 
a 


2b2 
? 


Е 20? 39 16 
-. Here MU 4/2, or, b2?=a, 5 2. 
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95 16 
Now, from (1) we have Carer 


or, S Por, a?-—a —95—0, 

5 10 5 
о 10 е = — = 
т, (s- T at =a)" (he а= 9 or T 


6 
baa. Ê 6 a= а^ х16 ‚/а—=32 (ignoring the negative 
value of a ) 
p= J3]—442, г а= and 524 2. 


Find the condition that the line læ ту +n=0 
ІН. 8. ”68) 


Ех. 16. 
may touch tho ellipse atid. 


line touches the ellipse at the 


If possible, suppose the st. 
$ бо the ellipse at the 


point (ж, y ^. The equation of the tangen 
point, (с y") is aa И =й (i). 
the st. line 2--ту л 0°: (ii) is 


at the point. 
(ii) are identical, 


Again, by assumption, 
„also a tangent to the ellipse 
Now, since st. lines (i) and 


have Som drm 1 
we havoza; 52m -т 
or, 2= ай. (іі) and у=" a (іу) 


а —" 
Squaring both sides of (iii) and ( iv) and adding tho results 


а312 bm? x? +7? 


we have ~z- ЖСК è 
n2 qx 427 22 


the point (а, у') lies on the ellipse by assumption, 


Eng. El. M. (XI) 0. G.—8 
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г іі a2, 5243 

-. The required condition is — + =], 
қ n? n* 

ог, 4212-5222, 


Ех. 17. Find the Condition that the line 1%-Е ту =n may 
2 2 

be а normal to the ellipse 2. 02] (0. U. '56] 
a? b2 


If possible, suppose the st. ling le-+my=n......(i) to be а 
normal to the ellipse at the point (ж, у’). 


The equation of the normal to the ellipse at the point 
(a^, y) is 


^ (i) and (i) are both normals fo the ellipse at the same 


2. ће st. lines are identical, so L= 0% _ m 


аз 
кү) 


$2 
Eus 


Bound. ти бетіні. d Fors 

pe tt 5) (iii) ава b maT e) (iv) 

Now, squaring both sides of (iii) and (iv) and adding the results, 
а?л? b2n2 g'a үз 

we have 1#(а® — р ту BET аз. —p2js mec px 
7 the pt. (а, y") lies on the ellipse ( by assumption ), 

Ша 1/9 
‚^.. the required condition ig 


03,42 2 2 p2 °__ро\о 
Та ул 5a =1, or, 945 = (42—52) 09) 


m? (a? = DS 
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Exercise 22 


1. Find the eccentricity, the co-ordinates of the foci and the 
aera recta of the ellipses :— , 
(i) 9? +16y?=144, (ii) 323--4у?=19. 
(ii) 250°-+-16y?=400. (iv) 92?--3y?—8. 
(v) 2z? --3y?—1. [U. P. B. 52] 
2. Find the foci and directrices of the ellipse 2- 
(a) 302+4y?=9, (b) 407+9y?-8x—36y+39=0. 
3. Find the lengths of the axes, the eccentricity and the 
position of the foci of the ellipse 3z?-F4y? — 48. (0. U. 41] 
4. Find the latus rectum, eccentricity and the co-ordinates 
‘of the foci of the ellipse 92? --5y? – 30y=0. 
5. Find the contre, eccentricity, foci and directrices of the 
ellipse 47? --9y2 — 245 — 86у-Ғ36--0. | 
6. The latus rectum is half of the major axis of an ellipse. 


"Find its eccentricity. [U. P. B. 48] 
7. Find the eccentricity and the position of the foci of the 
ellipse z? 4-2y? =2. (C. 0.2371 


8. Find the eccentricity and the position of the foci of the 


ellipse 3z? -- 4y? = 48. 
9. Taking the axes as the axes of co-ordinates, find the 


;$quation of the ellipse : 
(i) whose major and minor axes are 8 and 6. 


(ii) whose eccentricity is aD and latus rectum ig 3. 


Ар 
(iii) whose Бы axis is and eecentricity is A 
(iv) which passes through the points (2, 3) and (— 4, 1), 
10. Find the equation of the ellipse 
(i) whose focus is (2, 1), directrix is 2--2у-1--0 and 


шш із | 5 
ecentr: M J3’ 
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(ii) whose focus ig (-1,1 


) directrix ig 2- 0+3=0 and 
eccentricity is $. 


[C. U. “451 
long the co-ordinate axes is of 
8h the point (10. 4/5). Determine 


11. An ellipse whose axes lie a. 
eccentricity $ and passes thron 
ifs equation, 


ellipse referred to its axes as | 
axes of co-ordinates which passes through the points (2,2) and | 
(3, 1). Find also its eccentricity, (0. U. '39] 

14. Find the equation of the ellipse referred to i 


{в axes ав: 
the axes of v and У respectively, which passes through the points: 
—8, 1) and (2, — 9). 


Find also its eccentricity, (0. U. “51 
15. Find the equation of an ellipse whose focus is (6, 7). 


directrix a+y+2=0 апа eccentricity » 


16. Find the equation of the ellipse, referred to its centre: 
Ав origin and major axis as c-axis, whose latus reotum is 5 
and eccentricity 2. Г [C. U.] | 
17. The distance between the focus and the directrix of ан | 
ellipse is 16 inches and its eccentricity is $. Obtain the lengths | 
` of the principal axes. [C. U. '43] 


18. Show that the straight line y=2-+5 touches the ellipse 
92? --16y? — 144 and find the point of contaot. 


19. Prove that the straight line y=a-+ МТ touches the 
ellipse 352-42 ==] and find the point of contact, 


20. Show that the straight line 


y=a+ J$ ів a tangent to 
the ellipse 9z2--3y2— 1. 


(C. U. (B. 8o.) '55] 
?1. Prove that y 


=mot Vam? +b? is a tangent to the. | 

Е 22, 
ellipse ai pal and find its point of Contact. | 
| 
| 
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22. Find the equations of the tangent and the normal to the 
ellipse 4z? +9y? = 20 at the point (1, $). 

28. Find the equations of the tangent and the normal to the 
ellipse 5z? 4-3y? = 187 at the point y=2. 

24. Find the equations of the tangents at the ends of the 
latera recta of the ellipse 9r? 4- 16y2— 144. 

25. For what values of m, the straight line Зу=те-7 
touches the ellipse 222--3у2--142 Find the points of contact 
in those cases. 

26. Find the equations of the tangents to the ellipse 
4z?-- 3y? = 5, which are parallel to the straight line /--32--4. 

27. Find the equations of the tangents to the ellipse 
œ? +9у2 =9, which are perpendicular to the straight line 
Әш>--у--9 and find the points of contact. 

28. Find the equation to the ellipse which meets the straight 
line 7+9=1 on the axis of z and the st, line 5 =1 on the 
axis of y and whose axes lie along the axes of co-ordinates, 
Determine the eccentricity and the position of the foci of the 
ellipse, [C. U. ^38] 

29. Inan ellipse show that CS.CX=CA? where C is the 
centre, S is а focus, А is the corresponding vertex and X is 
the point where the line CS meets the corresponding directrix 
of the ellipse. Verify this theorem when the ellipse is 
23--2у%--9. [0. U. '50] 

СМЕ 
30. If any tangent to the ellipse 531 =1 intercepts 


lengths h, Ё on the axes, prove that ot =1. [C. U. °51] 


81. Prove that in an ellipse the sum of the squares of the 
perpendioulars on апу tangent from two points on the minor axis, 
each distant „/a?— b? from the centre is 20°. [0.U.(B. Ва)” 53] 
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32 (i) Find the distance from the origin of the point where 
the tangent at the extremity (lying in the Positive quadrant ) of 
the latus rectum of the ellipse 9z? +9542 


=225 intersects the 
major axis. 


ІН. S. 1960] 
tangent of the ellipse 
2—144, having equal positive intercepts on the axes. 

[H. 8. 1961] 
98. If SY and S'Y' be drawn perpendiculars from the foci 


S and $’ of an ellipse upon the tangent at ару point of it, 
then prove that SY.s'Y'— 52, 


(1) Find the equation to the 
92? +16y 


94, Prove that the tangents drawn at the ends of any of the 


2 „2 3 
latera recta of the ellipe $a al intersect on the major axis. 


35. Prove that the straight line G+ me will be & 


2 2 
normal to the ellipse*; brat if 502 5202, 


(0. U. 1958] 


86. Prove that the normal at the point (9, 3) to the ellipse 
92? + 4y2 = 48 bisects the angle betwee 
the point, 


2 
37. Find the points on the ellipse На such that 
a 


the tangents at each of them 


make equal angles with the axes. 
Prove also, that the 


length of the perpendicular from the 
centre on either ofthese tangents is, / а? +b? ШЕ; 
а 


2 
38. For the ellipse $n Prove that the tangents 


atthe two points (3, 3) ana (— 8, $) are perpendicular to each 
other and that they j 


3 ntersect at a poinh which lies on the 
circle œ? 4 y2 д, 


n the focal distances of 
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198. То find the position of а point with respect to the 
ellipse ecl Р(х) 
Les Р (21,91) be а point i 
outside the ellipse ate 


and let PN bo perpendicular to 


the major axis AA’. 


Then СМ--ті and РМ=У1. Fig. 31 
Suppose PN cuts tho ellipse at а [ Fig. 31]. Then the 


co-ordinates of © are (ш, ам). 
2 2 а 
ty , ӨМ? _ 2 « Son 
Spb sa mil tels D zo) 


Ty is clear from the diagram thet the point P will be 
outside, on, or within the ellipse according as 
PN>=or <ОМ, or, ав PN?>=or <an? 
>= ава 
от, ав ут >= ог 1% 
2 2 
or, as 22 лт 1>=or <0. 
Hence the point (21, 71) will be outside, on or within the 
2 { т? уз ? " 
ellipse according as the value of UP a l is positive, zero, 


or negative. 

199. Chord of Contaet. 

T'o find the equation of the chord of contact of ihe tangent 
drawn from the pt. (x^, у') to the ellipse £e 3 

Let (21, 91) and (ws, 7) be the two points of contact of 
the two tangents drawn from the point (2,9) to the ellipse 
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The equations of the tangents to the ellipse at the points 
(21, уу) and (сә, yo) are respectively = + =1...0) апа 
PORE LC 
7 both the lines (i) and (ii) pags through the point 
(v, у), 


ete... (ii) ana а ар...) 
lt is clear from the equations (iii) ana (iv) that the 
, 
8t. line 2% 


T THU i passes through the points 
a b? 
and (ao, V»). 


Hence 


of contact (21, у1) 


the required equation of the chord of contact 
ig 
200. To find the 


length of the chord intercepted’ om the 
line y mg; c by the 


" т? y? 
ellipse a tya =L. 
Let (1,4) and а (ғ, y 


2) be the points at which the 
86. line Y=mr+c:. 


2 2 
`@) intersects the ellipse A o1 
а? p 
Substituting th 


© value of y from (i) in (ii) we have 
2 2 
з let. 1, or, 5242 Fa? (mz Tc)?—8252, 


Or, (42де +b?)z2 


Evidently the 
vı and о. 


+®а°лов-Еа5(в9 — з) — о... ii) 
roots of thig quadratic Squation-(iii) will be 


. —_ Эа? те а? (с — 32) 
*+ @y +o Паз os and syrg =% AC7 


азт3- е: 


— 
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Now, (#1 — 23)? —(21-4-22Y — 42іте 
4atm2c? _ 4a2(c2 — b?)__4a°b?(a?m?-+b? — c?) 


~(@m? +b")? a2m? +b? (a2m? -- 52)2 


Again, since the points, P and © lie on the st. line-(i), 


we have уу =ma,+e---(iv) and ya7mug--c...(v) 

Subtracting (v) from (iv) we have уу — ve—m(z, — 22). 

The length of the chord РӘ = (жү —25)2 --(y1 — ya)? 
= Да: — 92)? т? (v, — 25)? 


—(z3 — 29) J1+m? 


2ab г - 
ата b Мат? +b? — в. J1--m?. 


Corollary: When the length of the chord РО will be 
zero, the two points P and @ will be coincident, Фе, the st. 
line-(i) will touch the ellipse-(ii). 

2. The condition so that the st. line-(i) will be a tangent 
-to the ellipse is 


2ab и. 
2 - Ja?m? +62 — сз. /1 т = 0. 


*  Noneofa,b and J/1+m2 із zero, .. a2m2+52— ¢2 
will be zero, i.e., c?—a?m? --0?, 

*. The condition for the st. line-(i) being a tangent to the 
ellipse is c — i Ма?т? 4-02. 

201. The locus of the middle points of a system of parallel 
chords of an ellipse is a straight line passing through the 


centre. [ Н. 8. 1963 ] 
2 


2 
Let the equation of the ellipse be mne: 1, whose centre ін 


the origin. 
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Let the equation of Ра, any of the parallel chords 
[ Fig 32 ], be y=ma+-c---(i) 


The gradient of each of 
the parallel chords is m and 
they are different st, lines for 
different values of c, 


Let (№, #) bs the co-ordinates 
of V, the middle point of the 
chord-(i), ie., of Pa, Fig. 32 

Then k=mh+e, or, ¢=k—mk:--(ii) 
putting the value of y from 
the eliipse, we have = =1, 
ог, 5°д® --а%(та-Ес)З==а®рт, 
or, (a*m? 4- 52) +202 
Let z| and % be the two roots of th 
Then шу and Фо are the т 
of intersection of the st. lin 


Now, () in the equation of 


moz i-a? (с? — 52) = 0--«(iii) 


© quadratic equation-(iii). 
-co-ordinates of P ang Ө, the points 
е-(1) and the ellipse, 
2 M 2a2me 
oiu Sari 

2, 
But п= 1+2. _ _ а?тс 

Sa ат? -- 53 


= аёт, * » 
553 Шерин у (Ды mh) [putting the value of c from (ii)] 


2 
“Ok -- шаа, and аз it ig independent of с, 
ib is true for ea, 


ch of the parallel chords. 


The equation of the locus of the middle points ig 
52 

=. 
У а?ть 
‚_ Since this is а! linear equation in 2 and у, the locus 
18 à straight line and аз this equahion is satisfied by the 
co-ordinates (0, 0), the st. line 
te., through t 


basses through the origin, 
he centre of the ellipso in this cage. 


ны 
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202. Diameter and Conjugate diameters. 

Diameter: The locus of the middle points of parallel chords 
of an ellipse is called a diameter of tho ellipse. 

The chords are called its double ordinates. 

In fig. 32, DD’ is a diameter and DD is another diameter, 

The equation of the diameter DD’ has been found to be 


The value of m will be different for different diameters of 


the same ellipse. 
Suppose the equation- (i) is y= т па, then 
2 


т=- (5 or, mm. Он eei) 
ат 


Now, if y—m'e be the ыла; of one diameter, y=ma will 


2 
bo the equation of another diameter | 1o km Tcv | 


Hence we see that if тт 05, then the sb, line y=m/'x 
is the bisector of the chords parallel to another st, lino 
утта. 

Conjugate diameters: If two diameters be such that 
each bisects all chords parallel to the other, they are called 
conjugate diameters. 


From equation-(ii) we find that two diameters having 
2 


gradients m and m' ате conjugate when mm'= 28. 
а 


903. The tangent to an ellipse at the extremity of any 
diameter is parallel to the system of chords bisected by the 
diameter. 


2 2 
t 531) be the ellipse, y=ma--c-(ii) be any 


2 
of its chords and y= = (iii) be the diameter that birects 


the chord. 
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Let (21, 71) be the co- 


ordinates of any one of the two 

Points of intersection of the ellipse-(i) and the diameter-(iii). 
2 2 

Then у,-- 3,21. ог, m= – а 006) 


Now, the equation of the tangent to the ellipse-(i) at the 


2 b2 
; ig бу 5%, 

Point (д ІҢ ati Ts 1l, o = 
( 1› 91) a2 E p т, у ay, PH 


2 2 x 
= 4t? [ Putting the value of zi from (iv)] 
Yı ауу 


2 
The tangent у=та+°. is parallel to the chord.(ii). 
71 


Hence the tangent at 


ellipse ig Parallel to the cho 


any extremity of a diamete: 


r of an 
rds bisected by the diameter, 


204. То find the equation to the chord of an ellipse which 
48 bisected at the point (h, k). 
22 у? д n 
Let Еріш тер ШӨ) be the ellipes and y—md +c.. 


‘(ii) be 
one of its chords, 


Putting the value of y from 


Gi) in (i) we have 
v? с) 
аз +e E 


3— =l, or, bPa? На (тас) аә, 
от, (а?т?-- 59)? Hamer +а? (02 — 6з) 0... (gii) 
Шау and x i 


2 be the roats of this q 
‘the &-Co-ordinate; 
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Since (h, k) lies on st. line-(ii), 
k=mh-+c, or, с= k— mh. 


Substituting this value ofc in (iv) we have 


_ ат — mh) ЖЕРІН 
азт2 52° 05 т тар») 
The equation of any st. line passing through the pt. (h, k) 
is y—k=m'(a—-h). This will be the equation of the chord 
b? 


of the ellipse-(i) bisected at (A, k), when m'—m-— TES 


h= 


Tho required equation of the chord is 


b2h, hee k ы 
у—й=-Сз-—В), or, d № sy - k)=0. 


205. To find the locus of the middle points of all chords of 
an ellipse, which pass through a fixed point. 
2 42 
Let (<, В) be the fixed point and ata! be the 


ellipse. 

If (h, k) be the co-ordinates of the middle point of any chord 
passing through the fixed point («, 8), then the equation of 
the chord is 


k 
4 2-14 (/-1)-0 (Ағы 204) 


‘° This chord passes through the pt. (<, В), 


h k вр) 
2 абс) &)=0. 
Hence, the equation of the locus of the middle points is 
У в = 
= («-—)+5(# y)=0, 


a, sa c о, which is an ellipse. 
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206. The Auxiliary Circle 


The circle described on the 
major axis of an ellipse as diameter 
is called the auxiliary circle of the 
ellipse, 

In the diagram [ fig, 33 ] the 
circle АСА” is drawn on the major 
axis AA’ of the ellipse АВА’ ag 
diameter, This cirolo is the auxiliary 
Circle of the ellipse, 


207. The ordinates of any point on the ellipse and the 
Corresponding point on the auziliary circle are in the ratio of the 
Semt-minor awis to the semi-major axis of the ellipse, 


Let Р be any point on the ellipse in Бір. 33 and 
195 PN be perpendicular to the major axis Aa’, Then NP is 
‘the ordinate of the point P. Let NP produced meet the auxiliary 
Circle аб а, Then @ is called the corresponding point to P. 
The ordinate of the point @ ig ом, AC and BC are respectively 
the Semi-major axis and the Semi-minor axis, 


Now, Pisa point on the ellipse, 


AN ...... 
АМАМ СА? а) 
Again, AA’ is ‘the diameter of the auxiliary circle and 


'& being a point on the 


.cireumference, the ZAGQA' in the 
Semi-circle is a right angle, 


Then, 72 QNLA’N, 2, QNÊ=AN.A'N 6909). 


Now, from (1) and (9) wo haye PN^. Bo? 


CA?’ 


an BN BO. semi-minor axis. 
ӨМ CA semi-major axis 


00-ORDINATE GEOMETRY ; 127 


2 2 
[N.B.(1) Here, if ou be the ollipse, we have 


b 
= for any point P on the ellipse, 


Өм 

(в) If the ordinate of any point Р оп the ellipse be 
produced ‘towards P, then the point in which the ordinate 
meets the auxiliary circle is called the corresponding point 
фо P. 


2 „2 
(3) Wieso be the ellipse, then the equation of its 


auxiliary circle is е2--у?--а?, | 


Examples (23) 


Ex, 1, Verify that the point (5, 2) is outside the ellipse 
952--792—14. Then proceed to find the equations of the 
two tangents to the ellipse 927--7/2-14 from the 
point (5, 2). 

Hore, the co-ordinates of the given point are (5, 9), 
1. Putting 2=5, y=2 in 92? --7у? — 14 we have the expression 
--2(5)2--7.(2)%-14--50--28- 14— 64 (positive) 

2, The point (5, 2) is outside the ellipse 22? --7y?— 14, 

Second Part: [First method] 

The equation of the chord of contact of the two 
tangents that can be drawn from the pt. (5, 2) to the ellpse 
2:2--7у%--14-- (1) is 22.5-- 7y.8 = 14, or, 5z-- 7y — 7--- (ii). 

The two points of intersection of (i) and (ii) wiil be the 
points of contact of the two tangents. 

Eliminating y from (i) and (ii) we have 


—Бл\? 
4:2 +т.(—®=) =14, or, 3922 – 702 — 49=0 ; and 


the two roots of this quadratic equation ^ will be 
the #-co-ordinates of the two points of intersection of (i) and (ii). 
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.. The equation of the chord passing through the pt. (A, k) 
is y-k= -2 (z—h), but it passes through the given fixed 
point (3, — 2), 

epp d ШЕ = h) or, 8h2+9h? —24n+18%=0. 

Hence the equation of the locus of the middle points of the 
chords passing through the point (3, — 9) is 

827+ 9y? — 945--18y = 0, which is an ellipse, 

Ex. 7. Find the equation of the diameter of the ellipse 
22? --3y2—6, which bisects all chords parallel to 32--4у = 5, 

The equation of the ellipse ів 22? + Зу?=6, 

or, e els) 1. 8?—8 and 22-0. 

The equation of the st, line is 3z--4y — b, 

ЕЕ) 5 аон а 3. 

Let y —m'z be the equation of the diameter, 


Д ra 3 b? 2 ЕВ 
mm = ағ” .. au Па в: 0%, т = . 


Hence the required equation of the diameter ig 
y—iv or 9y—8z, 
Ex. 8. Find the equation o 


Í the diameter of the ellipse 
42? -- 5y? = 90, which ін conjugate 


to the diameter y—3z, 
The equation of the ellipse ig 422 4 5y2 


=20, 
or, Hu ag 7. @?=5 and b? — 4. 
5 4 
The given equation of the diameter ig y—325, .. m=3, 
Let the equation of the conjugate diameter Бе y—m'z. 
2 
Then m' x m= -5 or, m X3= ДЫ CEDE SSCT = 


Hence, tho required e 


quation of the conjugate d 
V—— fs» ог 45+ 15у= 0. 


lameter is 
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Ex, 9. Show that the diameters, whose equations are 
y+3z=0 and 4у-2=0, are conjugate diameters of the ellipse 
322 --4y? — 5. 

Here the equation of the ellipse is 32? +4? = 5, 


2135.1, n а= and 5? 
о, sta =ЁЬ ^ a^—gan =$, 
geg 


The equations of the two diameters are y--9z—0 and 
Ay —a=0, ie, у= — 32 and y—1z respectively. 


b2 
1 ттът=-8х{=—, and -2i 
a 3 


2 
и. тт = -% (77 each= – $ |, and this is the condition 


for the diameters being conjugate. Hence the given 
diameters of the ellipse are conjugate diameters. 


Ex. 10. For tho ellipse 527--6у?--15, find а pair of 
conjugate diameters which are inclined to each other at an 
angle бап” 111. 


9.5 9 
From the equation of the ellipse we have pue 
1 a?=3 and 82-2, 
; Let y=m ,e and y=moe be the conjugate diameters. 
Th та = Есали) 
en "те 4% 6 
Again, since the angle between the diameters is tan^* 11, 


ri mi = то =11, ог, та "9.11, 


'U L+myme 1- 
Lo mi-mg-Meei) 
Now solving (i) and (ii) we have 
т = } 554 ey \ 
тз=—1 
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Hence the required equations of the Conjugate diameters are 
1—2 and у= — ш, and also y= and у= —$z, ie, 52-6у-0 
and --y — 0, and also £ —y—0 and 52+ 6y — 0. 

Ex. 11. Prova that the tangents at the ends of any chord 
of an ellipse meet on the diameter that bisects the chord, 

Let y — mo c*--(1) be the equation of any chord Ра of the 

2 3 
ellipse cer =1. 


If the two tangents to the ellipse at the points P and @ meet 


each other at the point (>, y), then the chord of contact of 
tangents from that point is FQ, 


*. The equation of Pa is 5-і, 


Now since both (i) ana (ii) are the equations of the 
st. line Pa, 


5% b2 
“ m=-——, or, Ye 0р. 
а?у а?т 


>. The equation of the locus of the point А 
b? P Run А x 
y= таз” this is also the equation of the diameter that: 


bisects the chords parallel to the chord-(i), 

Hence the tangents at the ends of any chord of an ellipse 
meet on the diameter that bisects that chord. 

Ex. 12. Prove that the tan 
. focal chord of an ellipse intersect 
fio that focus. à 


gents at the extremities of a 
on the directrix Corresponding 


2 22 қ 
Let at E =1 be the equation of the ellipse, 


The co-ordinates of one focus are (аг, 0) and the equation of the 


directrix on the side of the focus is 2-4. 
е 
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Suppose the tangents drawn at two points P and @ on 
the ellipse intersect at the point (h, k). So the line РО is the 
chord of contact of the tangents drawn from the point (A, №). 


*. The equation of the chord P@ is E +=- (i ) 


But the st. line-(i) passes through the focus (ae, 0), 


Fx atk xo= =I; or, = 


“ The equation of the locus of the point of intersection 


(h, k) is а=. This is the equation of the directrix on the side 


of the above focus. 


Hence, the tangents at the two ends of any focal chord of 
an ellipse intersect on the directrix corresponding to that focus. 


Exercise 23 
1. Find the position of the following points with respect to 
the ellipse 422 + 9у2=20 : 
(4) (1, $) (ài) (3, 1), (iii) (= 3, 2). 
2. (a) Find the equation of the chord of contact of the 
2 42 
tangents drawn from (1, —8) to the ellipse 7 s =1. 
(b) Tangents are drawn through the points of intersection 
2 y? 
of the line 105 — Зу = 15 with the ellipse s Me Find the 
co-ordinates of the point of intersection of those two tangents. 
8. (a) Find the points of intersection of the ellipse 
722--5у7--59 with the straight line z 4-y— 2. 
(b) Find the middle point of the chord intercepted on the 
line 924306 by the ellipse 4z? +-9y°=36. 
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4. (a) Find the length of the chord intercepted by the 
ellipse 3z? 4-5? = 32 on the line zty=4. 


(5) Find the length of the chord intercepted by the ellipse 


2 2 
35 1g71 onthelinez--y—3, What are the co-ordinates of 
its middle point 2 


2 „29 
5. In the ellipse ph construct the equation of that 


particular chord which ів bisected at the point (2, — 1). 


[ 0. U. 56 ] 
6. Find the equation of the tangents drawn from (— 15,— 7) 
e ellipse 927+ 95y2=995 and their points of contact. 


7. Find the points of contact of the tangents drawn from 
а а ‘ 
the point (0, 5) to the ellipse 5+4=1. 


to th 


8. Tho straight line 3 - = 1 intersects the ellipses oR = 


at two points ; find the point of intersection of the tangents 
drawn through those two points, 4 


9. Find the equation of the diameter 


to the ellipse 
22 +2y?=9, which bisects all chords parallel to 


y —b5z- 3. 
lipse 
— 1) as its middle point. 


10. Find the equation of the chord of the el 
92?--10y2 = 90, which has the point (1, 

11. Find the equation of the 
За Бу? 15,.which is conjugate to the 

12. Find the loous of the middle poi 
ellipse 52%--бу%--ҙ, parallel to the line 2%- 3y =1. 


18. Show that the 
conjugate diameters of the 


diameter of the ellipse 
diameter 4z 4- 3y — 0. 


nts of all chords of the 


diameters 97-L Зу=0 and улт are 
ellipse 622 4-92 = 9. 

М. Find the equation of the chord of the ellipse 1952.1-15? 
=180 which Passes through (2, 1) and is bisected at that point. 
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15. Find the locus of the middle points of all chords of the 
ellipse 4z?-4-5y?— 920, which pass through the point е (1, 1), 
(а) (4, - 5). 

16. Show that 4z — Зу-+ 8 = 0 and 24 3у — 1— 0 are parallel 
to conjugate diameters of the ellipse 4z?--9y? —39. — [O. U. 749) 

17. Show that the diameters whose equations are y--3z— 0 
and 4y —2—0 are conjugate diameters of the ellipse 3z? 4- 4y? = 5, 

0. U. ] 

18. For the ellipse 8:2 + 12y? —96, find a pair of conjugate 

diameters which are inclined to each other at angle tan 17. 


[ 0. U.] 
2 42 
19. For the ellipse 5 mec determine the pair of 


gate diameters which are inclined to each other at an angle 


conju, к 
of 185°. ГС. 0. '58 ] 
go Th. — 
[ Hinis: Heremimg— -$— – 5 5 tan 135'— od 
ті-т = 
or, —1= 124? or, то-ті--3.1 


90. Verify that in the ellipse ze 1, the two chords, 


which have the points (4, 1) and (1, — 1) for their respective 
middle points, are perpendicular to each other. 


HYPERBOLA 


Or, The hyperbola is a conic section in which the 
eccentricity e ig greater than unity, 


The fixed Point is the focus, 


the fixed straight line is the 
directrim, the 


Constant ratio is the 


eccentricity of the 
hyperbola, 

S and е represent- the focus and the ‚ eccentricity 
respectively, 

209, 


To find the equation to a hyperbola, 


Let S be the focus, KZ be the directrix, and sz be 
Perpendicular to the directrix (Fig. 34]. 


^ Let aA boa Point оп, sz such that = (where e>1), ie, 
ЗА-е.А2...(1) 


Since е ig greater than 1, there will be another point А’ 
on 82 produced such that SA’ 


25-6 ба, SA'=e,A'2-++(2) 
Then Aand A’ lie on the 


hyperbola. 
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Let С be the middle point of AA’ and let the length of 
AA’ be 2а. 


Subtracting (1) from (2) we have 
БА — SA —eA'Z - eAZ, 
or, AA'—e(CA'--CZ) - «(CA - С2)--в.2с2, 


or, 2a=92e.CZ, .. с2-<. 


Again, adding (1) and (2) we have 
eAZ-FeA'Z— ЗА БА = CS — CA+CS+CA'= 26S, 

or, e(AZ--AZ)—2€8, or, ! eAA' = 9CS, 

or, 2cea=2CS, 2. CS=ea. 

Let YCY' be drawn perpendicular to AA’ at the point C. 


Let CSX and YCY' be the axes of т and y respectively. 
On the hyperbola take any point P whose co-ordinates are (m, y) 
with respect to those axes. i 

Draw PM and PN perpendicular respectively to the 
directrix ZK and the axis 28. 

** QS-ea, .'. the co-ordinates of S are (ea, 0). 


вР=еРМ=е.2М, .. SP2=e?ZN?=e?(CN—Cz)®:-.(A)! 

Again, sPp2=NS?*+PN2=(CS—CN)2+PN?2=(ea—a@)? 4y? 
poh 

S. (08-2)? y? =e? (2-4):-Пғош (АЙ 

ог, д? — Заез + а?е? + у? =ез? — дает-Еа?, 


ог, g? (62 -1) - y? =a? (29-1), от, a 0081) D 


Since e>1, .. a? (e? — 1) is positive. 
Let a? (e? — 1) be called 5?. 


Hence the equation of the hyperbola is ai ry 1. 
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B : — 72452 
Corollaries : ayar; a 42, a?e?=a? +b 


e= S Ebr and CS? = (ea)? = а? 42, 
PI 


.. 


2 g? 2-42 -a)(z +a) 
(9) pings tee SH (аја фа) 


+ ENT АМАМ 2 pw? тер: 
ИИЙ БАС орту <. АМАМ а? 


Definitions : (i) The point at which the straight ЕЕ 
drawn through the focus Perpendicular to the  direotri 


2 е 
(й) Тһе portion АА’ of the z-axis is called the transvers 
axis of the hyperbola, АА'=9ва, 


(iii) The Portion of the y-axis equal to 2b and Е a 
the origin is called the conjugate axis, In figure 34, BB’ is 
the conjugate axis. BB'—9p, ^ 

(iv) The chora that passes through the focus and Е. 
Parallel to the directrix ів called the latus rectum of t 
hyperbola, 


210. There 


ireciriz 
exist a second focus and @ second di 
ofa hyperbola, 


r o that 
Tako two points S' ang Z' on sc produced в 


endi- 
ае and cz'—oz.. a Let Z'M' be drawn perp 
oie 


cular to Aa’ ana let PM produced 


Cs'=cs— 


interseot 2'М' at м’. 


Тһе equation of the hyperbola is 


2 2 
т 

а® оз, ог, w+ 076? 442 за до, 
8% are =) 

or, w+ ева 


23? + 9де +a2, 
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or, (atae)?+y?=e? (+), 

ie, S'N?+PN?=e?(Cz'+CN)?, 

ie, S'P?-5?.PM', 2, S'P—ePM' 

Thus we find that any point P on the curve is such that 
its distance from 5 is e times its distance from  Z'M', 
So the samecurveis obtained if we start with 5” as focus 
and Z'M' as the directrix. 

Hence S' is the second focus and Z'M' is the second 
direotrix of the hyperbola. 

[N.B. (i) The co-ordinates of A and A' are (a, 0) and 
(—a, 0) respectively. 7 

(ii) The co-ordinates of S and S' are (еа, 0) and (—ea, 0) 
respectively. 

(iii) The equation of the directrix ZM is ex—a=0 


or 2=5, and that of the directrix Z'M' ів ег а= 0 ог a= – 4, ] 
е 
911. The difference of the focal distances of any point от 
the hyperbola is equal to the transverse axis. 
[Seo Fig. 34] Let S and S' be the foci and P be any pt. on 
the hyperbola. 
‘: s'P=ePM’ and SP=ePM. 
2, SP'—SP-—e(PM'—PM)-—eMM'-eZZ'—9eCZ 
=2a=AA, ie. the transverse axis. 


[№ В. The distance (SP) of any point Р on the hyperbola 


from its foous —e.P M -емг-«см-с2)-4( = $e eaa. ] 


212. Length of the latus rectum 


The co-ordinates of the focus S are (ae, 0), let the co-ordinates 
of the end L of the latus rectum be (ae, SL). 


9,2 2 : 2 

а?с? SL ЕТЕ 

a ==], ог eg2—9—. =] 
a p ; OF; 9а D 
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2 2.4.52 2 
. Or, 5--4-1- “ЖР р 


ID 


2 2 
ВА зва, егар. 
а а 


.. The required length of the latus rectum 
952 


а 
212. (А) То find the length of the chord of the 


2 


а% у ; 
hyperbola БОЙ BC 1 on the line y 2mz--c. 


=LL’=9s_= 


Let P (шу, 71) and @ (хо, у») be the points of intersection 
of the stragiht line y = me Fc: (1) and the hyperbola 
s? y? : 
apii 


Fig. 35 
Then evidiently both the e 
Satisfied by the Co-ordinates (21, 


quations (1) and (2) will be 
Yı) and (25, уа). 
Putting mz--o for y in (2) we have Enea 
a 
/ 
9r, (аа -p52),2.. mca? z --a? (52 +02) A 0.. (8), 
which ig a quadratic equation in т, 
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This equation gives only two values of z. So there are only 
two points of intersection of the given st. line and the hyperbola. 
Now, 21 and ше are the roots of equation (3). - 


а2(52--2) 


а?т? — 52 Ы 


cu 


A в t29——-—3 
а?т? 


Lp and 2429— 


2 (2-02)? — (2i 22)? —4z1z9 


_ 4m?c?a* _ 4a*(b?-kc?) 
- (a*?m? 22 52)? a?m? — b? 


_ 4т?о?а® — 4a* (D? +c?)(a2m? — 6?) 
(а2т2— 52)? 
Aa? m?c? а? — (b? --c2)(a2m? — 52) 
(a?m? — b?)? 
gs BORDA Sale +?) 
(a?m? — 52)? , 
Again, '.' P(x, у1) and G(zs, уз) lie on y—mz-Fc, 


1. Уілтт-Ес and уз =т= +с, 


^ Yı- Ys=m(s; — 23). 
., The length of the chord Pa 


= Je — сз) (U1 — 95)? = V(@1 — ag)? +m? (1 — ay)? 
= J(e, = аз)? $3)? (14 m?) 


= ыас 1+m?) 


(а?т?`— 62)? 


_2ab jb? —a?m? 4 c?. Л +m? 
a?m? —b? 

[ М. В. Since the roots of a quadratio may be real, equal 
or imaginary, а straight line may intersect а hyperbola in 
two distinct points, or in two coincident points, or in two 
imaginary points, i.e., may not intersect the hyperbola at all. ] 
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212.(B) То find the equation of the tangent to the 
2 2 
hyperbola aol at the point (z1, уу) on it, 
“ 
Let Р be the point (21, уу) on the given hyperbola and let 
@ be another point (ғо, уз) on it close to P. 


Then the equation of the chord РӘ ig 


Yo 
To 


ие) (1) 


Since P and @ are points on the hyperbola, 


Subtracting (2) {тош (3) we have 


2 2 2 
cg CAE асауды” 
° 


у? — yy b? 
а? b 


0, or, ————— 
3 d 202—2 a. 
5 2 
б, Js Vi РУ ұта ау Га) 
22-2] а Yotyy 


2 
From (1) we have Уи > ааа) (5) 
atyy 


Now, equation (5) will be a tangent to the hyperbola 


at (шу, уу) when о coincides with р, The condition for 
this is 2; —25 and V17 05 in (5). 


Henoe the equation of the required tangent ig 


63 д bea 
at oy, (2а) ат (== 21), 
2 


2 
23 Ao ed [ From (8)] 
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212.(C) To find the equation of the normal ѓо the 


аз y? ; 
hyperbola 5—8 —1 at the point (жу, уз) on it. 
The equation of the tangent to the given hyBerbola at 
the point (21, 71) on ib is 


21 auc [vide art. 212 (B) . 


a? 
2 2 
This may be written as ye, pep 
a yi Уі 
2221 


The gradient m of this tangent = 5 —. 
0771 


Since the normal аб the pt. (21, yi) is perpendicular to the 
tangent passing through that point, 


2, 
the gradient m’ of the normal= — н 
ті 
Tho required equation of the normal is 


N.B. The equation of the ellipse ig zi and that of 
2 
the hyperbola is E Ie or аз 
Hence we 8686 that, the equation of the hyperbola ів 
obtained by putting _p? for b? in the equation of the ellipse. 
Taking this a8 ® formula we find that some propositions 
for the hyperbola are derived from those for the ellipse. 
(1) Ite? —a2m?-b?, the straight line у--та4-с meets the 


&? Y? =] at two distinct real points 
hyperbola 25 bP s 


Again, if o2<a2m?—b?, then the above st. line meets the 
hyporbola at two imaginary points, i.e. does not mest. 


BLM. (XI) 0. G.—10 
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(2) The st. line y—mz--c is а tangent to the hyperbola 

т? 

a? i 1 

In this case we may say that the st. line meets the hyperbola 
at two coincident points. 


-E=1, when c= + J/a*m?—b?. 


i of 
(3) y=ma+ Ja%m2—b® are always (i. e., for any value 


ede ОЕ 
m) tangents to the hyperbola = 1. 


[N. B. The co-ordinates of the point of contact Hs tbe 
| Ao peer -a mm ` e =) 
tangent y-mz-- /a2m?—b? are ( әс» JI 
and those of the point of contact of tho tangent 
= 2 һы 
y=ma— Ja?m? — p? are ( RUD m) ] 


Na?m?—b? Jam? — 9, 
(4) The equation of the tangent to the hyperbola 
P at the point (z, уу) is “at - Fet 
(5) The equation of the 


normal to the hyperbola д 
2 2 — oy? Е 
2-0-1 at the point (ду, y,) is 2 1-0-0. 
Gb шү P 
аз =b? 


or, ms 252.75 a? +52, 
(6) в @-®-& (у—)=0 is the equation of a chord 
whose middle point is (№, 2). 
213. Director Circle : 


bwo tangents to a hyperbola 
circle, 


The locus of the intersection of 


» Which are at right angles, is 9 
This circle is called the director circle, 

, This is the circle У = 02 — 62, le. a circle whose centre 
is the origin апа radius is ,/;8 32, 


(i) Here, if b2 <a?, this circle is real, 
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(ii) If5?—a?, the radius of the circle becomes zero and 
&herefore the circle reduces to a point circle at the origin. 


Thus the centre is the only point from which tangents at 
right angles can be drawn to the hyperbola. 


(ii) If 9%>а?, the radius of the circle becomes imaginary 
and so there can be no such circle and therefore in this case no 
tangents at right angles can be drawn. 


214. Definition: The locus of the middle points of parallel 
chords of « hyperbola is a straight line which is called a diameter 
of the hyperbola, 


215. The equation to the diameter of a hyperbola. 
са 42 ү 
Let 37 xl be tbe hyperbola and suppose the diameter 


bisects the chords parallel to the st. line y=ma-+e, 


The equation of this diameter can be had by substituting 


— b? for b? in the equation of the diameter of an ellipse. 
2 

The equation of the diameter is у= a, 

a?m 


' pia es пара 
or, у= т/х where m ——;—, 8. mm = 
аёт а 
916. If two diameters of a hyperbola be such that each 
pisects all chords parallel to the other, they are called conjugate 
diameters. 
217. Conjugate Hyperbolas. 


Two hyperbolas are said to be conjugate when the transverse 
axis and the conjugate axis of one are respectively the conjugate 


axis and the transverse axis of the other, 
Thus the equation of the hyperbola conjugate to the 
2 2 2 2 2 2 
22 үзетін eme Gra Ya 
hyperbola aie 5 is Sy lor EE =i, 
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218. Any pair of conjugate diameters with respect to а 


hyperbola are also conjugate diameters with respect to the 
conjugate hyperbola, 


The equations of a hyperbola and its conjugate hyperbola aro 
А g2 yh z3 y? 
respectively PIE m l and mius p^ 1. 


The condition for у= та and y-m'z being conjugate 


А g? у? А E 
diameters of the hyperbola <. — -5=1 is mm'=2 and also 
a2 р? а? 


| for the same condition they are conjugate diameters of the 


2 ‚ә 
hyperbola Route 4 


Hence the proposition is proved, 
| 219. Rectangular Hyperbola. 


The hyperbola whose transverse and Conjugate axes are 


of equal lengths is called a rectangular or equilateral hyperbola. 

| Since here a=}, the equation to a rectangular hyperbola is 
| 22 2 

і 


28 gd b or, 2° —y2=G2, or, (2+0) (у) ах, 

ісі = a? +b? 942 

Its eccentricity е NE m a „9. 
220. Asymptote, 


| Definition: An asymptote is a Straight line, which meete 


а conie in two points both Situated at an infinite distance, but 
which is itself not altogether at infini 


бу, 
} 221. Asymptotes of the hyperbola, 
| | The equation of the hyperbola can be written in the 
АУ EY 
from у= Tom [= T from which we find that the numerioal 


value of y for any point of the hyperbol: 
h 
cw. 


a must be less than 


So the limiting value of vis +2 7, and y tends to this 
a 
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value as т tends to co. Hence, as the value of 2 increases, the 
hyperbola approaches nearer and nearer to the straight lines 


5221202 So these straight lines are the asymptotes of the 
a 


hyperbola. 
*. There are two asymptotes of a hyperbola. 


[N.B. (1) The equation to the asymptiotes of the 


hyperbola is y= +22, which can be written as ae: 
А 5 g? у? 
The combined form of these two equations is —, — = 0. 
@ 
(2) From the equations of the two asymptotes it їз 
evident that both of them pass through the centre and are 
equally inclined to the axis of z (the gradients of both 


being A) 
в 
(3) Two conjugate hyperbolas have the same asymptotes. 1 
222. The tangent at any point of a hyperbola bisects the 
angle between the focal distances of the point. 
Let Р (251, y1) be any point on the hyperbola 


Fig. 36 


tangent.at P is eI -m 0), 


The equation of the 2 n 
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This tangent cuts the transverse axis (y=0) at the point T 
[ Fig. 35 ] 
2 
/. ‘The co-ordinates of T are (55 0). 
21 


2 ж 
Now, ST-—cs-cr-q4 0 — aem, ~ a) 


21 DERE 
OVER а? _alex,+a) 
апа ST=0S'}CT mae 42n y 
21 тү 
We know SP —er, —a and S'P=er, +а, 
DECIR ST Sami -аУгі ex, -a 
SP ex +a 


5'т a(ez, tale, ежа’ 
Ne SS 
SP Тт 
Thus PT divides the base ss’ 
sides SP and SP, 


228. 
the point 
the focus, 


Suppose P (2), y1) to be а point on the hyperbola 
ТЕТІ 


ve 
aà gal 


of the ASPs’ in the ratio of itg 
PT bisects the ZSPS', 
The portion of the ta 


ngent to a hyperbola between 
of contact and the direct: 


riz subtends а right angle at 


The equation of the tangent to the hyper 


bola at P is 
= 1 A: —1eee(0) 
The equation ot the directrix ig ==“ zoom (i) 
It Z' be the Point of intersection of (i) and (ii), the 
®-C0-ordinate ОЁ Z' is 2 


Eliminating © from (i) ang (ii) 
to be Pe ae) 
ey, 


its y-co-ordinate is found 
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t - H D a b?(zi — ae) 
The co-ordinates of 2 are а с, And thoro di 


the foous S are (ae, 0). 
+, The gradient of SZ’ 


b?(z, —ae) 
t a aot EXC —ае) х е 
Е aeyy a(1- e?) 
e 
_ b3(z1 —ae) | ae- zip .. Қ 
"HEP mme 7 22 =а°(2 -1)] 
71-0 71 


Again, the gradient of SP— 93 | 
21 —ae a€—2, 


.. The product of the two gradients 
— ae 71 х- fa^ ee . , 
Tr E ui 1... 87'15Р. 


Z PSZ' is в right angle. 


Examples ( 24 ) 


Ex. 1. Find the equation to the hyperbola, referred to its 


axes as the axes of co-ordinates, 
(i) whose transverse and conjugate axes are 6 and 4; 


(ii) whose conjugate axis ig 6 and the distance between 


whose foci = 10; 
(iii) which passes through the points (1, 1) and (2, —8) ; 
(iv) whose eccentricity is ,/Ҙ and whose one of the foci 

is (9 /б, 0). 
(i) Here а=3 and b=2. 

The equation of the hyperbola is 


тү =1, or 4ш%— 9y? = 36. 


9 
(i) Неге ъ= 3, and the distance between the foci 


ае= 5. 


. 
. 


-«Йав--10, .. 


152 A TEXT BOOK oF н, 8. ELECTIVE MATHEMATIOS 
But ae= Ala? 4-52, LL Ala? +9 
от, 95-42-59, a? —18. 
.. Tho equation of the hyperbola ig 
2? 2 
16 9-Ь on 9;2-1642—144. 
18. 9 ог, 2 6у2--144 
2 2 
(їй) Let Z- pot be the hyperbola, 
ü 2 


Tt passes through the points (1, 1) and (2, - 3), 


1 
а? р: - Solving these equations we have 
m$. 79-65 
and m aomi a?—$, 2—3, 
а 


The required equation of the hyperbola ig 


° 2 2 
F PTL or, P o, Or, 952 – 32-5, | 
(iv) Here the focus is (2 ,/6, 0), во ae=2 ,/6, | 
4. a $29 Мо лае 
Again, We? =a? b, 16х3--16 +22, | 
or, 24=16+ 52, 2. 6258, | 
-. The equation of the hyperbola ig 


9 2 
-g= or, z?—9y2..16. 


Ех, 2, Find the latus 


rectum, eccentricity and the 
Co-ordinates of the foci of the hy; 


perbola 922 — 16y?— 144, 
- 16y?—144, 
а 


or, 157571 80 @==4 and 02—09, 


2 
The latus rectum = 26" _29 9 


> 


a 4 3 
and eccentri it DL a RY EY MR /25, 5 
city & = e 1672 and 
the co-ordinates of the fooi = 


(ae, 0)= (4-5, 0). 
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Ex. 3. Find the foci, directrices and eccentricities of the 
hyperbole (i) 4=? = 9y?=36 and (ii) =? — 4y? — 6z — 16y - 23— 0. 


: H 2 
(i) From the given equation we have © 2. 5 


во here а--8, 6=8. 


e POEA таза КИІЗ 
d v a? J guis 
ae=3X m- N18. 
-. The co-ordinates of the foci =(+ae, 0)=(+ 4/18, 0). 


Now, from the formula а®®=0, тало ЕС 
9 ( азо 
атеке or = 73) 
н „18 в N18 
(ii) The given equation can be written as 
(a? - 6z--9)— 4(y24-4y - 4) =16, от, (c — 3)? — 4(y +2)? = 16, 
(w—3)?_(y+2)? 1 | 
ВЕТ 
Now, if we put @—8 


transferred to parallel axe 
x SE Here а? =16 and 52-4. 


becomes 16774 
929% 1624... 3-4 
a NERS z 5 V9. 


= 
а? 


=Х and yt2=Y, ies if the axes be 
в ар the point (3, —2), the equation 


the required e= 
4 8 


@ 
ав=4Х3 /6—2 V5 and 77 yg 76 


Corresponding to the new axes the foci are (+2 ,/Б, 0) 
8 are xaO. Hence with respect to the 


and the directrice: 
of the foci are (82-9 ‚/5, 0) PE 


the co-ordinates 


8 
trices are 2-3+—6—0 


original axes, 


the direc 


154 А ТЕХТ ВООК ОЕ Н. 8. ELEETIVE MATHEMATIOS 


[N.B. With Tespect to the new axes, the foci ате (+2 ,/5, 0). 
Here x= +9 V5, but with respect to the original axes x=a—8, 
poes ESSE ND 2. 2—9--2,/0. Again, 7, Ү=у+2, 
“. Вееу-+2=0, = V— —2. .. The required foci are 
(8342/5, —3), Similarly, putting 2-3 for X, the required 


directrices aro z—3- ae 0. | 
Jd 


Ex. 4. Find the Points of intersection of the hyperbola 
22? ~ 3? — 5 with the straight line 3y=2+1, 

From the equation of the st. line we have &=3у—1..-(1). 
Putting this value of z in the equation of the hyperbola we have 
2(8y — 1) — Зу? _ 5-0, ог, 15y2—19,— 3-0, 

оғ, 50% — 4y - 120, or, (y—1)(5y+1)=0, 


* 0=1 ог -j. 
Now, from (1) we havez292 or — 13. 
“ The co-ordinates of the two Points of intersection are 
(2, 1) and (-13, — Ы. 
Ех, 5. Fina 


the equation to the hyperbola whose focus ів 
(=1, 9), eccentricity 3 and the directrix +у=1. 


Let Р (z, y) be апу point on the hyperbola, 

Now, the distance of the pt. (z, у) from the focus (—1, 2) 
= V@+1?+(y—a2= Na? --y? зау +5. 
Again, the distance of (2, y) from the directrix (x+y — Т). 

ОРУ =%+0-7, 

V1? +12 АР) 
.. _The distanco of P from the focus ы; 
' The distance of P from the directrix ° 
Here A (a? +y? 4-90 — Scb) 3, 
2+0—7 
КД 

at Va? 9—4 45) = 


Now Squaring both sides we ha 


3 
Ja (e+y—7), 


ve on simplification 
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7224-7y24- 18zy— 1307 — 118y+431=0, this is the required 
equation. 

Ex, 6. Show that the equation 322 — 4y? — 122 — 8y — 4— 0 
represents & hyperbola and find its centre and axes. 

From the given equation we have 

(822 — 12x412) - (4y? + 8v +4)=12, 

(а— 9)? _ (y+1)? 
иди? ЕТ =1. 
If the origin be transferred to the point (2, — 1), the equation 


or, 3(a - 2)2—4(y +1)? —12, or, 


2 x2 Y? 
is reduced to --- eru and this is the general form of the 


equation of à hyperbola whose centre is the origin and axes are 
the axes of z and y. 

Now with respect to the original axes the centre is the point 
(Che 1) and the axes of the hyperbola are с-9-0 and 
y+1=0. 

Ex. 7. Find the length of the chord of the hyperbole 
z? — 4y2 = 25 intercepted on the st. line e+ 3y+5=0 and also 


find its middle poiat. 
the equation of the st. line 2--2у--5--0--(1) we have 


From 
his value of Ф in the equation of 


a= —(3y+5). Substituting t 


the hyperbola, we have 
{— (804-5) — 44-90, OF 9y? 4-25 -30y – 4y? = 95, 


py2-+ 30y 70; or y2+6y=0, or у(у+6)=0, 
1 у=0 o 

Putting these v 
.. the co-ordin& 


and (18, — 6). 
2. There 


ог, 


lues of y in (i) we have д2 —5 or 18. 
tes of the two ends of the chord are ( — 5, 0) 


uired length of the chord = „(5 18) FOF 
= /360=6 ,/10 unite ; 
and the co-ordinates of its middle point are 


ІМ -5--19) Хо, = 6)}, 16, (4, - 3). 
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Ex, 8, Show that the strai 


shi lino 9—8y—11 touches 
the hyperbola 3z? 


42-11. and find the point of contact. 
Hore 8y—9, _ 11, or, y= iu өөө (1. Putting this 
Value of y in the equation of the hyperbola У 

82 —4х шс, 


Ө have 


0n 2 -62+9=0, or, (#-3)°=0, - #=3, 3, 


Since the roots of the & 


quation are equal, the st. line will 
meet the hyperbola at two coi 


neident points, 
++ The gt [ing 92 - 8y—11 touches the hyperbola 


Again, from (1) we have y= ы 9, 


“ The Co-ordinates of the Point of contact are (3, 9). 


Ex. 9. Find the fangent and the 
z? — 4y2— ati the point (9, 1). 
Since the tangent touches 


normal to the hyperbola 
3; 


the hyperbola at the point (2, 1), 
». the equation of the tangent is 32.9 —4y.1=8, 

or, бл— 1y—8, Or, 3c —9ye4. 

С. the &radient of the tangent ig $, 

^ The equation of the normal ig 

yq 310—9), Or, 9z-L3y-7. 

Ex. 10. Find the equations 
hyperbola 2? — 492 
y —2a 4-3. 


of the tangents to the 
=4, which are Parallel to the straight line 


The equation of any в, 


line parallel to the st. line 
Y= 20-£3 ig Y= Bat k--.(j), 
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Now, (i) and (iii) are tangents to the hyperbola-(ii) at the 


same point, 
4y m -4 (4258 A 
On s р 81а y—-y 


Since (>, y') is а point on the hyperbola-(ii), 

. 8\? 1\? 60 5 ы; 

p (-3) -«(-1) =4, or, ит» 2. k=+ Jib. 

* "The required equations of the tangent are y —22 + ,/15. 


Ex. 11. Show that the line y= 32 bisects all chords of the 


hyperbola 42° — 9y2=36, which are parallel to the straight line 


97y = 4215. 


Let the st. 
parallel to the st. line 27y = 42+5. 
The gradient m of Q7y=4e+5 is эт. 
Now, from the equation of the hyperbola we have 
2% y 


-Y =1, 


9 
then а2--9, 52-4. .', mXgv=o ^ m-8. 
Hence the st, line y= 82 bisects all chords parallel to 
Oy = 42+ 5. 
Ex. 12. Show that the straight lines y= 2a and 5y—9z are 
conjugate diameters of the hyperbola 4z? — 5у = 90. 
The equation of the hyperbola can be written ав 


line y=ma be the bisector of all chords 


сЗ Ора 
nee 
бо а?=5, 62 =4, 
Now, - y= In, ^. m=2, and ` By—9z, Г. т-Ҙ 
< тт-9х%-ӛ. > 
кы йм s ‚_ 63 
Again, 37 p aie mm — sg 


', yn 3s and 5у= 92 are conjugate diameters. 
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Ex. 13. Find the equation to th 


its axes as axes of Co-ordinates whose conjugate axis is G 
and the distance between the foci is 10. 


Hero the conjugate axis=6, . 


9 hyperbola referred to 


b=§=38, and the distance 
between the foci, i.e., 2ae= 


10, or, ae=5; .. а=, 
" 52 2 9 922 
а: 2 сеске [ӨЕ 
Again, е UIS Or, e 1 ақ USES 
e? 
or, е®— ез], or, $$ е%=1, or, e?—28 е=ў 
ое, 


2 
Hence the required equation із “т - Es 


2 Ws LUN 
y т ле, 
58 1, ог, 16^ > 
or, 92%-16у2--144. 1 
Ex. 14. Ite denotes the eccentricity of a hyperbola and e 


‘that of its conjugate, show that at =], 


Е [ 0. ©. (B. S.) 411 
Let е be the eccentricity of the hyperbola 2? 9? 


"a? pl 


and e' that of the conjugate hyperbola — a+! = 1 
7. Ъ2=а3(2 — 1)--.. (1) апа a*—p2(,2 10) (9). 
Multiplying (1) and (2) we have a?5?—5252(,9 _ 1)(е'® — 1), 
ог, (e? — 1)(e2 р) or, ette qoa 
ее’? _ те 
ог, Заза 1, .. зай. 
Exercise 94 
1. Find the 9quation to the hyperbola, referred to its axes 
zas the axes of Co-ordinates, 


(i) whose transverse and conjugate axes ате 4 and 3 
respectivo], 5 
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(ii) whose conjugate axis is 5 and co-ordinates of whose foci 
are (2-65, 0); 
(ii) which passes through the point (3, —9) and whose 
conjugate axis is 7; 
(iv) whose eccentricity is ,/2 and whose transverse axis 
is 8 J9. 
2. (a) Find the eccentricity, latus rectum and co-ordinates 
of the foci of the hyperbola 4z? — 9y?— 36. 
(b) Calculate the eccentricity and the positions of the two 
; pU е 
foci of the hyperbola Таз 5 1. [ С. U. '57 ] 
i, directrices and eccentricities of the hyper- 


3. Find the foci 
(i) 32?—4y? - 18z-- 16y -2— 0. 


bola (i) 192? — 4у? —3 and 


4. (i) Find tho equation of the tangent to &he hyperbola 
q2 —3y2—19 at the point (—6, 2 49. 5 
(ii) Find the equation of thenormal tothe hyperbola 
g? vee 1 at that end of the latus rectum the co-ordinates 
5 
of which are both positive. 
5. (i) Find the equations of the tangents to the hyperbola 
422 — 9j? el, which are parallel to the line 4y-—52 +3. 
(ii) Find the equations of the tangents to the hyperbola 
29 —5у? = 40, which are perpendicular to the line 2a — y --3— 0. 
6, Find the condition that the following straight lines will 
"va 
touoh the hyperbola a? p 177 


(а) yomate 
(b) шіт) +n=0. 
at the line y=2e+3 touches the hyperbola 


Show th 
ae d the point of contact. 


752 — 42 = 28, and fin 
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(b) Show that the line у=; Мат? ъз touches the 


2 2 
hyperbola р aol for all values of m, and find the point of 


contact, 


a-axis, [ Н. 8, 1960 (Compl.) ] 

9. Show that the tangent to the hyperbola 472 — 3y?—1 at 

the point (1, 1) bisects the angle between the focal distances of 
the point, 

10. Find the equation of the hyperbola, having eccentricity 3, 

Опе focus (—1, 3) and the equation of the corresponding directrix 


11. Find the equation to the hyperbola referred to itg axes ав 
Axes gf co-ordinates, whose Conjugate axis is 19 and the distance 
between the foci is 18. 

12. Find the co-ordinates of the Doints of intersection of the 
hyperbola 9552 — 90° = 295 with the straight line 352 4- 19y 45. 

18. Find the middle point of the chord or the hyperbola 
4x7 – 92.97 intercepted by the Straight line 22 = Бу-+1. 

14. Find the co-ordinates of the Points со 
hyperbola br? —ay? = a?b—ab? 


mmon to the 


and the straight ling 2+1=2, 
а 


15. Find the equation of the cho: 
2? — Зу?—=1 which is bigeof; 
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(b) Find the length of the chord of the раан x =} 
аз a» 


along the line y ==. [ H. S. 1961 
f b. iae that the straight line 22+ 3y — 0 ACA Da 
yperbola 2z?— 3y?-—6, parallel to the БАБУ Жы 
ine 


z-y- 6. 
19. Fi 1 Я 
9. Find the locus of Ње middle points of parallel chords of 
о 


the hyperbola СЫ. 
а? 52 * 


20. For the hyperbola 162? - 9y? —144, find the equation t 
о, 


the diameter which is conjugate to the diameter а= ду. 
[ 0. U. 46] 


21. Show that the straight line 3y—4z and Ву=5х 
conjugate diameters of the hyperbola 52° - 60° —30. 819 
2 „2 
22. (a) In the hyperbola Sar =1, prove that the two 
chords, which are bisected respectively at the points (8, 5) : 
(—3, – 5), аге parallel to each other. TAA 
(b) In the rectangular hyperbola z2- у2=5, show that the 


two chords, which are pisected respectively at the points (7, — 2) 


and (2, 7) are perpendicular to each other. 
23. Show that 82+4у— 10=0 is а normal to the hyperbola. 


952 — 3y2=5 ; also find its foot. 
Find the locus of the point of intersection of any 


24. (a) 
are perpendicular to each other. 


two tangents which 
(b) Find the loous of the foot of the perpendicular from either: 
т? y? 
= = 


any tangent to the hyperbola 
аз 53 


focus оп 

95. Find the equations of the asymptotes of the following 

hyperbola :— „сз Е 
idm m (ii) ay? – 020° =а20°. 


26. Ifa pair of diameters be conjugate with respect to a 
hyperbola, they will be conjugate with respect to its conjugate 
hyperbola. 
Eng, Ele, М.(Х1) 0.G.—11 

Оорт кыы — -- 


— 


LOCUS 


There is a discussion about locus in the second part of this 
book (for class X). Here the methods of finding locus relating 
to the use of the particular properties of st. lines, 


parabolas, ellipses and hyperbolas will be shown in the fo. 
examples. 


circles, 
llowing 


Examples (25) 
Ex. 1. 
find the lo 
the origin. 


A straight line passes through a fixed point (h, №) 
cus of the foot of the Derpendiculars drawn to it fr 


ош 


The equation of any st. line passing through the pt. (h, k) is 
y—k-—m(z— h) (i), 
[ The different values of 


m will give different st, lines passing 
through (h, k) ] 


The equation of the Perpendicular on (i) Passing through the 
origin is у= — l.i) 
m 


Let («, 8) be the co-ordinates of the point of intersection 
of (i) and (ii ‚ 2.4., of the foot of the perpendicular-(ii) on (i). 


he equations will be satisfied by (<, 8). 
Вита h)--H) and ды —1...(гу), 
т 


Then both t 


Now eliminating m from (iii) апа (iv) we have 


Pk Sn), or, 8?— р 42474, 


о, «®+8%— к 


quired equation of the locus is ¢2+4y2 =hz-ky, 
le, 


*- Tho re, 
which is a біте 


ndi 
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Ex. 2. А straight line passes through a fixed point. Find 
<he locus of the middle point of the portion of the line intercepted 
"between the axes. 


Let (2, y) be the fixed point and (h, k) be the 
co-ordinates of the middle point of the portion of the 
.st. line intercepted between the axes. 


Then the equation to that st. line i om vhs us ET 


[ See Ex. 16. of Examples ^w in Part II of this book ] 
‘Since this st. line passes through the fixed point (a, v 


^ gita 
, + 
+ 2, The required equation of the locus ів nth = 


Ex. 3. B and C are fixed points having co-ordinates (3, 0) 
and (-3, 0) respectively. If the vertical angle BAC be 90°, 
show that the locus of the centroid of the triangle АВС is a Е 
whose equation you are to determine, [W. В.Н. В., 1961] 

Let the co-ordinates of the vertex A of ABAC and 
centroid G be (a, у) and RS k) 
;respeotively. 

Then h=4(2'+3 - 3) 


its 


or c =8h, 
and k=4(y'+0+0) 
or y'—8k. 


ZBAC=90°, .. the product 
.of the gradients of AB and AC must be — 1, 


Now, the gradient of 


k 
АВ = 
B= тет (ерте 1 874 that of АС= 9" = 
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КЕЛК А ү, 2 
grate a Se 0 2 
ЖЕП ЛЕ, ж 


k 

= = 
һ?-1 
о, = 1241, ог, h?+k?=1. 


The equation of the 


5 locus of the centroid ig z?--y2—1, 
which ig evidently a circle, 


Ex. 4, A point moves so th 


at the sum of the Squares of 
its distances from the angular 


points of а triangle is constant 5 
Prove that its locus ig a circle. What can you say about the 
centre of the circle ? [ C. U. °58 1 

Let the vertices of the triangle be A («, В), в (—a, 0) and 
С(а,0) and leb the 
moving pt. P be (h, 2), 

Then РАЗ-(,- 4)? E (k — B)2, PB?=(h+a)2+42, 
PC? =(h—a)2 +442, 

By the condition of the problem PA? +PB?+PGC2=constant.. 

(5 —«)2-- (x - 8)? -F (h-- a)? -k2 -- (5 – a)? +h? =c2, 
where c? ig в constant,. 

Or, 8(h? 4-12) - 2h4 — 98—02 — 992 — «2—62 

С. The required locus is 

3(53-Ey2) gam — 2By =с? — 902 — «2 — p2, 
a circle, since the coefficient of 22 
Coefficient of ty — 0 here, 


Again, tho centre of this circle is the point (s B 
ngle 


Co-ordinates of апу position of the 


and 


which represents. 
= = coefficient of у? and the 


The Co-ordinates of the centroid of the tria 
7 aa), 5(9--0-о)-(5, 9; 
Hence the centroid of th 


Ex. Б. А chord of ‘the 
right angle at the centre, f 
[ First method ] Let 
Point of the chord in апу pi 


Ө triangle is the centre of the circle, 
circle д2 +y3 — дэ 
nd the locus of its 


always subtendg в. 
middle point, 

(h, k) be the Co-ordi: 
osition, 


nates of the mid 


. 
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The distance of the mid point of the chord from the 
centre of the circle= 4/752 + k2, : 
and the length of the chord=2 /а2 — (42-52). 
Since the chord subtends a right angle at the centre, 
the perpendicular distance of the chord from the centre ig 
half of the chord. 


Jie 18 = Ма? — (h? 4-3), or, h? +h? =a? — (12+ &2), 
or, 9(A9--k?)—2?, or, wget. 


1, The required locus of the mid point is spys i 
2 
-whioh is a circle concentric with the given circle, 
[Second method ] Let the extremities of the chord be 
Ala cos <, a sin 4) and B(a сов б, a sin В), and (h, k) be the 
co-ordinates of the mid point of the chord in any position, 


9i 
Then, h=G(eos «4008 В), or, "cos «вов В. (i) 


а’. ; 9b 2 
and п= (віп «-Евїп б), or, ^ш sin f---(ii) 


Now squaring both sides of (i) and (ii) and then adding the 
тәні we have 
Se +18) = 942 ( cos « cos B+sin < sin b) +- (iii) < 
[ *^ sin? 4+cos? 4=1 and sin?8 + воз? 8-1) 
The centre of the given circle lies on the origin O 
> 
.. the gradient of AO 
_asin%_sin& asin В ві 
= — — and that of BO = 810 P. sin В 
а соз 4 cos« а соз8 ооз В. 
^" 2 АОВ is a right angle, 


sin < „sin Ё 
——Х-——=- 1, or, eos « cos f--si і 
сов X вов Ё A T "sin « sin p=9, 
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Putting this value in (iii) we have 


и) а о, 4? 42—9* 
a2 > > 2 


2 
" Д а е А 
”. The required locus ін g2.py2— ^ Which is a 


Concentric circle, 


Ex. 6. А circle touche 


8 the axis of y and cuts off в 
constant length 21 from 


the axis ofz; find the | 


Let (7, k) be the 
of the centre. Then in fig. 38, 
OD=}, PD=k=00, and AB—9[, 
AD —1aAB, 
АО--|--вр, 


Co-ordinates 


Now, ОА--Ор-Ар--) 
Ов=ор-Евр=һ+[, 
Again, since ОС is а tangent to 


—1 and 


the circle and OB ig a secant, 
ОА.ОВ=ос?, Fig. 38 
(h—0)04-2— 42, ог, №2 2—12, 
ence, the required locus ig НИНЕ а, 
rectangular hyperbola, 

Ex. 7, Find the locus of a point which moves so that 
its distance from the point (a, 0) always exceeds its distance: 
from the Y-axis by a, 

Let P(h, b) be the Moving point, Then, the distance 
9f the Point P from th 


9 y-axis—J, 
Ма) (kop. 

*. From the given condition Ма) E (b 08 = hta, 
or, (h-a)? EX? = (+0), 

or, = (hha)? — (s — а) — 


7. The 9quation of the 
Parabola, 


and its distance from the 
Point (а, 0)= 


locus is y? = 4ag, which is a 
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Ex, 8. Find the locus of the point of intersection of 
о 


two tangents to the parabola y?-4az which make ап 
angle 


« with each other. 
Let the equations of the two tangents PT, QT to th 
o e 


2—4ac be ута (i) and таг +. (ii) 
E EI 


parabola y 
and le& « be the angle udine 
them and (№ k) be the co-ordinates y із 
of their intersection. | nA 

< (i) and (ii) both pass ^ f / 
through the pt. (h, k), «ЖА 237 3 

а 
kam ht Q 
and ke mah 2. 
à ma Fig. 39 


om the two equations, we have 


Ga “уак о enr maja 
тә ту тата ` 


Eliminating k fr 


pis mı 279; /. а=тутәћ and тута = © 
i 
Now, k=myh+ o — .. 

ow; Anges myhdmah [75 а=тутәоһ} 


от то =. 


Again, ту —те= ^/(ту-Етә)? — 4m yms 


x pita а ENSE —4ah. 


The angle 977 the CS 
2 


or, k?—4ah=(h-+a)? tan?«, 
Hence, the required equation of the locus js 
у2— 402 = (2-а)? бал?4, 
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Ex. 9. Find the locus of the middle points of the normal 
4hords of the parabola у? = 45. А 
Let (h, k) he the 


middle point of the normal chord. 
Now, the equation of + 


he chord having (h, k) as its middle 


point вуеш) p. а-4--4--1 here | 


Or, Бу--92--12- 97--(1) 
The equation of the normal to.the parabol: 


or, ky 02—959}, | 
a ig 
у==та — Im—m3 «+: (ii) [  a=1] 
(i) and (ii) are the same straight line, 
Баа, ұзар 
ШК» one uw 


„к 
т.) ad pe - 9h 000 (iv) 


—m(2 +m? 
Now, eliminating m from (iii) апа (iv) we have 


age 24729 4\_ —4k?-g 
k2—9n— xac é) ив 
Or, 


(02 9р) ауа _ 8. 


о (02 -2h+4)+8=0, 
7. The required locus ig y 


2(02 — 9z--4)4-8— 0, 


9 two fixed points, Join SS' and 
Produce jt both ways. 
Let this gt line be taken ag the a-axis, the middle point 
9 ot ss ав the origin and the Perpendicular on ss’ at O as 
the Y-axis 
Let (с, 0) апа (—с,0) be the co-ordinates of S and 5’ 
and (h, к) be the co-ordin 


ates of any Position of the moving 
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By the condition of the problem we have 
sp+s’P=constant = 2a (say) 
Now, SP= (ho)? + E=.) 
and SP= J (eto)? +(k—0)*. 
2 Лао) Ао) +02 = 84, 
оь и —30= - УО), 
Squaring both sides we have 
(h—c)2 +k? — 4a Jno) + +407 — (hte)? +k? 
or -4а Nn = (hte)? — ( = c)? — 4a? = 4(ch—a?) 


or, ~a (с)? ЕВС -а?. 
‘Squaring both sides we have 
a?(h~c)? 42h? =c7h? — 9a2ch--a*, 


or, В? (а? — 02) +Е?а?=а*— a2c? =а?(а? — c?), 


2 2 
“ог, he етіс), 


a а7--с 
"M sP+siP>ss, .. 2a> 2c, or, а>с, or, а2--(%>0 
Now if а? — с? — 5? (say), then b? —a?. 
5. The equation-(i) is reduced to the form Л ФАЗ. 
аа pk 


Hence, the locus of the point i 22 у? 
! ; point is 45-1, which is an 


ellipse. 
Ex, 11. Find the locus of the foot of the perpendi 
drawn from either focus upon any tangent ae 
о the 


5 т? ‚у? 

ellipse Pu 1. 
The equation of any tangent PT to the gi 

5 ipsun. 424 e given elli 

dg y=mot „ат? xpi) ірве АВА’ 
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The equation of any st. line passing through the 
focus S (ae, 0) of the ellipse and 
perpendicular to (i) is 


y=- 1e- ae)---(ii) 


Let (h, 2) be the Co-ordinates 
the point of intersection R of 
(i) and (ii), i, 9., of the foot of Fig. 40 
the Perpendicular, 


of 


Then the equations (i) and (ii) will be satisfied by (h, k), 


from (i) we have k=mh+ Va?m? + 52. 
d (kmh)? = a?m2-- 52... Gi) ; 


and from (ii) we haye к= — = (ae), or, mk--h-ae, 
(mk+h)®—=a70? = 2 в...) 


Adding (iii) and (iv) we have 

(mM? --(mk--k)3 аза дз, 
or, (% E? 1--m?) —a?(1 + то), 
or, h? +h? =a? г; 1+m? 30, for m becomes imaginary 
if 1 +20), 


this relation ig 


Since 42-12-42 


is independent of m, 
true for any position of + 


he tangent-(i) 
The required equation of the locus 
Which is the auxiliary circle of the ellipse. 


The centre of the Circle is C and its radius is $ AA or a 
ГА», 206]. 


is 22--у2-- 12, 


Ех, 12. Pina the locus of в point which moveg So that 
difference of its distances from the points (+5, 0) is 6. 
Let A ana B 


be the two points whose Co-ordinates are 
(-5, 0) ana (5, 0) respectively. 


the 
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Join АВ and produce it both ways, and let it be th 
w-axis. © 
Then the middle point of AB is (0, 0) and that їз th 
origin. 2 
Suppose (h, k) to be the co-ordinates of any position of 
the moving point P. ? 
2. PAS N(h4-5)? +k? and PB= „(= 8)? -- X. 
From the given condition PA — PB=6, 
or, ее — V(h—5)? +h? —6, 
uM тели к кыдын, 
от, Мож 5)? +12=6+ „(= 5)? +02. 
Squaring both sides we have 
(h+5)2-+h2=36+(h—5)? +h? +12 Аъ 6)? Fk? 
or, (h+5)?—(h- 5)? – 36=19 оуд 
or, 5h—9—3 М(®- 5)? EN у a 
or, 2512 --81— 90h=9h? — 901.225 -- 9k? i 
s 
or, 16h?—9k°=144. [squaring], 
Hence, the required equation of the loge 


1622-92144, or, 7-91, which і 
> 9 e bw ich is а hyperbola, 


ig. 


Exercise 25 


4. Find the equation to the locus of 5 
а point whi 

so that the area of the triangle, formed by joining js. A a 
points (a, 0), (—a, 0) and by joining these points, i o the 
and equal in magnitude to c?. » 18 constant 

2. Two vertices of a trian 

z gle are the point 

If the third vertex moves on the line eet way tee 2), (8, 4), 
the centroid moves on the line 9z--19y — 35= 0 › prove that 

3. A variable line passes through a fixed dM ( 
meets the axes in A and В. If the rectangle OAPB | *, В) ang 
find the locus of P. 18 completed 
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4, From any point A on the] 
intercepts 9c from the axes 
“Оп the axes, Find the loe 


ine РӘ, which cutg off equal 
» Perpendiculars AB and AC are drawn 
us of the middle Point of BC, 

5. A point Р Moves so that the 
to the lines 9z +4y+4=0 
Find the locug of P, 


perpendiculars from it 
and 5z-c-12y--4— 0 are equal. 


in a plane, The perpendicular 
P to the origin, intersects at @ the 
line joining P to the point (4, 4). 


7. A and в are two fixed 
Moves on the plane in suc 
“analytically that the locu 


Points on a Plane, and a point Р 
Һа way that PA=9PB always. Prove 
в of P is a cirolo, [H. S. 1961] 
[ Hints: Take theline AB 
Origin and the length AB— 9a, ] 


8. Show that tho locus of the feet; of the 
а fixed point («, В) on the circle 22 +4 y2— 72 
is another circle, whose сеп 


Perpendieularg from 
upon its diameter 
tre and radiug you 

9. Find the locus of the 
‘circle z2--y? = 92 whi 


11. Find the locus of a point whose dig 
(8, 6) is 


tance from the point 
equal to its distance from the g- 


axis, 


12. Find the equation to the 1 
on the plane 


‘distance fro 


ocus of & point which moves 
(ту) во that its distance fri 


m the point (9, 9), 

18. On the 1 
circle (CE «)2 
ОР Сан ao 


om the y-axis 15 twice itg 


ine joining the origin to any point P on the 
+(y—)2 = аз, a point Q is taken such that 
nstant ; show that the locug of @ is a circle, 
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14. Prove that the 10008 of a point whose distance from a 
fixed point is in а constant ratio to the tangent drawn from it to 
a given circle, is a circle. (0. 2.7361 

15. Find the locus оѓ а point which moves in sucha way 
that the sum of its distances from the two points (+3, 0) is 10, 

16. Show that the locus of a point, which moves such that 
the difference of its distances from two fixed points is constant, is. 
a hyperbola. 

17. Ifa circle be drawn so as always to touch a given line. 
and also a given circle, prove that the locus of its centre is а 
parabola. [ 0. 0. 40 ] 

18. Find the locus of the point of intersection of two. 
tangents to the parabola y?=4az, when the tangents meet at an 
angle of 45°. 

19. Show that the locus of the middle points of all chords. 
of а hyperbola, all passing through a fixed point, is a hyperbola, 

20. Find the locus of the point of intersection of tangents to. 
an ellipse which meet at a given angle 0. 

91. Find the locus of the foot of ш а from the. 


centre upon any tangent to the ellipse = E Se i. 
22. The base of a triangle is ары тш the locus of th 
e- 


vertex, which moves in such a way that the vertical an 
remains constant, 


28. Prove that the locus of the Saar „раш! of the 
normal 


gle always 


chords of the parabola y?—4az is PEEL 
M ma - Ba. [Ва]. 1) 


24, Find the locus of the onte dis of the 
tangents to an ellipse included between the axes 

25. Two rods of lengths 2a and 95 slide ‘A 
co-ordinates in such a way that in every positi 
their extremities lie on а circle. Find the loc 
of the circle, 


Portions of 


Ong the axeg of 
on of the rods, 
05 of the Centre . 


ANSWERS 
ALGEBRA 


Exercise 1 (A) 


1. (а) It is an identity, as ірін satisfied by all the three 
values 9, 4, 5 of g. 


(b) An identity, as it is satisfied by the three values а, b, с 
of д. 
(с) Аһ identity, ав it is satisfied by the three values 
9, b, c оға, 


2. (i) + b? — dae (ii) 200) 
а а 


VUE =з 

(ш) b = 240, (iv) Заіс- b No дай: b3 
ас 

+) 22(02—4, sj 022—9 

| б) EO ta) (и = 


(2 — 4ab20-+a2¢2), 
NET 


-3 ee 
25? ас (ix) ac 

=p? =p? 
3. (i) E ph (i) See ay 21 - 4р?0--9да 


а? 4 
Ov) G*?- oa? - s) (v) 20° — 4992) 
(vi) pa*(3g —p2). (яй) (ре 4p79q+29?)/g, 
| 4. G) 22-41250, (ii) аз ос зБ 
| (iii) 2%-92-29--0, 


(iv) а? 
(v) s2— 2(a? +1)z+a%4 92 


5. (a) t? — 55-4 — 0. 

(5) (1) 40° +324100, (ii) а? 

(c) 202 --(5—9 Мо) — b Jo=0 
ag? +92564, 0. 

7.) азат (52 
(іі) gaye 

v) аса? 


— Заз-- а? —b2=0, 
+1=0, 


—=2+1=0, 


6. 


— ас): +020, (й) ac(y-1)2 
—a?(252 — 4ао) +-b2(p2 _ 4ac)=0, 
(а +) (а 7c)? =0, (v) аск? ba +1—=0, 


— bz. 
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8. w?+562+768=0. E 
‘12. (1) —8. (ii) 8. (ш) 5. (iv) —1. 


18. 2?—82+11=0. 18. (i) z?—pz-g-0. 

(i) gz?-(p-+q?)e+pq=0. (iii) 2*-pr+9q—9p2=09, 

19. 8. 20. 9261z?—903z—170—0. 

21. 45? — 1974 - 5-0. 22. s? +2+1=0, 

23. z?-bz- 1-0. 24. cz?-Fbz--a-Q. 

26. cz?-Fbz--a—0. 28. а? – 2ab — 35?--16ac— 0, 
7-К6-- 2— 

92. 5b2=36ac. 34. CHE WU E) ang 

35, 1,1 (taking <, В as the roots of 2nd equation) 

* «23 83 
87.' 2 and 19. 88. (i) 5—0, (ii) a,b,c should be ot 
like sign. 4 
(ii) а and с are of like sign, but 5 is opposite to them 
| Ап sign. 
39. (i) а=0. (ii) р=а=0. 10. (i) 22— 82+15=0. 


(ii) z? ~192+39=0, 
45. a?aja? —aa,bb2-k a0, b? -F acb 2 — 4aa 6, — 0, 
49. 622—19z—19-0. 


Exercise 1 (B) 


1. (a) Real, rational and unequal. 
(b) Real, rational and equal but opposite in sign, 
(c) Real, rational and equal, 
(d) Imaginary and unequal. 
(e) Real, irrational and unequal. 


5. 4). 6. 9. 7. (а) Зог -34% (b) a og ud 


т 


20. Is not rational, as the Coefficient of a ig irrational 


though the discriminant is a perfect square, 


21. (i) The roots are ,/3--5 (ii) the roots are B+ JS for 
3 
.angwer of the second part see Ех, 10 in Examples 1 (B). 
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31. с=@. 34. р? =0 when the roots are equal, 
т 


35. (a) (i) If ac<0, the roots are rea], equal and opposite 
in sign ; if ac>0, the roots are imaginary ; 


(ii) One root is 0 and the other в—2, so they are unequal 


and real ; (iii) both the roots are zero ; 


(v) - ; is the only root, (c) least value of f(x) =8. 


Exercise 2 
1. Positive 2. Negative 3. Positive 
4. Avy value not between 2 and 31. 5. 35 
87 1128 9. бала; 15. 4,-5 
І 


18. (32-9y-F1(z--3y—9) 19. +7 90. 0,12 
23. 3,5 24, (аа’-55)?+ 4(ha'+h'b)(hb’+h'a)=0. 


Exercise 8 


1. 40320 ; 210 ; 5040; 360;120 2. Бога 3. 4 
8. 30 9. 720 10. 60 11. 336 12. 380 13. 870 
14. 4320 15. 389188800,59875200 16. 20160, 5040 
17. (1) 10079 (ii) 719 (iii) 359 19. 576 
20. 60 21. 60 22. 36 23, 9160 94, 120 
25. 94 26, 154 27. (n— 92) |m=1 
28. (i) 330 (ii) 990 29. 576 30. 4096 31. [20x 21Р, 5 
32. 3600 33. 900 34. 720, 600, 96 35. 81 
36. 819 87. |9 38. 5040 89. 9520 40. 19 
41. 20160 (for positions relative to the table ), 
2520 (for positions relative to each other) 
42. 1036800 (relative to the table 
other) ; 43200 (without distinction to 
43. 28800, 2880, 1440 ( 
other, when no distinction of 


), 86400 (relative to each, 
direction) у 


relative to table, relative to each: 
direction ig made), 
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44, 118119 45. (i) 940, (ii) 480 46. 9880 


_ M ag), ы 1407Ж 
141515171717 15(14)°(16)3 

49. 196 50. 3456 52. 2520 53. 39600. 

"Exercise 4 

1. (i) 15 Gi) 120 (ін) 435 (iv) 51 2. 14 8. (i) 8, (ii) 1771 
A n=] 5. 56 6. 840 7. 946 8. 868224 
9. 816000 10. 36 11. 220 12 (i) 910 (ii) 371 
13. 900 14. 95 15. 20,9 16. 190 17. (1) 40 (1) 116 
18. (i) Мтп-1)-т(т-1)--2) 

(ii) U{n(n—1)(n-2)—m(m—1)(m—2)} 19. 990 
20. n=6,r=3 21, 63 22. 844 22. (а) 1260 23. (i) 100 


47. 


| 29 
(i) 451 24. 15 25. 69 26 z mm 27. b 28. a55 
+1 
29. 369600 30. E 31. 31 82. 2590 


[68 (4) |68 
(117)44 (|17)* 
37. 1960 38. 15400 39.(i) 113, (11) 9190 40. 7776000 


38. 55 84, 4 36. (i) 


^ | 51 
1) 160, (1) 2724 46. . —— _ i 
42. (i) (ii) [та [16 [23 46. 59 
47. ім 48. 315 49. 30 50. 129360. 
p T 
(pir Exercise 5 


1. a54-15a*-F90a? --970a? + 405a 4- 243 
2. «9 —625y--152*y? — 20z?y3 -F102?y* — 62y5 -- y 6 
3. 3925--240z*y 4-120? y?--10802?y? --810zy* --943y 5 ^. 


91:5 , 18955 945z* , 983553 _ 51032 
4, a t+ - + - ® | 51035 


y y y? y^ Vo rp ec 
-9187 Б, 240/8 6. 82—40a2-+1094 


y 
Eng. El. M. (ХІ) б. G.—12 
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T. 09—845 - 3at+1la3+6a2?—12a—8 8, Uc, 
9. 48750:%у4 10. ?^Q, |o? 


n(n — 1Y 2)... (n= +2) 
10, (а) = wea 
n(n -1)(n — 9). шч) 
ір 


‚ 877152-1 and 


. 9^-»t1 зені 


1. 994 12, 1965, 2n lg eger 57 E 
c 

15. (i) (- 1)^ ae or 35-0271) (gj, Gi) 959; 

17. -959 18. 13440 19. —364 20, 4433 

21. 340,41 22. (-1)-» ас 24. 495 


Т nor|n+rFl 
1 n 
25. 199% 26. TE 27, a2705 27(a) Ys; 28. 959 
| mcn 28673 
29. (n--1)th. term, ==” 39 26 
( Eye: Таб 31. te 
32. t,—19—22* — gg. 288 
ДЕХ 
37, 38. 2=1, a= = 
iain a=2, n=7 39. 8 40 


43, 9 44, 1 
| 2» 


60. (i) 0 (ii) [5*1 |u-i Gii) $n(m4i) 


cud pret we OA 
47. 970999, "96 


ка 
61. If n is even, іт z2^ 5 


It n is odd, i(n—1 
niso = n" ) 


J and m о) рас) prety 


The sum of coefficients = 96 63. а=, %--8, пъб, 


РОМИНА 


18. 


19. 


21. 


22. 
28. 


24. 
25. 


97. 
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Exercise 6 
1—4z-10z?—90z?-- 2. 1482+622+1023+... 
1—10z-F60z? — 28009+--- 4. 1- $z- 4&z?— $563... 
1-324-3022 — 18503... 6. 849212? — 93.23 4... 
8. 


3 
-frat rea? — ga? 4 


35z? + 1082* 
8a? + “Заз dur) 


1422+ 52? -- Q9 4... 


2 ATE 
gig tet SU!" eee +.) 
1-30-42 уж t 

1152802 Yon? Аа 14. — 403, (-1)" (o Да” 


E 


203 16. 362", erem, 17. Tat 
[^] 

(n--1K2n--1(8n-F1)-(r—-92)n-F1]  a*-1 

ТИЙ ШЕЛ, UTE 1 
3x 435 Gr Dhu = Tri 20. (aye v9) s, 

1.8.5:-(2r—8 

(-1)"-1 сс ) ar 
A „ 13.5--(2r- 1 ТӨНСЕ, 
cnr SEE ру 144 КЕСУ 


1--922--32%--423--...; (г--1)7, 
1--4z--1023 420034. Саев), 


Па +4. еше}, 26. -%% 


101 28, 191 29. 9 30. =i 5 
o oce) 


180 ANSWERS [ Algebra ] 


1. 2114907 (r+1)(r-+2)(7+38) 
31. dn du =e, ы 3 Tm 


34. (—1)' 35. тЫ, term — 36. 3rd term 


97. 8th. and 9th. terms 38. Tg 39. (i) 10th. term, 


1 
(ii) 2nd. term (iii) 9th. term 40. (i) —$a*, (1) 0587 


41. 135--(27—1) 


42. 9th. term. 
4 
Exercise 7 
1. 1'9167 2. 479990 3. 99990 4. 9'9499 
5. 71459 ` 6. 10007 7. 122599 8. “1996 
9. 489898 10. ‘9996 11. (а) “0638 
11.(b) 10003 12. 1700199 
18. 1-54 14. 1-а 17 l-cz-Fz2-4..... (ss 
3 3 J3 2 
18. 18. BENE = 1-х 
n а Pp Tye 
1-9: 
28. 2 24, 3 ; : 
21. аза» / Vz 25. Ji 
1 
26. 4/3 27. 4/2 ?8. 2 29, (9$ 
1 = 
X. ой—а st (BÈ 32 X9 39 3/8 ад E 


35, 044), 4$ 38. yy 39 № 40, тір 
18 43. шеказ) 44. HDHD ptr) 


Ы 


> 


TRIGONOMETRY 
Exercise 8 


л 


ал+(—1°$ 2 net SE 8, ge 7 

Ine +5 or 9пл—® 5. nets 6. nx +> ог пл 
пт+(—1) m 8. Эля +72 ог Ink — та 9. Зил 
зәр 1. пя on фот, 


тл 4 3 
17у where r is any integer or zero 
т--(-1)7 


(зен or 997 14. (ауа 14, (s ELS 


(2»1)5 or пл+(—1у# 16. ane 27 


5л x л 
ant 18. p or 92пл-- 19, = or 1n (6n3-1) 


л л 1 
^t or (2+ 1) 33 21. nx or gn ( -1)" 92 


пл x л 1 2 
"( or пл) 28. т or "+3 24. o) 
Ann or пл or jnz 26. ы 

9пл or 9пл -5 ог лл 31 28. dax+(—1)" ia 


(15-05 80. плей 31. Оплот $(4n+-1)x 


-1 1 
упт or пл: {ап ag 33. 9лл-< ог (4n -1)5 +x 


(ана; or (91 ос (ян) 


182 


85, 


87. 


40. 


44. 


47, 
49, 


i) віһтіш--сов-і М1 22 =ац-1 c 


ANSWERS [ Trigonometry ] 


Qnt+« or (вл) g 36. 9na--5 or пя – 6117 


2700 


4тл о Akne ° пл 
2тл or E 38. 90°, 450°, 810 39. WE 


Butty orsini(—3) 49. 30°, 190°, 150° “лы 


ЕЕ 22 Эл, зал 

i? 719 45, 5 46, iz, £z, 87, 

75° ог 345° - 48. т--у--45% 
x 58 

2n + or, RP ет 


Exercise 9 


л л 


x x x 
1 X uie EA Er s = 


M1—2* 


Gi). tan^!g—gin-1 . Жа ET 


[> 


4. 
10. 


дда. боны = и үү 
A 1--z3 МІ. = cot 2 


=вес- 1 (+ М1-Еж%)==соввв-1 А-а? 


Eg 
+1 94. Е әш —фог1 


86. 3 
003 38. 13 39, 1 40. +} 41. cin 


1 a+b 
әр 48. =_= 44 b A 
T EON] l—ab AS 


9 47. v=}, у=1 48, Хо value 49, 
р Exercise 10 
А=30°, В= 190°, 0—30° 2. 60° or 120° 


3. 43 
% $ 6 60 7, ва 8 


SEAT онт 


12. 
16. 
18. 
23. 


аласы Аслы cv 
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Exercise 11 
abe 5 
r—4, rj =10% 2. BOCA. 28. 70540; 


Exercise 12 


"10671 2. '90488 8. 771857 4. 726095 

1724884 6. 17297527 7. 9154758 8. 961614 
981911 10. 1028229 11. 68°57’ 12. 868974 
‘0353441 14, “61837 15. "30317175 16. 2764114 


35724'37" 18. '66553 19. 58'18'19" 
76°21'29" 21. 1074013 22. 9'7867587 
79°%51'47'9" 24. 6--97799507 95. “66849 
10613996 27. 9'8505931 29. '99974 
1'776 31. '2394 

36°59'7" 33. 16°41'15". 


Exercise 18 
А = 412314", B=47°46'50",C=90°49'56" 2. 976783987 
885633", 4724177”, 93°22'20" 4. 58°59'33” 
78927468 (App.) 6. 8875941” (Арр.) 
48711793”, 582443", 7372354" 8, 55461614 (App.) 
104°28'39" (App) 10. 71°49’ (Арр) 11. 539748! 
60°, 45°, 75° 18. A=120°,B=C=30° 14, 120° 


80°, 105°; 2: J/2:(48--1) } 17; 9 (34-1) 
dex r2 21. 19:5:18 92, 9:(,/8--1) 
,9:9:(,/3-1) 24. 14235948 tt. 


Exercise 14 
a=1, B=120°, C=30° 2. c—9 A=75°, В= 60° 
16°35, 193^56^5 4. B=78°17'39°6", O — 49*38'90- 4” 
A-381947"5,B—91'4719^5 6, 1191651", 5% зр, 
А=94°49'54", В = 954176” 
A=71°44'99'5", B= 48158075" 


ANSWERS [ Trigonometry ] 


9. B=76°47'9°9", 0= 49°19'57"8 

10. A=116°33'54", B=96°33'54” 

B=19°38'3", C=109°39'57", а =559'63 

12. 70°53'36", 49°6'947 14, 97-0875 

15. 7698622 16. B=30°, а=с=9( 434-1) 
17. Each sido= /5+1 ; 79", 72°, 36° 


18. 0=70°30', b=18'33, c=37'05 19. 769°8622 
20. 1726436. 


Exercise 15 
1. B=75°, 045° 
B,=105°, ©, =30°, b, = J9 ; В, = 155,05 —60*,5, — J6 
No solution 5. A, =105°, С, =45°, a, —10( J6 + /2) ; 
Ao=15°, 0, =135°, @2=10( /6— ,/2) 
6. B=60°, A=90°, а=90 МЗ ; or, 
а-10,/3 7. A=30°, B—90, b=10 8. 63'996 ft. 
9. 44°95'39" 10. A=100°34', B= 34°96" 
1L A=75°53', C=67°47', or, A=31°97', 0—119*13' 
12. 59'10'35" or 190^49'95" 13, B= 


=120°, A=80°, 


34797 (App.),0 — 100^33' 
14. 456700 ft, 15. 5744791» 
17. A= 313933", б= 9641797” a= 878753. 


Exereise 16 
1. (а) 2 оов 1(55—4,), 0)3(6,45,) 9. 1960'95 yds. 
4. 120908 yds. 5. 1 03 6. 10 4 8, 84149 ft. 


9. 10:9 10, 19%. ц, 100%, 12. 10000 ft. 
18. 79216, 90015. 14, h cot B tana 45. 1060'5 ft. 


At а distance of 141'7 ft, from the hill 18. 2001 ft. 
4404/8 yds, 21. 11859 ft. 99. 


8894 f. 27. ©. 
29, 107938 ft, (Арр.). 


өн CEN 
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Exercise 17 


л 


1. 2-і 8. ш=пл+іл 9. 2-4 10. z—38'10' (App.) 


41. 2=0, c=1'17 radian (nearly) 12. 2=0°, 60°, 180°,300°,360° 
13. т=0 14. 0=90° and 46°25’ (App.) 


45. The graph approaches nearer and nearer to the line 


2-5 but will never touch it. So the line 2-5 is an ‘asymp- 


tote to the curve. 
16. [Iny=2,% should be measured in radians ]. 


The graphs will touch one another at the origin. This 
suggests that when 2 is very small, sin = —tan 2. 


CO-ORDINATE GEOMETRY 
Exercise 18 
4. () а%+у2=9, (ii) sz?-Fy?-F6y- 16-0 
Gi) a2-Fy?—4z-6y—3-0 (іу) 22 +y?+6e—8y+16=0 
(v) z3-Fy?-F6z - 4y-- 1 — 0 (vi) 22 Ну? --9z--4y =0 
(vii) z2--y?—4z- 6y-12=0 
2. (i) (0, 0), 2; (ii) (0, 0), v55 (іі) (—1,2) Ма 
(iv) (8.8), 55 (v) (3,8, 522 ; (wid (3, - 7), 5 


8. 19 4. 0; the centres are collinear 6. «--8у--0 
1. 9а+бу=6 8. Centres: (1, -1), (3, 1), (4, 9), 
radii: 3, 4,5; e-y=2 
oG) 22+02—40—50=0 (i) a +y?—29e—ay 495.0 
Gii) s?+y?-5e-y+4=0 (iv) 24° - 62 -2y +5=0 
(v) 22--у2--Б>- Бу--0 
10. o+y?—4a+6y+4=0 11. 2? -- y? --562-- 46y — 919--0 


ANSWERS [ Co-ordinate Geometry ] 


12, 2^ y? 4 Ont dy — 45=0 13, 


@?+y?— Gx —8y=0 
"o Con Jey P PN 15. z*-y?-g5.p4y. 19-0 
16. 22*-F9y? + 50 — by т) 17. 22 +4y2= 36 
18, SR MAY y dm 0, ut ey yar, ы 
19. ш? уз 4.6, 16-0 21. аъзо 
22. 2^-y*— 45 — 8y. 19.0 
23, 2-9 +2=0, =0, s+y=1 ; = у 
24. 2^ y? - 172 = 195 1.500, 

Exercise 19 

1. °з 95 9410 
2. a" EV? F6z-F Gy 4-90, 2° Ну? — 6: 6у 9.0 
3. Hints 5—Distanco between the centres—the sum of 
the radij 
4. Hints: 


Distance between the 


5. 


centres=the difference 
z? Ey? 4s — 9y+4=0 
2 V^ — 102--96y 4-95 <0, 2^ y? — 105 96у 95-0 
7. (8, 4) ana (4, 3) 
The ling touch 
9. (7, 8) ава (2, 8) 


of the radii, 


3y--18—9 (b) 2--2у-5 18, p ya 
19. (1) 3z—4y—95 , (i) АЯ 
Ac E by 41 and 4g — 5y 41 
21. (1) 2y= 5а , i) 32 —4у=6 29 +15 
28, Bot 4y +15 = 9 and 8a+4y—15—9 
E 82--4у--95-.0 ала 82--4у-о5--0 
a (l 


= 


2. 
8. 
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42+3у 95 = 0 

4х-Е8у-+19=0 and 42+ 3у — 31= o 
2--9у--11--0 and 2--2у-9-0 
5z2--5y2— 102 4-30y 4-49 —0 31. (i) 4; (ii) 8; (iii) JÆ 
22 +у2—2—у=0 34. (9, 2/8) 
(2p м) 36. a*4yt— 2 37. Зу=т®10 
a+2y=0, 2+7=0 89. c=2(1+ Ji+m?)- 
batyt2=0; 9%-—10%+21=0 41. 2-9у--7-0;4. 


Exercise 20 


(1) 14; (5, 0); (ii) 5; (3, 0); (10$; (1, 0); 
(iv) 25 (-4, 0); (v) 4: (0, 1); (vi) 8; (0, -2) 


(vii) 2; (0, -95 (viii) a, (2 ma 0) 


(а) (0, 0), y+2=0; (5) (2, —5%),у+6=0 
1:060); 5. 42413—0; (32,22) and (18, —1) 
А ў 103 125); (2, .E-5e-1y1 
Qa 4a 2a 4a a 
$ (55, 0) 8. 3 (3, 0) 
$, (4, 0), the two points of intersection are (0, 0) and (8, д) 
(1, 9), (0, 2), 4 11. (—2, —3,(—8, -8), 22+5=0 
Intersection (14, 12), focus (45, 0) 
(a) 9x?+4y? — 12ry— 28r +62y +29=0 ; 
(b) 16%2+9y?+24ay — 80z—110y--225— 0 
(c) а2=4у (4) (y-2)?—192(z4-2); 
(e) z?--2zy--y? —16z--16y— 64—0 ; 
(f) a?-92y-y? - 202—20y = 0, 
— ®шу-+-у*-Е20ж-Е90у-Ь 2000 
(a) (y-2)?=8(@-+8)5 (0) (@—1)#=8(у--1) 


188 
15. 


16. 


19. 
22. 


оью к= 


ANSWERS [Co-ordinate Geometry] 
(w@+2y)2 — 422 -96y --56— 0 
gi ‹ 
22—19 11, (= -i) 18 ура, F 
a 


5 
22—19y 217 z? - 4xy-- 4y*-F4z--9y 1-0; aun 


2242-4 23. $&һв of the latus rectum, 


Exercise 21 
@ (1,3); (4, в) G) (1,2); (3, —3) 
@ (фа) Gi (Ye 2), (іш) (8,4) в, 
а1%--тт 5. (4, 2), (9, 3) 
(i) 2+0=8, 2—у=9; (ii) ®+у-+2=0; z4y—6 $ 
(iii) y=20+8 ; 2--2у-6; (iv) 4у-ж= 
(у) у=т,л+у=4а; == 
(а) 2z—y--1929 
2+у= 3a, 2-у-3а 


($ 8) 


24; 4r--y —108 
0, $—y—4a 


(b) x +3y= 33 


9. %-4у-9, (3, —2) 
4y—2--98 ; (98, 14) 


18. 92+6y+8=0; (8-8) 
8-8 18-50, 924-8) +950, ge 15. 5/5 16, 12 
BTS ^ 19, <60 ab; (am?, — 2am) 21. (6, —4 J3) 


22+у+1=0, (2, — 2) and 2y -2—- 8-0, (8, 8) 
(3a, +9 За) 24. 


92--8у--36-0 25. y=+(s+2a) 


(За, 2 „/За) 82. y=] 

Capt Dra ia BE ЧТО 37. 8y?=5r+24y +10 
92—4y4-4—90 ; £—4y4-36-20 

() 1=-9; (3, -8); 13 

GD) а 


М2у--6--0; 19, 
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Exercise 22 

1. G) sT; (= М1, 0,5; (ii) 3 (51,0); 3; 

Gii) №0, +3), 63 

(») р (5-0 6) Xs (aL, o), 242 

2. (а) (+430), т+ауз=0; 


(5) (i 45, з), =— 14860 


8. Major axis=8, minor axis 4:3, e=}, foci=( — 9,0), (2,0) 
4 1$, 3; (0, 5), (0, 1) 
5. (23); 35; ; (8— J5, 2), (3+ v5, 2) 
= 2595 -84—- 6. 
2—8 J9 s 
7. =F co-ordinates (4-1,0) 8. 


1 
V2 
à (+2, 0) 

9. (1) 9z?--16y?— 144. (й) z2--9y2—9. 
(ii) 162?--94y?—81 (iv) 952--3y2—35 
10. (i) 14z?-F11y?— 4zy — 58z - 26y+74=0 

Ў (i) 72° +7y? + 9zy-- 10z — 10y 4-7—0 


т? ye = в à 
11. n5 06 12. 32 + 5у —39 
18. 322 +5232, VŽ 14. =. + ә, NE 
2 2.—76:—88y—9«zy--506—0 16, 44% 4y2 
17. Major ахів = 30 in., minor axis—24 іп, 18. (-16 3) 
9 245, үш 51. (- а?т b2 
19. (s EU Мата +o Узы) 


190 


22. 
23. 


25. 
97. 


28. 


87. 


ANSWERS [Co-ordinate Керу] 


2+3у= 5; 9z- 3y—5 

252<-бу-<197; 6а—25Бу--90=0 94, + 2 4у=16 
1 /155 

+1, (-1, 2), (1; 9) 26. y=3s+ ae 

t-9y2—0,z— 3y=2; (—1,3); (1, - 


i-i, F М6, (+2 ,/6, 0) 32. G) 6} (ii) =+у=5 


Exercise 23 
(i) On (ii) - within (3) outside, 
(а) 3s—4y—19 (ь (2, —1) 
(а) (-1, 3) ana (3, —3) 


(6) (3,1) 
(a) V3 units (5) 733, Units ; (13. 48) 
82-9у--95 
42 — 5y +25= 20, (--4: 8) m — iy -18=0, (3 ^W 


(44,8) 8. (з, -3) 9, 
92—10y—19 11. 95—90 — 
722-15у--149 11. (i) аза Буа 
(ii) 4x? + 5y?—162-+25y =0 
æ- 3y=0, 9z--y — 0 ава Qa ~ 


There can be no such pair of o 


—74r—by—0 


970, s+3y=0 


Onjugate diameters, 
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Exercise 24 


1. (i) 9z?-—16y?—836 (1) 925z?— 144y?—900 
(іі) 652?—36y2—441 (iv) «?-y?=32 
2. (а) MIB; 98, (4/18, 0) (0) e 435 (18, 0), (—13, 0) 


= 


(i) (41, 0), e+}=0, 9 


(ii) (6221-3 з), opt Bian o, 7 


4. (1) a+ ,/$у+9=0 (ii) 52-3 бу=97 
. (Г) 24y— 300+ ,161-0 Gi) 2--2у-Е9,/2-0 
6. (а) с= 4 Vam? — 52 (b) a21?—b?m? =n? 


то (-} -) © (m ums) 
8. (+3 v3, 0); 1% 
10. 422-+31у?- 36ху +82 +66у- 41=0 
11. 1440?—25y?=900 
12. (5,— 20) and (5, – 32) 18. (-, - 45) 


14. (ay Bend {26-80 қысы) 


e 


b-a ' a-b 5. 2—2у+1=0 
2ab Je? — a2m2 +52 5 
16. gimp чат +67. /1-+® 
17. (а)- A8 фу 2 Ен" yg be 


Vb? —a2m? 2 aeo 
20. Эу=32= 23. (2,1) 24. (a) ауд? 
circle) (b) а?--у?--а? (auxiliary circle) 


25. (i) 3sz+2y=0 (ii) ау--іе-0. 


— b*( director 
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ANSWERS [ Co-ordinate Geometry ] 
Exercise 25 
ay=c? 2. В 4. aty=c 
ху 


72-4у+16=0, 8e+14y+9=0 6. г--у-4 
3(z? +y?) — 1042 342 =0 
Centre E 5 radius =5 
2(z2--,2) – 2cz d-c? — a? — 0, it is а circle, 

32? 4 3y? —16z—94y--52—0- 11. (z — 8)9==19(у— 3) 
92? --4y? —16z—16y--32—0 


Pree 18. у°—4ах=(а+ ж)? 

(:2--у2- а? —b2)2=4 00620(0222 +a2y? ~a2b2) 
(а%--у3)2-- 172 +52y? 

2° +y?—9ay cot 6—a2—0 [ Taking base=9a and 


vertical angle 0 ) 
а? 
27 


2 
+4 25. 22 — у = д2 02, 


AT 


APPENDIX 


Parametric Representation 


1. In cartesian co-ordinates, any point on a locus is 
expressed by two separate quantities ху and y; which are 
however connected by the following relations, 


(i) аху +by,+c=0 (straight line ) 
Gi) a2-+y2=a? (eircle ) 


(іі) у2= 4021 (parabola) 


(iv) и. ome 1 (ellipse) 
(v) 26 - зі =1 (hyperbola) 
a 


But often the point on a locus is conveniently expressed by a 
single variable which is called a parameter. 


2, Parametric Equations. 
(a) Circle. 
Let Р (a, y) be any point on the circle z?--y? =a? [ Fig, (i) ] 
Join OP and draw PN perpendicular to ОХ. 
If the angle PON be 0, then. 
с--ОМ--ОР сов Ө--а сов Ө, 
y=PN=OP sin 0—a віц Ө. 
Thus the co-ordinates of any point on the circle ате exprosged 
by the single variable Ө, which is known as a parametor, 
| 2 х=а соз Ө and у=а зіп Ө aro called tho parametric 
| equations of the circle. 
| Eng. El. M. (XI). C. G.—13 
| 


A TEXT BOOK ОЕ Н. 8. ELECTIVE MATHEMATICS 


From the above two equations when Ө is eliminated, the 
equation to the circle is obtained, The point (а сов Ө, а sin 6) 


which satisfies the equation ш? у? =02 ів often called 
“the point 6” on the circie, 


242 
When the equation to the circle is (а— 4)? +(y - B)? =a 


P (xy) 


о: X 
Fig. (i) Fig. (ii) 
[Fig (ii)], then the point («+a cos Ө, Ва sin Ө) evidently 
satisfies the equation to the 


above circle and is called 
‘the point 6’ on the circle, 


-. The parametric equations to the circle in this case are 


х—<-а cos Ө and y=f$-+a sin 0 


(b) Parabola, 


Тһе equation y? = 4az ig satisfied by c=at2 
all values of ż¿ Thus the co 
Darabola may be expressed by $ 
(at?, 9at) is called ‘the point 4 


and у--2аф for 
-ordinates of any point on the 
he single variabie $ and the point 
on the eurye. 

". The parametric е 


quations to the parabola are 
*=at? and y= 2at. 
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(c) Ellipse. 
Auxiliary circle. 


Def. The circle which is described on the major axis AA’ of 
an ellipse as diameter, 


= 


is called the auxiliary circle of the ellipse. 


Fig. (iii) 
In fig (iii) AKA'L is tho auxiliary circle of the ellipse AB'A'p, 


Let an ordinate PN from any point P on the 


ellipse cut the 
auxiliary circle at @ and @' (Fig, (iii). 


Join CQ, 
Now the chord QG' of the circle is bisected 


at N by the 
diameter АА’, .. QN2=AN,NA‘. (1) 


CN and PN are the co-ordinates of the 


point P on the 
ellipse, we get from the equation of the ellipse, 


CN? РМ 4 or PN? 1. ÊN? а? сма (a--CNY(a — см) 
cs T gs 53 а? у зев 
. PN? AN.NA QN? 
B D* дм at [ from (1) ] 


* BN? 32 КЕ. ТИЕ 
б амтат Gung) 
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Eccentric Angle, 


Def. The eccentric angle of any point P on the ellipse is the 


angle NCG (Fig, iii) made with the major axis by the straight 
line ca joining the centrec to the point Q on the auxiliary 
circle which Corresponds to the point P. 
This angle is generally denoted by $. 
From Fig. (111) we have 
CN = Са сов ф--а cos $ and ам= Са sin $- а sin $, 


From (2) we get ры-2х ам-?ха sin $— b sin $. 


". The co-ordinates of any point P on the ellipse aro 
(а сов $, b sin ф Jerre) 
This point on the ellipse is often called ‘the point d", 
The co-ordinates of the point @ on the auxiliary circle, 
Corresponding to the point P on the ellipse, are 
(а cos ф, a sin ф )(A) 
Thus we see from the result (3) that any 


Point on the ellipse 
шау be expressed by the single variable $. 
". "The paramotric equations to the ellipse are 


x=a сов $ and у=} sin $. 


(d) Hyperbola. Е 


In the cage of the hyperbola any ordinate of the eur 
not meet the auxiliary circle, i.e., the circle on 
real points, Therefore, thera ig 
the case of the ellipse. 


The angle 


уе does 
AA’ as diameter, in 
DO real eccentric &ngle as in 


‘$’ can be easily defined in the following manner, 
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In Fig. (iv), a oirele has been drawn on the iransverse axis 
AA’ of the hyperbola as diameter, 


Y. 
ur cene 


Fig. (iv) 


From N, the foot of any ordinate NP of the hyperbola a 
tangent NT is drawn to the circle and CT is joined, 


The angle NCT is defined as ¢, 


Now, CT=CN cos¢. Taking Co-ordinates of P ag (v, v), 
CN=a, PN=y, 


СМ= == СТ sec ф= a вес Ф, and NT = Ст tan ф= 


МРЗ. 292. 0% 


а tan $. 
Аар, Үт hou [К equation of the hyperbola ig 


g? ya 
771) 
CN? a? вес? 
Tap l= Ga — Iso - 19 tant 


2 2 
ГА = us ie, NP: NT-bta. 
Thus we see that the ordinate of the h 

constant ratio to the length of the tangent йг 

to the auxiliary circle, 


Yosrbola ig in a 
awn from ity foot 


A TEXT BOOK OF H, В, ELECTIVE MATHEMATIOS 


Hence, the angle $ is a constant angle here, But this angle Ф 
is not so important an angle for the hyperbola as the eccentric 
angle % is for the ellipse, 

From above we find that the co-ordinates of any point 
on the hyperbola may be denoted by (а sec Ф, b tan $)-++(4) 
and this point on the hyperbola is known as ‘the point $'. 


The result (4) shows that any point on the hyperbola may 

be expressed by the single variable $. 

*. The parametric equations to the hyperbola are 
х=авесф and у=} tan $. 


Illustrations 
1. Find the equation of the chord of the circle &2--у? 
Joining the points бі and 65. 
Hence, 
any point. 


"^ the co-ordinates of the points 0, and Ө» are 


(а сов 0,, а sin 01) and (a cos 02, а sin Ө») respectively, 
therefore the gradient of the chord joining 


=", 


find the equation of the tangent to the above circle at 


бі and 05 
=? sin 0, —а sin 62 
@ сов 01—a сов Ө» 
01-F05 . 01—90 
9 1 2 1 2 
cos а sin тагы is Ж” 
= == во or 


— 9 sin Өз-өз вїп 9-20» 


4. The equation to the chord is 


y—a sin 0, = — cot ate (z—a cos Ө,) 


or, œ cos Oo y sin atas 


=a(cos Өү сов Atoa uin 04 sin бі 2) 
9 
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ог, Œ сов 0-6», sin өзб», сов 21 08 which is the 


required equation of the chord. 

Let the pts. Ө; and Ө» approach gradually to each other and 
ultimately coincide at the point @ (say). Then the chord at this 
stage becomes a tangent to the circle at the point Ө. 

Thus putting 01=05=0 in the above equation, we get the 
equation of the tangent to the circle af the point Ө, as 

æ сов Ө-Ғу sin 0—a. 

2, Show that the locus of the middle points of the chords 
of the circle «?++y*=a? which subtend a right angle at the 
point (<, В) is (а —«)? +y( — £)? -- (2?-+y?—a?)=0, 

Let the co-ordinates of the extremities of the chord AB of 
the circle 2?-+y?=a", be 
respectively (a cos 01, a sin Өү) 


and (a сов Өз, а sin 64). бееде 
Tho chord АВ subtends a 

right angle at the point P(x, 2), 
To find the locus of the 

middle point of AB, 
Let the middle point of АО 

AB be С (h, k). В(а cos85,a sin62) 


h=}a(cos 0, + cos Ө») : Fig. (v) 
and k-la(sin Ө -Fsin Өз) 
Squaring and adding the results we get 
4h? +412 =a7{(cos 01 +008 05)? - (sin 01 вт ө„)?} 
=a7{2+2 cos 0, cos Ө»-Е9 sin 0, sin 0s] 
—9a? --9a? cos(04 — б») (1) 
UO 2АРВ-90, ‚', Gradient of AP X Gradient of BP=—1 . 
B—a sin 0: f —asinOg _ 


1 
&«—васоз 0; «—aco8 Өз 


2.6. 
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or, X*-Ff? — af(sin Ө; -Евїп Өз) — ах (сов 01 +cos Өз) 
. +a? сон(61-6г) = 0, 


or, a? cos(0, — 95) – 42 — fi — 984-941. 
‘Putting this value in (i) we get. 


4h? +4h? = 943 — 9(42 -- 82 — 94 — 981) 
or, h?—9«h--«? +k? — ВЫ ЕВЗ +h? Ek? —a2=0, 
or, (h—«)*--(k — B)2-- 2 +r? —a2 =0, 
^ the locus of the middle point (h, Б) is 
(&- 4)? + (y — 8)? -E(z -- y? — a2) = 0. 
3. Find, in the standard form, the equation of the chord 
joining the points (at2, Qat,) and (at, 2ata) on the parabola 
y? — 442. | ІН. 8. 66] 


A - А ‚о 20by ~ Fata. 9 
Gradient of the join of the given points = woogie жүн he: 


: 2 
*. The equation of the chord ig у—2ай = і 
1 


$e, ті +t) – 22— 2at 119 — 0. 
4. Find the equation of the normal to the parabola у?=4а2 
at (at, 941), where ¢ is a parameter. 


Prove that this normal meets the centre at (at,?, 2at,) where 
і--і-2 


ІН.8. "66 Оошр!1.] 


The equation of the tangent to th 
point (a2, Qat) is 


e parabola y2— 4a at the 
y.2at— 20(z --a12), 4. e., у= (s rat?) нез (А) 
4. the equation to the normal at the same point is 


(y – 2at)— - (x — at?) On у= —iz--9ai-Fat*-« (B) 
Since this normai passes through (a£, 2at4), 
> Qaty= – tat? +2at+ai3, 
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or, iig—13—9:—90, or, КИЗ +)==90,-2 
<. titis- [7 tit], te, a= -—}. 
5 5, Prove that the tangents at the ends of a focal chord of a 


parabola meet at right angles on the directrix. 
қ [U. P. 61 ; Roorki "41, "54, 7581 
Let the equation of the parabola be y?—4az, and the 
Š co-ordinates of the ends of a focal chord of it be (а#1°, дау) and 
(адай). ў 
Equation of the chord joining the above two points is 


2 P 
y-a pun on) [See illustr. 3(i)] 


it passes through the focus (a, 0), 


А 9 
^ оаа р (6—00) or, —  1(1+2)=1-#2, 


tyto= -1.-“(0) 
Again, equations of the tangents 


y =Ма+и{) өөө (i) 
ü 


at the two ends are 


[ See illus. 4(A) ] 
and у= (bat) G0 
2 


1 
of the втайіерів == X ——,—————— — 
ty tg а ~i 1 
[ See result (С) 1 


angents are perpendicular to each other 


2. product 


7. the two в 


Now subtracting (ii) from (i) we get 
т т 
Ze mu = iat 
0 4 +ati to 2 


а ку. үг і 
or, 2 (1 zen ta) 0, -or, af ааа -ішеф 
о, а(н-в)+ан-&)=0 [7 ttg -1) 
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Ore ЕЕ 


But this is the equation 
of the directrix of the parabola, 


Hence, the tangents at the ends of a focal chord of the 


parabola intersect at right angles on the directrix. 
[N.B. This may be otherwise stated as— 


‘Prove that the locus of the point of intersection of two 
'erpendioular tangents at the ends of a focal chord of a parabola 
3 the directrix of the parabola’, ] 


6. It the point (aig, 2aí,) is one extremity of а focal З 
hord of the parabola у2--4ат, find the 


O-Ordinates of the other extremity and 
how that the length of the chord is 


(а, + ry’ 


Let ра be the focal chord of the AC JS 
parabola y? =4 0%, and the co-ordinates of 


12,2а+) 


9 
> be (at, дау). 5%. 
If the co-ordinates of а be (at.2, дай), Bess 
then tyt2=-1 (С) РӘ is а fooal Fig (vi) 


hord, illstr. 5(0) ] 


2 = 2. Hence, the co-ordinates оға, 
1 


1\2 i ё а 9 
ате {af - E) ‚ 2a (- т), 2.6., (а ES 
Again, the length Pa—Ps--as 


= (a-Fatg t) I. tho focal distance of any 
2) t point on a parabola = a-+g] 


= 1 1\2 
О ЕЕ 
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7. Prove that іп а parabola the semi-latusrectum is the 
harmonio mean of the segments of a focal chord, 


From fig. (vi) we get, SP—a--at? —a(14-t), 


nl а _a(1+t,?) 
and Senatas БЕ 
ЕДЕ ЕЕЗ йкы, у и е 21 od 
SP ватла(1-%9) alti?) а(1+#2) а ва = 
Hence, = gy and = aro in A. P. 


-. SP, 2a and 59 are in Н.Р, But semi-latus-rectum = Qa, 


the semi-latus-rectum is the Harmonic mean between 
the segments of a focal chord, 


8. Show that the area of the triangle formed by three points 
on a parabola is twice the area of the triangle formed by the 
tangents at these points. [Hooghly Collegiate school test (67-68)] 

Lot the three points on the parabola у? —4a« be (at, дау), 
(442, даф) and (at, аз). 

Area of the A formed by joining these three points 

= Matg(9at, —9at5) +аі 2 (2at5 — 2411) tats (2201 —2ate)} 

=} x 2a2ft (ta — to) Ht Zlts—ty) 4 (а-ы) 

= —a*(t—tsY(ta — ts)(ts = t1). 

The equations of the tangents at the above three points on the 
Parabola are 


=} (w-Fat?):-(), y=} (aat): (i), ‚= (z-Fat $)-- (ii) 
ty te 3 


Solving these three equations we get three points of interseo- 


tion of the three tangents as 
іше, айа-На)» latats, a(ts+ts)} and {atsti, alts - t4 y. 
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the area of the A formed by these three points 
= Mat, t;(at, — at)-Fatsts(ats — ate) t atat (айу — айз)] 
=30°[—ftyta(t, - ta) +tots(te—ty) ын (ts — А 
=%а°[-{—(, = ta)(to =ta)(t3 ~ t1)}] 
=307(ty - to)\(to—t5)(ts— ty). 
Hence, the area of th 


Ө former triangle is double that of the 
latter, 


9. Find the equation of the chord joining the pts. (a вес фу, tan $1) 


із уз _ ; 
and (a seo фо, b tan $2) on the hyperbola Ёз gc 


Hence, deduce the equations of the tangent and the normal at 
the point % on the hyperbola. 
Gradient of the line 


joining the two given points on the 
hyperbola 


віп фу вір $, 
(бап $1 —tan Фә) b| cos $1 сов фо =i ($1 - $0) | 

а(вес фу — вес $.) а NUR UR 41308 фо - cos фу 
сов фу сов $5 


cos 217-9з 
12 KE sin 3$ — фо) cos (6) = ale 2 
al2 sin $($; — Фа) sin (0 —$2)] а 


: Ф фә 
imc E 


<. The equation to chord joining the points is 


cos 1 — $ 
3 
y—btan фу = PTS (2 — a sec 44), 


alo 


2 


Уы bi tds _ 1 : pitta 
от, b Sin 3 {ап $1 sin eae 


DS Е $1 — $2 
с соя 7-2 7 вео фі cos à 
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T oos P1 = #2 Y gin Gitte 
2 b а 


E m $1 фә віп фу. gi the 

— cos фу e 2 cos фу АЛ а 

E $1—$9 ai т Ф фә 

= ll cos = sin фу sin 2 ] 

ато рен ны] 

1 
INE Фі-%а 1 _ $1 Фа 
=== =| cos 5 2 Heos (вһ 2 ) 
— cos (һ жу) 

= ben в 
TL $1 — Ф 3$, Ф 

2 cos A 2 "eos 9 ] 


"az cos фу cos Фа) вов ($14-42) 


Hencs, the required equation is 
E cos TOER) -Ysin 5 (Ф, +Ф) = соз : ($1 4-45). 


Let the pts. $, and Фо approach gradually to each other anā 
ultimately coincide at the point $ say. At this stage the chord 
becomes a tangent to the hyperbola at the point $. 

Thus putting фу =¢2=¢ in the above equation, we get’ the 
required equation of the tangent, 


TY sin ф=совф е" (A) 
а b 


Again, gradient of this tangent = - US 


2. the equation of the normal at the pt. $ is 
y—b tan $= sane (2--а sec $) 


az y by gp passus 
or, aed né a? b (B) 
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10. Any ordinate NP of an ellipse meets the auxiliary circle 
in а; prove that the locus of the intersection of the normals at 
P and @ is the circle 2? -F y? —(a-F- b)2. 


[ Hooghly Collegiate School Test 1965-66]. 
2 „9 
Let the co-ordinates of P on the ellipse zen be 
a 
(а cos $, b sin $), Then the co-ordinates of Q, the corresponding 


point on its auxiliary circle will be (a сов ф, a sin ф) 


[ See Art. 2(O) result (A). 1. 
Now, the equation of the normal at P is 


2-асов% у-ӛвіпф авіа by — 5? 
а сов Фф bsin$ ' "cos sin $ 
“a ELEM 


Or, a sec ф- by cosec $—a? – 02......(1) 


Since, the pt. © lies on à circle, therefore the normal at the 
pt. Q (а сов $, a sin $) will pass through the centre of the circle 
which in this case is (0, 0). 

the equation of the normal at @ ig 
у= tan фе (И) 


Let the co-ordinates of the pt. of intersection of (i) and (ii) be 
(h, К). . we get 


k=h tan $---(iii) and ah sec ф- bk cosec ф-а2-52..(іу). 
From (iii) we have 


2 72470 татта 
14+аш2ф=1+6= 1 E » °з. 860 $2 VATERS 
h 


Similarly, coseo $= М. 


Now putting these two values in (iv) we get 


а Уа ааа? — 29, or, GETEX (a+) 


s Hence, the loous of the 1%. of intersection (h, k) of the normals 
is а? Fy? =(a-+5)2, 
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11. : If the line m = cuts the ellipse 


5222 +а?у? —a?b? at the ends of conjugate diameters, prove 
that 124-702 = 952. (C. U. '49) 
Equation of the ellipse is 0222 -На?у?= (22 or, а а 
аз ys. 
Let P(a cos Ө, b віп 0) ba one end of a diameter of the ellipse, 
Then the co-ordinates of Ә, one end of the conjugate ПИТТ 
will be (-asin 6, b cos Ө). 4 
y—bsinO _ z-—acosg 


.. the equation of РӘ is — 
b sin 0—6 cos O a сов 6-ға sin б 


т V 
р ал - 
i a(cos @+sin Ө) b(cos Ө- віп Ө) 
—__ 008 0 sing — — T Е 
cos 0--sin Ө cos 0 — sin 0 co-sa À 


кез. ie e Pa 
But the equation 5 + y =n (ii) passes through P and а, 


.. (i) and (ii) are identical, 


1 т 
gn a - b a n 
1 1 RE LI 


a(cos 0--віп 0) b(cos 6--віп 6) (сов20- 81120) 
от, (сов 0--sin 0) = (сов Ө - sin 6) — n(cos?8 — 81020). 
i—n(cos Ө—вїп Ө) and m=n{cos 0--sin Ө). 
Hence, 1? --m? =n"{(cos 0—sin 0)? (воз 6+sin 0)?}= 042. 
Exercise 26 
[Use parametric forms in the following cases.] 


1. Find the equation of the chord of the circle 
(к — 4)3-- (y—£)? —a?, joining the points 0, and өш, 

Hence, deduce the equation of the tangent to the aboye Circ] 
at any point. у 
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2. (а) А chord of the circle z?--y?—a? always subtends 8 
right angle at the centre, find the locus of its middle point. 

(b) Find the locus of the middle points of the chords of the 
circle 22 + у? 7—a?, which subtend a right angle at the point (Ё,0). 


3. (а) Prove that the tangent at any point % on в parabola 
bisects the angle between the focal distance of the point and the 
Perpendicular from that point on the directrix, 

(b) Prove that the portion of a tangent at ' to a parabola 


cut off between the directrix and the point of contact subtends a 
right angle at the focus. [0. P. 47] 


4. Prove that the locus of the feet of perpendiculars drawn 


from the focus to tangents to the parabola у? = 445 is a tangent 
at the vertex, [U. P. '46] 


5. From any point ‘? on the parabola у? = 4am perpendicular 
PN is drawn on the axis meeting it аб М. Normal at P meets 
the axis іп а. "Prove that N@=semi-latusrectum, [U. P. '58] 

6. (a) Find the point of intersection of the normals at points 
tı and Фо on the parabola y? = 4az, 

(b) Find the co-ordinates of the Point of intersection of two 
Mutually perpendicular normals at the points «i i and %2 on the 
parabola y?—4a5 and show that the abscissa of this point сап 


never be smaller than 2а, What is the ordinate when the 
abscissa is the smallest ? (Raj. '41] 


parabola y?—4az at any point 
2atı) meets the curve again at @ (а42, 9м). 


7. The normal to the 
Plat, 


If the lines joining the origin to P and Q be mutually 
perpendicular, then prove that t?=9, [Ва]. '56] 


[ Hints: Establish first, = — n then proceed ]. 
1 


T 8. Prove that апу two perpendicular tangents to a parabola 
intersect on the directrix, [Ва]. 52, 55] 
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9. The normal to the parabola y>=4az at (аі, 2at,) meets 
it again at (a2, даі»), then prove that 12 +41 +2=0. 

10. XY із а focal chord of а parabola and the line through 
Y parallel to the axis of the parabola meets the directrix at К. 
Prove the XK goes through the vertex. ІН. S. Tech. 766) 

11. Prove that the locus of the middle point of the portion 


of.the normal to the parabola y2=4a% intercepted between the 


curve and the axis is another parabola. Find its vertex and the 


length of the latus reobum. 

12. Find the area of the triangle formed by the normals to 
the parabola y?—4az at the points (at%, даф), (at2, 9а1,) and 
(at 3, 2at 5). 

18. Find the equation to the chord joining the points фу and 


the -ellipse 72-571 
: фә on the ellips 45 po 


Hence, deduce the equations of the tangent and the normal 
at the point ¢. 
14. Find the points on the ellipse such that the tangents at 
each of them make equal angles with the axes. 
Prove also that the length of the perpendicular from the 
; a2 +b? 
contre on either of these tangents 18 M, wer 
15. Пр be the perpendicular from the centre of an ellipse 
n it, and d be the distance of P 
a?b? 
2.p52 42—02, 
p? 


upon the tangent at any point Р о 
from the centre, show that @ 


m the centre upon the tangent 


Па 


16. The perpendicular fro 
а 1 5 
at any point on the hyperbola 2 OW 


=1 meets it at the 
point @, Show that the locus of @ is givan by the equation 
(02 -y2)2 — a2? — b?y*. 


— 
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Exercise 26 
1. (x-4) сов 83% (y p) sin +, cos 01—02; 
(ш — <) сов 0+ (y — B) sin ө=а [Taking the pt, of coincidence 


to be 6]. 
2.(а) z?--y?—1a? (b) 3(z* y?) — 9kz ақа — аз 0, 
6. (a) latal? t, +t), —atitalti +) 

(b) аа нь) atto +, ordinate is 
Zero. 


11. locus is y? -G(z— а); vertex (a, 0) and latusrectum —a 
2 
12. > Ux 7 taXta = tst — tty +ta Fta)?, 


z %1--Фә Тіп 912% 1. Фі-%Ф 
18. Pieces D sin “2 cog #1 a 


Tangent • = оов + sin $— 1, 


Normal: az вес $— by совес $= 


14, (жо SENS ) 
Na? +p? Na 4ъ2/` 


а®— p2, 


Question Papers 
HIGHER SECONDARY EXAMINATION, 1960 


ELECTIVE MATHEMATICS 
FIRST PAPER 
Group A—Algebra [ 60 Marks ] S 


Answer any four questions. All questions carry equal marks, 


48-1. , J8=1 
1. (a) If x УВ, y ҮЗІГІ 
22 + 2 
find the value of onde [Ans 38 
— |14: 
(b) Simplify : [ховх [Ans. 1] 


(c) Find the square root of 28 — 6 5/3. 
[Ans. x(33-1) 
2. Solve the equations : 
(a) nibh НЕ [An. c= 9, у= 1 
5z4-2y—12 or, 2-14, у= —99] 
(b) 8х--4у=5ту [Ans $—y—2-0; 
Е or, 2-1,у-8,2--2| 
bz--9z — 62x 
3. (a) A class consists of а number of boys whose ages arg 
in Arithmetical Progression, the common difference being 3 
months. If the youngest boy is just seven years old and the sum 
of the ages of the boys is 153 years, find the number of boys in 
the class. ` i [ Ans, 17] 
(b) If S1, ба, Ss denote respectively the sum of the first 5 
terms, first 2n terms and first 3n terms of a series in Geometrical 
Progression, prove that $1(9в – 8.) =(5. – 8,)°. 
4. (а) Find the cube roots of unity. If о be an imaginary 
cube root of unity, prove that 1--о--ө? =0. 
[ Аюв, 1, eves | 
‘Ele. М. (XI) Q.—1 


Н. 8. QUESTIONS—1960 


(b) The area of a circle varies аз the square of its radius. 
If the area is 382 Sq. ft. when the radius is 3 ft. 6 in, find the 
area when the radius is 4 ft. 8 in. [ Ans. 68$ sq. ft. ] 


5. (a) Ifs be real, prove that the value ofthe expression 


2 
wee must lie between 2 and 2, 
(b) If « and f are the roots of the equation w? — pz4-q—0, 


form the equation whose roots are «+} and B+. 


[ Ans. qz? — p(q4-1)z--(q4-1)? —0. ] 

6. (a) Find the value of the term independent of т, in the 
expansion of (Hy. [ Ans. 495 1 
e value of (7999) 
[ Ans. 7997009 ] 


(b) Apply the Binomial Theorem to find th 
to 5 places of decimals. 


7. (a) Simplify : 
884 81 5 1 
10810 75 110810 3213 10810 31-10810 y 


(b If zw, иг are in geometrical progression, 
10810 v, 108.0 y and logio 2 are in Arithm 
8. (а) Find the number of 
taken r at а time, 
(b How man 
be formed with th 


[ Ans. 2 ] 


prove that 
etical Progression. 


permutations of n different things 
where 7 is less than or equal to n. 


y numbers lying between 3,000 and 4,000 can 
Ө digits 1, 2, 3, 4, 5 and 6? [ Ans. 60 or 216 J 


Group B—Trigonometry [40 Marks] 
Answer any three questions, 


All questions carry equal marks. 
9.(a) Prove that & 


he radian is a constant angle. Find its 


өв, eto. [w= 22 [ Ans. 57*1744"8 ] 


[ Ans. 30°, 60°, 90° ] 


Н, S. QUESTIONS—1960 3 


10. (a) If А, B, A+B are all acute angles, prove 
(geometrically) that cos (A-+B)=cos А cos B —sin A sin B. 
(b) Find the value of— 
sin* 60°+-cos*150°+ tan*120°-+cos 180° — tan 135°, 
[ Ans. 42 ] 
ii. (а) Find the values of @ between 0° and 360° аря 
satisfy the equation 2 віп20--3 сов = 0, [ Ans, 120°, 240° ] 


my cos 2B —cos 24 
(b) It A+B=90", prove that УНЕ = бап А —tan B. 


12. (а) Ina triangle ABC prove that a=b cos С-с сов В. 

(b) Ina triangle, the angles are to one another as 1:2:3; 
-prove that the corresponding sides are as 1: A8 : 9. 

13. Two vertical pillars, the height of one of which is double 
that of the other, are at a distance of 150 ft. from each other, A& 
a point between the pillars and on the line joining their feet the 
angular elevations of the tops of the taller and the Shorter pillar 
аге found ёо Ъе 60° and 30° respectively. Find tho heights of 
the pillars and the position of the point, 

[ Ans. Height= 60 V3 ft., 30 „/8 ft., distance=60 ft. from the 
taller tower. 1 

14. Draw the graph of sin z between the values $— -л and 
х= л and find, from the graph, the value of sin 120°, [Ans. *87] 


SECOND PAPER 


1. Answer either (a) and (b), or (c) and (а): 


(а) Prove that in any triangle, the square on the side 
opposite to an acute angle is equal to the sum of the squares on 
the sides containing the acute angle, diminished by twice the 
rectangle contained by one of these sides and the Projection on jt 
of the other side, 

(b) Prove that three times the sum of the в 
-sides of a triangle is equal to four times the sum 
.on the medians, 


quares on the 
of the squareg 
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(c) Prove that the internal bisector of an angle of a triangle 
divides the opposite side internally in the ratio of the sides 
containing the angle. 

(b) A straight line AB is divided ina given ratio internally 
аб C and externally at D. If P be a point where CD subtends а 
right angle, prove that PC bisects the angle APB, 


2. (a) Show that the angle made by a tangent to a circle 
with a chord drawn from the point of contact is equal to the 
angle in the alternate segment of the circlo, 

(5) ABC is а triangle inscribed in a circle ; AD, АВ are 
lines drawn to the base BC parallel to the tangents at В, С 
respectively ; prove that BD: CH=AB? ; AC?, 


.Or,(b) Tangents AB, AC are drawn to а circle ; CE is 


perpendicular to the diameter BD through В; prove that AD 
bisects CE. 


3. Draw an equilateral triangle, each side of which is 2inches.. 
Now proceed to construct a Square equal in area to this triangle. 

Or, Draw circles of radii 4 cms, 
with their centres at a distance 10 cms. apart. Proceed to 
construct a transverse common tangent to the two circles. 


[Statement of construction, and full, neat and distinct traces 
are to be given in either case, but no proof.] 


4. Answer either (a) and (b), or (c) ава (а): 


(a) Obtain the co-ordinates of the point which divides the 
Straight line joining the points (23, y1) and (s, 


Уа) internally in 
the ratio ma : ma. 


ЕС Mita теті Р "матал. 
тата ° т-та 
(0) 1t A,B, C, D are points whose co-ordinates are ( — 9, 3), 


(8, 9), (0, 4), and (3, 0) respectively, and АВ and CD are joined, 
find the ratio of the Segments into which AB is divided by CD. 


Г Ans, 11; 47 1 


and 2'5 ems, respectively, 
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(c) Obtain the equation of the straight line whose intercepts 
on the axes OX, OY are a and b respectively. 


[ Ans. 2+7=1 ] 
а b 
(d) Determine the equation of the straight line which passes 
through the intersection of the lines given by. 3r —4y +1=0 ава 
5e-+y=1, and has equal intercepts of the same sign on the axes. 


[ Ans. 24-у= 12 
5. Answer either (а) and (b), or (c) and (d) : R 


(a) Find the length of the chord of the circle z? --y? =64, 
intercepted on the straight line 32--4у — с=9. 
[ Ans. 2 ,/1600-<% ] 
(b) Obtain the co-ordinates of the point of contact of any one 
of the two tangents to the above circle z?--y?— 64, parallel to 
the line 8a+4y — c— 0. [ Ans. (34, 22), (- 24, — за 


nay c. 
(с) Find out the eccentricity and the co-ordinates of the foci 
of the ellipse 927+ 25y* =995. [ Ans. $ ; (4, 0), (- 4, 0) 1 


(d) Find the distance from the origin of the point where the 
tangent at the extremity of a latus rectum of the above ellipse | 
952 +25y* = 295, intersects the major axis. [ Ans, 25 ] 

6. Answer either (a) and (b), or (c) and (d) : 

(a) Hind out the equation of the tangent of the parabola 
у®=4аз at the extremity of the latus rectum. 

› [ Ans. y=s+a, y= -g-a ] 

(b) A double ordinate of the parabola y? =4az is of length 8a. 


Prove that the lines joining the vertex to it 
right angles. 


(c) Obtain the equation to the hyperbola whose focus ig 
(а, 0), directrix is the straight line z— а and eccentricity ig „/@, 


[ Ans, g? =] 
. + . t a 
(d) А rod of length 6 units slides with its extremities always 


on the co-ordinate axes. Prove that its middle point traces ont 
в circle, whose equation you are to determine. [Ang, азу ай 


8 two ends are дї 
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1. Answer any two of the following questions (a), (b), (c), (d) = 

(а) А thick hollow cylindrical pipe is 6 inches in length, 
and its whole surface (outer and inner curved surfaces and the 
plane edges) is 308 sq. inches. Ifthe external diameter of the 
pipe is 8 inches, and if its material weighs 4 ozs. per cubic inch, 
find its weight. | Take a—22 ] [ Ans. 528 ozs. ] 

(0) When is (i) a straight line, (ii) a plane said to be 
perpendicular to a given plane ? 

If a straight line is perpendicular to each of two intersecting, 
Straight lines at their point of intersection, prove that it is 
perpendicular to the plane containing them. 

(c) Prove that in any triangle, the middle points of tho sides 
and the middle points of the lines joining the orthocentre to the 
vertices lie on а circle, 

Prove also that the distance of the orthocentre from any 
angular point of the triangle is double the distance of the 
circum-centre from the opposite side. 

(d) Obtain the co-ordinates of the centre of tho circle passing 
through the points (1, 9), (3, ~4), (5, — 6), and determine the 
fongth of its diameter, [ Ans. Centre (11, 2) ; diameter=20 ] 

^ Ts the origin inside, or outside the circle ? [ Ans. Outside 1 
ILLI 


H. S, Exam. (Compartmental)—1960: 


ELECTIVE MATHEMATICS (FIRST PAPER) 
Group A—Algebra— [60 Marks] 


Answer any four questions. 
1. (а) Given СМ/@=1`414, fi 


è 1 р] 
value of ane [ Ans. 14'070] 


A 3; 
(5) Simplify ; [s1 164 (8 pid 
ра Xg-aX 0) 


All questions carry equal marks. 
nd to three decimal places, the 


[ Ans. 6 ] 
(с) Find the Square root of 17--19,/9. — [Ans, +(3+2 ,/2)} 
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9. (а) Solve the equations: z--2y—4, 20у – у%--8. 
[ Ans, 2=2, у=1; c=44, у=8 
(b) Тһе distance through which a heavy body falls from rest 
varies as the square of the time of its fall. Ifa body falls 64 feet 
i ds, how far does it fall in 8 seconds ? 
"Pies [ Ans. 1094 ft, 1 
3. (а) One hundred stones being placed in a straight line 
on the ground at & distance of one yard from one another, how 
far will & person travel who shall bring them, one by one, to & 
basket, placed in the same straight line at tho distance of a yard 
from the first stone ? [ Ans. 5m. 1300 yds. 1 
(b) If a, b, c be respectively the pt”, с" and т^ terms of 
a geometric series, prove that a2 *.5*-9,59- =1, 
4. (a) If < and f are the roots of the equation z*--8z--15— 0, 
tion whose roots are (x-++8)® and (< – 8), 
find the equatio boues Since M 
(b) Show that, if ris real, the value of the expression 
a? – 9114 lies between 7 and 7. 
pe iddle term in the expansion of (z — 9y)® 
} Find the middle term in the expa: — 2), 
5. (a) Bind [ Ans. 1190z*y* } 
e 
Expand (2a - 32)". 
(» І s 64a9 – 576а°®ж-Е9160а*ад° — 436008: +4860a? yt 
— 291645 -- T2959 1 
6. (a) Find the logarithms of ($) 394 to the base 3 A/2. 
(а) © to the base 9 V3. [ Ans. (i) 4 (4) -%1 
3 9 8 
(D) Prove that 61-910 24-3 log 2--0 2-0, 
7. (a) Find the number of permutations of т dissimilar 
hi 5 taken 7 at a time, where 7 is less than or equal to т. 
& 1, There ате 12 ferrysteamers plying between Chandpalghat 
nd Botanical Gardens. In how many ways, соп а man go from 
ААТЫН to Botanical Gardens and return by a different 
steamer ? [Ans 139 ] 


8 Н. 8. QUESTIONS (Compl.)—1960 


Group B—Trigonometry— [40 marks] 
Answer ANY THREE questions. All questions carry equal marks. 
8. (a) The difference between the two acute angles of a 


right-angled triangle is = radians; express these angles in 
[Ans 81°, 9° ] 

(0) If sis the length of the arc of a circle whose radius ін” 
and 0 is the radian measure of the angle at the contre, standing 


degrees, 


on the arc, prove that 6-2. 


9. (a) If 4 and В are both acute angles and A is greater than 
‚ Prove (geometrically) that 
sin (A — B)=sin А cos B—cos A sin В. 
(b) Ifsin А-ф and cos B—1$ where A and В ara acute 


tan 4 —tan В 
ее. Ans. 
angles, find the value of ihn Dia [ An 


' 10. (а) Find the values of ө between 0° and 360° which 
Satisfy the equation sin?9 — 9 соз 0--£—0.  [Ans. 60° and 3007] 


(b 1t A+B+C=180", prove that 
sin A+sin B+sin C=4 сов * сов g cos 5. 

11. Ina triangle ABO, prove that 
4 0° +c? – д2 
(i) соз ааа 


16 
[23 


Be 
2 


- (ii) а сов 


=(b-+c) sin 3 


the top of the tree touches the ground is 50 feot. What was the 
height of the tree ? [Ans. 50,/3 ft. 1 
13. Draw the graph of eos z between the values of y= -x 
«= and read off from the graph, the value of сов 150°. 
SECOND PAPER 
1. Answer either (а) and (5), о» (с) and (d) :— 


(a) Tf two triangles are 9quiangular, prove that their corres- 
bonding sides are Proportional, 


and 
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(b) Prove that the line drawn parallel to the parallel sides 
of a trapezium through the point of intersection of the diagonals 
is bisected at the point. 2 

(c) Prove that ina triangle the sum of the squares on am 
two sides is equal to twice the square on half the third ae 

ү 1 H H 
iyd ir twice the square on the median that bisects the 

(4) Show that the sum of the squares on the sides of a 
parallelogram is equal to the sum of the squares on the 
diagonals. 

2. (а) If two chords of a circle intersect outside the circlo 
prove that the rectangle contained by the segments of one is MEA 
$0 tho rectangle contained by the segments of the other. 

(b) Prove that if the common chord of two intersecting circles 
be produced, it will bisect their common tangent. 

Or, ABO is a triangle right-angled at 4 ; AD is perpendicular 
to BC. Show that AB*=BD.BC. 

3. Draw а circle of radius 2 cms. Construct an equilateral 
triangle circumseribing this circle. 

Or, Draw a triangle with sides 3, 4 and 5 cms. Now 
construct a square equal in area to this triangle. 

[Statement of construction, and full, neat and distinct traces 
are to be given in either case, but no proof]. 

4. Answer either (a) and (0), or (c) and (d) : 

(a) Find the distance between the points whose co-ordinat 
are (та, Уз) and (we, Уз). Өв 

(b) Prove that the points whose co-ordinates ате(—9, — 9 
(2, 2) and (4, — 4) are the vertices of an isosceles triangle É ), 

(c) Find the angle between the straight lines whose A : 
are y =m% +c, and y — mac 0a. quations 

(d) Obtain the equation to the straight line passin, 
she point ( — 1, 2) and perpendicular to the line 3z-L-4y x NS 


[Ans. 42 — Зу--10=0] 


10 Н. 8. QUESTIONS (Compl.)—1960 


5. Answer either (a) and (5), or (c) and (4) : к 

(a) Obtain the equation to a circle having its centre at (3, 73 
and radius 5, (Ans, 224-у? —-6z—14y--38— 0] 

(b) Find the equation of the tangent of the circle z? --y^—a 
ай any point (21, y1) on it. 


(c) Find the equation to the tangent of the ellipse 


g? у? ; 
аты =1 at the point (1, y1) on it. 


2 а 
(4) Show that z 3y —13 touches the ellipse га 
6. Answer either (a) and (5), or (с) and (4): 
(а) Find the equation to the normal at (21,41) of the 
parabola у? = 442. [Ans. y1(e-@1)+2a(y – y1)—01 
(b) Prove that the length intercepted on the z-axis of the 
parabola y?=4az, between the foot of the ordinate of any point. 


of it and the point of intersection of the normal at the point with 
the z-axis is constant, 


2 2 
(c) Obtain the length of the chord of the hyperbola % = ne i 
passing through the origin and making equal angles with the 
axes, [Ans. 35,/21 
(d) Find the co-ordinates of the foci of the hyperbola 
g* —y?=9, [Ans. (+8 ,/2, 0)] 
7. Answer any two of the following questions :— 


(а) Prove that all straight lines drawn perpendicular to & 
given straight line at в given point of it are coplanar. 


(b) The volume of a right circular cone whose height is 
24 inches is 1232 cu. inches. Find the area of its slant surface, 
[Ans. 550 sq. in.] 
(c) АВ is a diameter of a circle ; AC and AD are any two 


chords cutting the tangent at B in P and О; prove that 
LPCQ= LPDQ. 


(d) А straight line is drawn through the point (3, 5) such that 


the Point bisects the portion of the line intercepted between tho 
axes. Hind the equation of the line, and calculate its perpendicular 
distance from the origin. 


[Ans. 52--3у=30 ; 25/84] 


HIGHER SECONDARY EXAMINATION, 1961 
ELECTIVE MATHEMATICS 


FIRST PAPER—Group A (Algebra) 
Answer any four questions. 


3+ J6 ] 
5/3-2 „/18- J82-F /50 
м! [Ans. А/8 or, 1182] 
i n m 
() барну: "nme etm. ав 
(c) Find the sq. root of 33 —4 ,/95. [Ans. +(2 J7- ,5)) 
2. (a) Solve the equations : 


Pr [ae чы кук 
25? — 5zy--2y? =0 or, 9$—2,y—1l. 


(b) The length of a pendulum varies inversely as the square 
of the number of beats it makes per minute, If а pendulum 16 ft. 


97 beats per minute, find the length of the pendulum 


long makes 2 
that makes 24 beats per minute. [Ans. 9202 ft.] 


3. (a) A person lends Rs. 1000 to a friend agreeing to chargo 
no interest and also recover the amount by monthly instalments 
decreasing successively by Rs. 9. In how many months will the 
loan be paid up, if the first instalment be Rs. 64 and its payment. 
be made one month after the sum 18 lent ? [Ans. 25] 

(b 101, œo? are the three cube roots of unity, prove that 

(1--- 92)? = (1 —o-]-u2)3 = —8. 
4. (a) Ир,а are the roots of the equation Qe* — 5z--2—0, 
i hose roots are ф-та and а-- mp. 
find the equation w [Ans. 42 — 10(14-т)2--4т34-17т--4--01 
a^ atl 
а%+а+1 
[Ans. 3 and 2] 


1. (а) Simplify : 


(b) Find the maximum and minimum values of 
for real values of 2. я 

2 _ 3 
5. (a) Expand (2-2): 

64 5 324,20 s 9 155 948, 799 

= -90 =2 
[ Ans. x сай 3^ Tg Bec oe] 
(0) Write down the coefficient of 229 in (x — 2y)*8, 

[Ans. -9288у5) 
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6. (а) Given log 2='30103 and log 3—'4771918, find the 
logarithm of *015. [Ans. 21760913] 


(b) Prove that 7 log 20 - 2 log 254-3 log $4 — log 2—0. 


7. (а) Find the number of combinations of n dissimilar 


: In 

things taken r at a time, [ Ans. [= m =| 
(b How many numbers lying between 10 and 100 can be 

formed with the digits 3, 4, 0, 5,8? [Ans. 16] 


Group B—Trigonometry 
Answer any three questions. 


8. (а) The radius of a circle is 10 em., find the angle in 
degrees and minutes, subtended at its centre by an are 6 cm. in 
length, [x—22] [Ans. 34'91'8] 

(b) The angles of a triangle are in A. P. If the number of 
degrees in the greatest angle is the same as the number of grades 
in the least, find the angles in degrees, [Ans. 687.8, 60°, 55°38 


1% 
9. (a) НА, B and А-В are positive acut 


e angles, prove 
geometrically that sin (A — B)=sin A cos В -сов A sin В. 


(b) Find the value of sin 330"--tan 45° – 4 sin? 120°+ 
2 cos? 135°-+sec?180°, 


[Ans. -4] 
10. (a) Find the values of 0 between 0° and 360° which satisfy 
the equation ,/8 sin 0--сов 0—1. [Ans. 0°, 120°, 360°] 


(b) It A+B+C=180", prove that : 
tan A+tan B+tan C=tan А. tan B. tan C. 
11. Ina triangle АВО, prove that 
(а) Sim 4. sin В sin О. 
а с 
(b asin (в- C)--b sin (C — А) с sin (4 - B) 20. 

12. On & Straight coast there are three objects A, B and C 
such that AB= BO=4 miles. A steamer approaches B in' a line 
Perpendicular to the Coast and at a certain point AC is found to 
Subtend an angle 60° ; after sailing in the same direction for ten 


\ 
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minutes, AC is found to subtend an angle of 190°; find the rate 

at which the steamer is going. [Ans. 16 /3 miles per hr.] 
13. Draw the graph of sin 2 between the values of &=0° 225 

>--860” and read off from the graph the value of sin 240°, 


[Ans. -'87] 
SECOND PAPER 


1. Answer either (а) and (b), or (c) and (а) : 

(a) 1f two triangles have one angle of the one equal to one 
angle of the othor and the sides about these equal angles propor- 
tional, prove that the triangles are similar. 

(b) If two triangles are similar, prove that their areas are 
proportional to the squares on their corresponding medians, 

(c) Prove that the ratio of the areas of similar triangles ig 
equal to the ratio of the squares on their corresponding sides, 

(d) If ABC be a triangle inscribed in a circle, and the tangent 
at A meots BC produced in DD, prove that BD:CD-AB?; 403, 

2. (a) If from a point outside a circle, a secant and a tangent қ 
be drawn to the circle, prove that the rectangle contained by the 
segments of the secant is equal to the square on the tangent, 

(b) If the diagonals of a cyclic quadrilateral are at right. 
angles, show that the perpendicular from the point of intersection 
to any side when produced backwards bisects the opposite side, 

Or, (b) From the extremities of any chord AB of a circle, 
perpendiculars AQ, ВВ are drawn to ihe tangent a& any point P, 
If РМ is perpendicular to AB, prove that PM*=AQ.BR, 

8. Draw a circle of radius 1 inch, and then construct a regular 
hexagon circumscribing the circle. 

Or, Take в straight line of length 2 inches and divide it into 
two parts such that the square. on one pari may be double the 
square on the other part. 

[ Statement of construction and distinct traces are to be given 
án either case, but no proof. ] 


14 Н. S. QUESTIONS—1961 
4. Answer either (а) and (b), or (c) and (а) : 


(a) Obtain the area of the triangle whose vertices are points 
(ал, 01), (we, уз) and (zs, ys). 


[Ans. liye- Фауі-ГФ2аУз – 23021-08601 — 210 в)] 
(b) Find the area of the triangle whose vertices A, В, С are 
respectively (3, 4), (—4, 3) and (8, —6) ; hence or otherwise find 
the length of the perpendieular from А on BC. 
[Ans. 875 units of area ; 5 units of length] 
(с) Obtain the equation of the straight line passing through 
the poi 0-01 ша, ] 
the points (sı, y1) and (zs, ys). ЕЗ ЛЕТ 
(4) Obtain the equation to the perpendicular bisector of the 
line joining the points (- 2, 7) and (8, - 1). At what distance is 
this perpendicular-bisector from the origin ? 
[Ans. 5¢-4y-3=0, distance= JH units of length] 
5. (a) Answer either (a) and (5), or (c) and (а): 
(a) Obtain the equation to the circle passing through the 
‘points (3, 4), (3, 6), (—1, 2) and determine its centro and radius. 
[Ans. (а – 3)° (4-1) 52 ; centre (3, -1), 
radius=5 units of length] 
(b) Prove that the straight lino у-а--а ,/9 touches the 
circle œ? 4-у? =a?, and find its point of contact. 


[= (Es. +2] 


(с) Obtain the equation to the normal to the ellipse 
@* +? 


atts =1 at the point (тү, ул) on the ellipse. 


Ans. #2: _У- Уз 
m Ya 
a b? 


tangent of the ellipse 
=144 having equal positive intercepts on the axes. 


[Ans. z--y—5] 


.Ф Find the equation to the 
Эх? +-16y2 
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6. Answer either (а) and (b), or (c) апа (а): 
(a) Find out the equation to the parabola whose focus ig 


{—3, 4) and directrix is 62 — 7у--5=0. 
[Ans. (7x-++6y)* +4502 — 610у--9100=0] 


қ (b) Тһе two tangents drawn from a point P to the parabola 
y2=42 ате at right angles. Find the locus of P. [Ans, z--1— 0] 
(с) In the hyperbola 4z* —94?—36, find the lengths of the 
axes, the co-ordinates of the foci, the eccentricity and the’ length 


of the latus rectum. 
[Ans. lengths=6 and 4 units of length ; foci (+ ,/T3,-0) 


E, latus rectum =2§ units of length 1 


(d) Find the condition that y-—7z-tc may touch the 
[Ans, c= а/м 1] 


hyperbola w? — y? =a. 
в following questions (a). (b), (c) 


7. Answer any two of th 
апа (4) : 


(a) A and В are two fixed 
(2, 4) and (2, 6) respectively ; ABP is an equilateral triangle on 


the side of AB opposite to the origin. Find the co-ordinates of P, 
[Ans. (2+ ,/8, 5)] 
(b) Band О are fixed points having co-ordinates (3, 0) and 
(—3,0) respectively. If the vertical angle BAC be 90°, show 
that the locus of the centroid of the triangle ABC is а circle 
whose equation you are to determine. ГАпв, 22 уз 1] 
(с) With the material of a hollow sphere of outer diameter 
10 cms. and thickness 2 cms. is made а solid right circular cong 
of height 8 cms. Find the surface area of its curved surface to 
the nearest square centimetre. [1252]. [Ans. 984 вд. cm,] 
(d) How is the angle between two intersecting planes defined? 
When is а plane perpendicular to another plane ? 
Tf two straight lines are parallel, and if one of them ig 
ular to а plane, prove that the other is also perpendicular 


points whose co-ordinates arg 


perpendic 
to the same plane. 
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18 Н. 8. QUESTIONS (Compl.),—1961 


(c) If а perpendicular is drawn from the right angle of a 
right-angled triangle to the hypotenuse, prove that the triangles 
on each side of the Perpendicular are similar to one another. 
Hence deduce that the Perpendicular is а mean proportional 
between the Segments of the hypotenuse. 


(d) In a right-angled triangle, if a perpendicular is drawn 
from the right angle to the hypotenuse, show that the segments 


of the hypotenuse have the same ratio as the squares on the sides 
containing the right angle. 


2. (a) Prove that the obtuse angle between the tangent at в 


point of a circle and a chord through the point of contact is equal 
to the angle in the altornate segment, 


Or, If from any point on the cireumcircle of a triangle 
perpendiculars are drawn to the sides of the triangle, prove that 
the feet of the perpendiculars are collinear, 


(b) It two circles intersect, show that their common tangent 
Subtends supplementary angles at the points of intersection. 


Or, Two radii of. a circle are perpendicular to each other, and 
& tangent cuts them when produced ; prove that the other tangents 
drawn to the circle from these points of intersection are parallel. 

3. Take a straight line of length 6 cms, ; divide it into two 
Segments such that the rectangle contained by the segments may 

Ө equal to а square on a side of length 2 cms. 

Or, Draw a circle of radius 1 inch. F 
this circle such that the two tangents from 
line joining the points of contact may form 

[ Statement 


ind out a point outside 
it to the circle and the 
an equilateral triangle. 
of construction, and full, neat and distinct traces 
are to be given in either case, but no proof. ] 


4. Answer either (a) and (b) or (c) ава (d) :— 


(a) Obtain the distance between the points whose rectangular 
cartesian co-ordinates are (21, уз) and (zs, Ya). 

(b) Show that the triangle whose vertices are the points 
(-2, —5), (4, — 1) and ( — 1, 0) is isosceles, 


(c) Obtain the equation to a straight line which is inclined to 
the a-axis at an angle б, 


and whose intercept on the y-axis is с. 
(4) Show that the points (1, 4), (3, —2) and ( — 3, 16) aro 
collinear, 3 
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5. Answer either (a) and (b) or (c) and (а) :— 

(a) The extremities of a diameter of a circle have co- 
(— 4, 8) and (12, — 1) ; find the equation to the circle. 

[Ans. 2° у? - 8x - 2y -51=0] 

(b) Find the condition that the straight line y 
touch the circle z? 4-y? —a?. 

(c) Ап еШірзе has its major axis along the z-axis and the 
minor axis along the y-axis. Its eccentricity is $ and the distance 
between the foci is 4. Find its equation and show that the ellipse 
passes through the point (2, 8); 

(d) Find the equation to the tangent at the point (v5, уз) of 


the ellipse 5 4% =1. 


ordinates 


=ma+c may 


6. Answer e:ther (а) and (b) or (c) and (d) :— 
i ; A a. 
(a) Show that the straight line утте is a tangent to the 


parabola y*=4az, whatever m may be. 


(b) Show that the foot of the perpendicular from the focus of 
the parabola y? = 4а2 on any tangent lies on the y-axis, 


(c) Prove that in the hyperbola z? — y? —a?, the diffe 
between the focal distances of any point on it is constant. пеше 


(d) Find the length of the chord of the hyperbola 


а? Mes along the line y=me. [ Ans. заб, т 3 
a? b b Tar] 


7. Answer any two of the following questions :— 


(a) А and В are two fixed points on a plane, and а point P 


moves on'the plane in such a way that PA=2PB always, 
either geometrically or analytically that the locus of P 25 а ey 
(b OA, OB, OC aro three straight lines on a plane. If Op 


be perpendicular to OA and OB, prove that it is perpendicular 

oc "NA dco we 009 т o 
(c. solid right circular cylinder, whose height ig 9 ; 

and diameter of the base 4 inches, is deforme Кш shed 

Find the surface area of this sphere. [Ans. 1132 sq. inches] 
(d) Find the equation of the straight line which 

through the intersection of the lines 3a — Tyt+5=0, 2- у дон 

and has equal intercepts of the same sign along the ae =0, 


[Ans. суву 


HIGHER SECONDARY EXAMINATION, 1962 


ELECTIVE MATHEMATICS 
FIRST PAPER—Group A—Algebra 


Answer any four questions 


1. (a) Given z= rd find the value of 
NIFs- Jing 1 
Nitet Vine 0 Um DI 

2. [Ans. +(3-2,/2)} 


2 


х (642° —975-2)78 [Ans. #] 


(b) Find the Square root of 27 =19,/ 
(с) Simplify : (82°+97q-8)8 
2. (a) Solve the equations : 


poems 

zy=8 

ЕС 2-4, y=2; or, g= x у= - 2] 
(5) Given that the а i i 


u find the area of a circle whose radius is 
10 ft. 6 inches, [Ans. 34655 sq. ft.] 
8. (a). И Sa, Se, S, be the sums of р terms of three 
з the first term being 1 and the respoctive 
common differences 1, 2, 8, prove that Si+S8,=98,. 
If 1, e, вз aro the three cube roots of unity, prove that 
GF Hawys) + (ont yo)? = bay, 
It 4, B be the roots of the equation ag? +2+b=0, 
show that 14.8! 5)=1 
( ao ab" 
(b ие is real, Drove that 2° +840 — 71 can have no value 
between 5 and 9, «08-7 
5. (а) Bing the value of the term independent of in 
222 -i Ans. 7920] 
(0) Expand (1+22)-* to five terms, г 
[Ans. 1— 6z--945* — 8058-04054] 
б. (a) Given log 2='30103 ana log 3—'4771913, find the 
logarithmg of (i) 53 ава (ii) 1875, 


[Ans, (i) 77043659, (ii) 12730013] 
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; 15 8 
(0) Bind the value of 7 log 16-6 log 3-5 log 2-+ log 32, 


[ Ans. log 3 ] 
7. (a) Same ав 0. 8(а) of Н. S., 1960. 
(b) How many permutations can be made out of the letters 
of the word TRIANGLE ? How many of these will begin with т 
but end with E ? [Ans. 40320, 720] 


Group B—Trigonometry—40 


8. (a) The circular measures of two angles of a triangle are 
i and $. Find the number of degrees and minutes in the third 
angle. [23 radians=2 right angles]. [Ans. 182°16"36} 

(b) The diameter of a graduated circle is 6 ft. and the 
graduation on its rim are 15' apart ; find the distance (in inches 
correct to two places of decimals) from one graduation to another 
next to it. [*—27] [Ans. "16 in.] 

9. (а) Same аз ©. 10(а) of H. S., 1960. 

(b) Show that 

sin 420° cos 390°-Ё сов ( — 300°) sin (- 3307) 1, 

10. (a) Find the values of 0 between 0° and 360° which 
satisfy the equation 00820 —sin 0 —£. [ Ans. 30°, 150° ] 

(b) А-ЕВ-Е0=180°, prove that 


sin A4--sin B —sin C=4 sing sin 4 сов 4 
11. Ina triangle ABC, prove that 


2984-03 —a* NUI 
(a) cos Ж сены (b) a sin Е +a )= (+0) sin i 
19. The angle of elevation of the top of a tower is observed 
to be 60° from а point in the horizontal plane through the foot of 
the tower ; at the point 40 ft. vertically above the first point of 
observation, the elevation is found to be 45°. Find the height of 
the tower and its horizontal distance from the  pointg of 
observation. [Ans. h=94'6 ft., d=54'¢ th. 1] 
13. Draw the graph of cos a, between the values of y= Bron 


and v—7 and read off from the graph the value of cos 190°, 


[ Ans, -51 
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SECOND PAPER 


Group A—Plane Geometry—40 
Answer any three questions. 


1. (a) Prove that in an obtuse-angled triangle, the square 
on the side subtending the obtuse angle is equal to the sum of 
the squares on the sides containing the obtuse angle, together 
with twice the rectangle contained by one of these sides and the 
projection of the other side on it. 

(b) Same ав Q.1 (d) of Н. 8. 1960 (Compl.) 


2. (a) If two chords оға circle intersect inside the circle, 


prove that the rectangle contained by the parts of one, is equal 


to the rectangle contained by the parts of the other. 

(b) Through any point X on the common chord of two 
intersecting circles, chords AB and CD are drawn one in each 
Circle, Prove that AX.XB—O0X.XD. 

3. (a) Same as ©. 1(a) of H. S. 1960 (Compl.). 

(b) In the trapezium ABCD, AB is parallel to DC and the 
diagonals intersect at О, Show that OA : OC=OB: OD. 

4. (а) Same ав Q. 1 (c) of H. S. 1960. 

T disks а median of the triangle ABO, and the angles 


1 ө bisected by lines which meet AB, AC at Hand F 
respectively, Show that EF is parallel to BC. 


5. Construct а regular hexagon circumscribing a circle of 
radius 155 inches, Measure а side of the hexagon. [Ans. 1'73"] 
. [ Statement of construction, traces of construction as well as 
Justification are to be given. 1 

Group B—Co-ordinate Geometry—40 
Answer any three questions. 


6. (2) Samoas 9. (4) (a) of Н. 8. 1960. 
(b) The co-ordinates of the vertices of 


(а, уз) and (vs, уз). Find the co-ordinat 
&he medians of the triangle intersect, 


[Ans а=. Баага), у= Ri уа ys) ] 


a triangle ате (a1, 71), 
es of the point where 
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7. (a) Find the angle between the straight lines whose 
equations are y=mrie+e, and y —^msz-s. 
| Ans, T 
“1--тіта 
(b) Find the equation of the straight line passing through the 
point ( — 3, 1) and perpendicular to the line 5z — 2y 3-7 — 0. 
[ Ans. 22-+5y+1=0] 
8. (a) Find the equation of the circle passing through the 
origin which makes intercepts 6 and 8 on the positive sides of the 
axes of z and y respectively. [Ans. 22402 – 6z—8y— 0] 
(b) Prove that the centres of the three circles 
23--у4-92--бу- —1, 27--у2--42-19у--9, and 23--у%-16-0 
lie on a straight line. 
9. (a) Find the equation of the parabola, whose focus is at 
the point (5, 0) and whose directrix is the line 3z — 4y +2=0. 
[ Ans. 16%°-+24ay+9y? — 2622+16y+621=0 1 
(b) Same as Q. 6 (a) of Н. S., 1961 (Compl.). 
10. (a) Find the equation of the ellipse whose major and 
minor axes lie along the axes of co-ordinates ох, oy respectively 


and whose eccentricity is Еа and latus rectum 3. 


N2 
; [Ans. z*-4-2y?—9) 
(b) Show that the line z — y —5 touches the ellipse 


Group C—Solid Geometry and Mensuration—20 
Answer any two questions. 
11. Same as ©. 7. (a) of Н. В. 1960 ( Compl. ) 


12. Ifaright angle rotates about one of its arms, then the 
other arm describes a plane. 
13. Find the volume and the lateral surface of a right prism 
8 inches long, standing on an isosceles triangle, each of whose 
equal sides is 5 inches and the other side 6 inches. 
[ Ans. vol. =96 cu. in., surface =128 sq. inches, 1 


14. A right pyramid stands on a rectangular base whose sides 
are 12 inches and 9 inches ; and the length of each of the slant 
edges is 85 inches. Find the height and the volume of the 

[ Ans. h=4", v=144 cubic inches, 1 


—— 


pyramid. 


Н. S. Exam. (Compartmental )—1962 


ELECTIVE MATHEMATICS 
FIRST PAPER 
Group A—Algebra—60 
1. (а) Simplify :— 
3 J8-2 JT9+ ,/90 2 
3 J18-2 J91-- J35 [ 506,4 | 


(b) Find the square root of 8+ „60. [Ans. +(/5+./3)] 


(c) Simplify :— 


ho ды E 

0\5 с 2°\са 4а» 
e) х(%) x(%) . [Ans. 1] 

2. (a) Solve the equations : 
т-у = 9 w=5 cud 
2 AMA ai) Ес у= } 9 у=-5 


(0) When а body falls from rest, its distance from the 
Starting point varies as the Square of the time elapsed. If a body 
falls from rest through 4095 ft. in 5 seconds, how far does it fall 
EU Г Ans. 1610 ft. 1 
is D 2 The fifth term of a G. P is 81 and the second term 


nd the series. [ Ans. 16, 24, 36, 54, 81,......] 
9 из= J=1, show that 342i, 3-2 _ 8 


i 2-5i 25 99 
` M) Find the equation, whose roots are the squares of the 
59008 of the equation 32? -7s-5=0. [Ans. 92° — 79%--95=0] 
(0) Нов real, prove that the value of 
(e - 1-8) : 4 
C= 224) does not lie between $ and 1. 


а) Find the value of the middle term in the expansion of 

(82 - ууз, [Ans, -Ш18 39 90 5» y] 
[919 

(b) Apply the Binomial Theorem to find the value of (99) 


Ans. 96059601 ] 
6. (а) Find the logarithms of l 


() 5839 to the base 3 4/3 [Ans. 6] 
(4) 81 to the base 2/9, [Апз, 6] 
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(b) Show that 7 log 181-5 log 2543 log 55—108 2. 

7. (а) Same as Q. 8(а) of H. S. 1960. 

(5) Four travellers arrive at а town where there are five 
hotels. In how many ways, can they take up their quarters, each 
at a different hotel ? [Ans. 120] 


Grouer B—Trigonometry—40 

8. (a) Same as ©. 9(a) of Н. S. 1960. 

(b) Find the ratio of the radii of two circles, at the contres of 
which, two arcs of the same length subtend angles of 60° and 75°. 

[Ans. 5:4] 

9. (a) Same as Q. 9 (a) of H. S. 1961. 

(b) Show that 

cos А--віп (970°-- 4) – sin (270° — A)+cos (180" 4- 4) — 0. 

10. (a) Findthe values of 0 between 0° and 360°, which 
satisfy the equation cot 0--бал 0=9 совес 0. [Ans. 60° or 300°] 

(b) Prove that tan D-i $an.98 pottan 30 _ 4 cos 90 cos 49. 

tan 50 – tan 30 

11. (а) Same as 0. 11(a) of H. В. 1961. 

(b) The sides of a triangle are 56, 65 and 33 feet ; find its 
greatest; angle. [Ans. 90°] 

12. The upper part of a tree broken ovor by the wind makes. 
an angle of 30° with the ground and the distance from the root 
to the point where the top of the tree touches the ground is 50 
feot. What was tho height of the tree ? [Ans. 50,/8 %.] 

18. Draw the graph of sin т, between the values of ~= —* 
ава v=x and read off from the graph the value of sin 1507, 


SECOND PAPER 
Group A—Plane Geometry—40 


4. (a) Same as Q. а) of H. S. 1960. 
(5) АВО is an isosceles triangle in which AB=AC ; and BE 


is drawn perpendicular to AG. Shew that BO? —2A0.CE. 
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2. (а) Prove that the angles made by a tangent to a circle 
with в chord drawn from the point of contact are respectively 
equal to the angles in the alternate segments of the circle. 

(b) AB is the common chord of two circles, one of which 
passes through О, the centro of the other ; prove that OA bisects 
the angle between the common chord and the tangent to the first 
circle at A, 

3. (а) Same as Q. 1(с) of Н. S. 1961. 

(b) A trapezium ABCD has its sides AB, CD parallel and its 
diagonals intersect at О. Tf AB is double of CD, find the ratio of 
the areas of the triangles AOB and COD. [ Ans. 4:1] 

4. (а) Same as Q. 1(c) of H. 8. 1961 (Compl.). 

(b) At the extremities of a diameter of a circle, whose centre 
is C, tangents are drawn ; these are cut in Q and R by any third 


tangent whose point of contact is P. Shew that QR subtends a 
right angle at C. 

5. Construct a Square equal in area to a given rectangle 
Whose adjacent sides are 1'5 in. and 2'5 in. Measuro the side of 
the square, [Statement of the construction and the traces are to 
be given,] 


GROUP B—Co-ordinate Geometry—40 


6. (а) Samoas Q, 4, (a) of H. 8. 1960 (Compl.). 
(b) Shew that tho straight line joining the two points (— 7, 3) 


AT — 6) passes through tho origin. 
“(6 


Same аз Q. 4, (c) of H. S. 1961. 
(0) Sh 


OW that the three lines 3x-+y=5, z+by+3=0 and 


ба-2у--19 meet in a point, 


8. (a) 


Find the equation of the circle which passes through 
the points ( 


0, - 8), (1, —2) and (5, —8). 

[Ans. z*--y* — 6z--10y--91—0] 
(0) Shew that the straight line œ — y--9— 0 touches the circle 
+y2=92 and find the Co-ordinates of the point of contact. 


[Ans. (=1, 1)] 


a? 
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9. (a) Find the co-ordinates of the points at which the straight. 
line x--y=7 cuts the circle z* -+y*=25. [Ans. (3, 4), (4, 3) ] 

(b) Find the equation of the circle which passes through the 
origin and the points at which the straight line 32-+4y=12 meets 
the axes. [ Ans. 22у? – 42 - 3у=0 1 

10. (a) Find the equation of the parabola whose vertex is the 
origin and whose focus is the point (0, 5). Find the length of its 


Latus Rectum. [ Ans. z?—20y ; 20] 
(b) The straight lino у=8ж— 1 cuts the parabola y°=4s at 
А and В. Find the length AB. {Ans. $4101 


GnouP C— Solid Geometry and Mensuration—20 
11. Ifa straight line is perpendicular to each of two inter- 
secting straight lines at their point of intersection, prove that it 
is perpendicular to the plane in which they lie. 
12. From О, Ње centre of a circle, a perpendicular OA is 
erected to the plane of a circle. Prove that all points on the 
circumference are equidistant from any point on the perpendicular 


OA. 
13. Tho length, breadth and height of a rectangular block 


are in the ratio 4 : 3: 2, and the whole surface of the block is 


i i һе dimensions of the block and its volume. 
аты SUME [Ans. 24”, 18", 19" ; 5184 cubic inches] 


14. Find the curved surface and the volume of a right circular 
cylinder whose height із 8 іп. апа the radius of whose base is 
Bi 22 [Ans. 2517 ва. in. ; 628% cubic inehes.] 

in, [== . • pk prx 


Н. 5. Examination—1963 
FIRST PAPER 
Group A—Algebra 
Answer any four questions. 


1. (a) жу re 
12- NOTEN A) Ans. -9 
uu [ Ans. 46-2] 
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(b а=, аУ-т and а? —(m*n*)*, prove that 202=1. 


(c) Find the Square root of 2-8 [Ans +3(/3+1)] 
2. (а) Solve the equations : 


а 4.16 a=} s=% ] 
Ба аа, (аша а, = 


y= 


[Ans. 45 sq. ft.] 


8. (а) Ша, $, с, d be in G. P., show that 


(b — c)? (с = а) --(d - 5)? —(a- q)*. 
(OG) TEXTS о, o^ be the three cube roots of unity, prove that 
8) 1++%=0; 
(ii) (84-32-53) =(3+50+4B0%)? = 64, 


4. (a) It the roots of the equation Iz? +ne+n=0 be in the 


ratio p : q, prove that +, н/о. 


(b) Fina the maxim 
EE 

EL for real values of 2. [Ans. 3, $] 

5. (a) Ting th 


um and minimum values of 


9 coefficient of z?? in the expansion of 
(4-1 ІН [Ans, 13651 
wle i 
Find the two middle terms in tho expansion of (a-]-z)?^ **. 


6. (a) Write the serios for e? 


Series of ascending powers of т. 


(b) 


ДЕ, St 
; hence expand HR in в 


Ans, _|9л+1 7 Bn он. 
[ S locit 2” and (Г c ] 


6. (b) Given log 9 


730103 and log 3—'4771913, find 
(i) log 75 ana (ii) log 450 


0. [Ans. (i) 18750618 (ii) 376532196] 
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7. (a) Find the number of combinations of л dissimilar things 
taken 7 at a time. 

(b) From a company of 15 men, how many selections of 9 
men can be made, so as to (i) exclude three particular men, 
(ii) to include three particular men ? [Ans. (i) 220, (%) 924] 

GROUP B—Trigonometry 
Answer any three questions, 
8. Same аз 0. 9(а) of H.S. 1961 (Compl.) 
(b) П соз 6-віп 0— ,/9 sin 0, prove that 
cos 6-sin 6— 4/2 cos 0. 
9.(a) Find the values of 6 between 0° and 360° which satisfy 
the equation cos 0+ / 3 sin 0= ,/2. [Ans. 15° and 105°] 
(b) If 4+B+C=180", prove that 125554. 
сов А--сов В--сов C=1+4 sin 5 sin g sin g 

10. (a) Prove that in a triangle ABC, with the usual notations 
sin АЕО x Mane) cos de E, 

(b) The sides of a triangle are 20", 21" and 29", Find its 


greatest angle. [ Ans. 90 1 

11. A шап оп a cliff observes а boat at an angle of depression 
of 30°, which’ із making for the shore immediately beneath him, 
Three иза later the angle of depression of the boat is found to 
be 60°; assuming that the boat moves uniformly, how soon will 
г [Ans. 1% mins.] 


it һ the shore ? 
th Draw the graph of sin 25 between the values of v= —% 
and ars and read off from the graph the value of sin 150". 
SECOND PAPER 
Group A—Plane Geometry 
Answer question 4 and any two others from this group. 
1. (a) If two triangles have their sides proportional, when 


taken in order, prove that they are equiangular. 
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(b) Prove that the areas of two similar triangles are propor- 
tional to the Squares on their circum-radii. 

2. (а) It the base of & triangle be divided externally in the 
ve that the line joining the vertex 
the vertical angle externally. 
nal bisector of two angles and the 
Ға triangle are concurrent. 


(b) Prove that the exter 
internal bisector of the third o 


8. (а) Show that the acute angle made by a tangent to a 
circle with a chord drawn from the point of contact is equal to 
the angle in the alternate segment of the circle, 

(5) Two circles intersect at A and B, and through P, any 
Point on one of them, straight lines PAC and PBD are drawn to 


at О and D. Show that CD is parallel to the 
tangent at P, i 

4. Construct, to the scale, 
the equal sides equal to 2 inche 
Vertical angle 

Or, Divide в Straight line of length 2 inches into two parts 
Such that the quare on one part may be three times the square 
Оп the other, 


an isosceles triangle with each of 
5, and each base angle double the 


U Statement of construction and full, neat traces are to be given 
9h any one of the above cases, but no proof. ] 


GROUP B— Co-ordinate Geometry 


Answer question 5 and 


any two others from this group. 
* AQ, 


Same as Q, 4(a) of H. S., 1960 (Compl.). 
ar D). Prove that the Points (2, — 2), (8, 4), (5, 7) ana (—1, 1) 
9 the Successive angular points of a rectangle, 
ou (а) Obtain the Perpendicular distance from the point 
71,41) to the Straight line az+by+c=0, 
(b) Find the ortho-centre of the triangle whose angular points 
ате (3, 7), (6, 1) end (4, -5). Ans. (-32, #9] 
7. (à) Same ав Q. 5(6) of H. S. 1960 (Compl.). 
(5) Obtain the equation to the circle which passes through 
‘the point (0, 4) ana touches the a-axis at the point (2, 0). 


Ans, g?-Ly3 — 47 — 5y+4=0] 


Н. 8. QUESTIONS—1963 31 


8. (a) A tangent to the parabola y? = 

х ing y^ =12, 6 

to the axis. Find the co-ordinates of its аи Bee SD 

[Ans. (3, 6 

(b) Тһе co-ordinates of the foci of а h n 

з yperbol; 5 

(-5, 0), and its eccentricity is $. Find its Sa ed 
[а аз y* с 1 

* ле 
. (а) Show that the locus of the middle points of a system 

eae dm ecc RO E 4 

of parallel chords of the ellipse 181% =1 is a straight line pass- 


ing through its centre. 
(0). Find the equation to the normal to the ellipse 
® LV —1 at an extremity of a latus rectum. 
95 ' 16 
[Ans. 95z- 15у--971 
Gnoue C—Solid Geometry and Mensuration 

10. Answer either (a) and (b), or (c) and (d) :— 

(a) Same as Q. 7(b) Second part of Н. 8., 1960, 

(5) ИРА =рВ=РО, where Р is a point outside the plane 
of the triangle АВО, and if PO be drawn perpendicular to the 
plano, prove that О is the circum-centre of the triangle АВО. 

(c) If two straight lines are both perpendicular to a plane 
show that they are parallel. x 

(d) If the middle points of the adjacent sides of a skew 
quadrilateral are joined, prove that the figure so formed is в 
parallelogram. 

11. A right circular cylinder and a right circular cone have 
equal bases and equal heights. If their curved surfaces are in 
the ratio 8 : 5, show that the radius of the base is to the height 
as 8:4. 

Qr, A sphere of diameter 6 cms. is dropped into a cylindric 1 
vessel partly filled with water. The diameter of the ат 
19 cms. If the sphere be completely submerged, by how mu = 
will the surface of the water be raised ? [Ans, 1 ^ 


Н. S. EXAMINATION (Compartmental)—1963 
First PAPER 


Group A—Algebra— 60 
Answer any four questions, 


2/9( J3-F1(8- 4/3) 
42 - 13 J3 — 5)(2-Е Ja) 


1. (a) Bimplify : ( 


[Ans. 24-8] 
И 1 сез zs | 
(b) Simplify : Vix xt 1 E Ес 9 | 
(с) Find the Square root of ,/18- ,/16. 
"Ans £4/3(,/2-1)] 
2. (a) Solve the equations : 


2+8у=9 | . [Ans. Ф--1,у-і, 

z^--2y* -3zy —0 or, ш--4,у-91 

(b) If the volume of a cone whose height is 19 inches and 

аве 80 sq. inches be 190 cubic inches, find the volume of another 

бопе wbose height is 20 inches and base one square foot, the 
volume of a cone varying as the height and tho base jointly. 


[Ans. 960cu.in.] 


3. (a) It S be tho sum, Р the product and R the sum of 
the reciprocals of 7; terms in G. P., 


prove that P?= БЕ 


(b) Fina the three cube roots 
the cube roots, prove that 


(a--b4- о)(а-1-Бш-Есо®)(а-- бш? --сф)= a? --1--в5 — Зађо. 
i 4. (a) The roots of the equation 92° — 5z--4—0 are m and n ; 
orm the equation whose roots are 


ml and ni T 


of unity. If 1, о, o? are 


[ Ans. 422 — 15z4-18—0 1 


pression 3z? — 414-10 is positive for all 
e minimum value of the expression. 2, 
[ Ans, & 


the term independent of z in the expansion 


т 
(b Prove that the ex 
тезі values of а. Find th 


5. (a) ,Drove that 
(oH is em 
т 


(5) Expand (1— 32) to 4 terms.  [Ans.1—-25—5? — 42° 1 
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6. (а) Given log 2— 30103 and log 3—'4771913, find th 
, e 


[ Ans. @® 21760913 
(i) 7043659 | 


(b The logarithm.of a certain number to a certain base is 6 
and the logarithm of 8 times the number to the base formed Н. я 
the product of the first base and 25 is 8. Find the first.base : 
[ Ans. 195 | 


logarithms of (i) 700015 and (ii) 57s- 


7. (a) Same as Q. 7 (a) of Н. 8. 1960 (Compl.). 
(b) In how many ways can the letters of the word 
VALEDICTORY be arranged, so that the vowels may never be 


separated ? [ Ans. 967680 ] 


GROUP B—Trigonometry—40 


Answer any three questions 
8. (a) Same as Q. 10. (a) of H. 8., 1960. 
(b) Simplify : 
sin (B - C) sin (0-4) ү sin (4— B) 
cos B cos О соз 0 сов A cos 4 cos B. 
9. (a) Find the value of 0 between 0° and 360° which satisf 
the equation 2 sin? 0+ ,/З cos 0+1=0. [ Ans. 150° А, 
(p If A+B+C=180", prove that чт, 
В 0 
tan 2-Нал 2 tan gt tan € tan 4=1. 


40. (a) Same as Q. 11 (i) of Н. S. 1960 (Compl.). 
(b) The sides of a triangle are 7, 5 and З cms. respectivel 
prove that its greatest angle is 120°. y; 
11. At the foot of a mountain, the elevation of its top i 
found to be 45° ; after proceeding one mile towards the to р is 
slope of 30° inclination to the horizontal, the elevation of d up а 
is found to be 60°. Find the height of the mountain. е top 
Г Ans. (78-1). or 1°37 miles (App) ] 


12. Draw the graph of сов 2 between the values of y ()° 
2 360° and read off from the graph the value of cos 240° доа 


9.—8 


[Ans. 0] 


fan 2 
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Second Paper 
GROUP A—Plane Geometry—40 
Answer Question 4 and any two others from this group 


1. (а) Prove that in any triangle the sum of the squares on 
two sides 18 equal to twice the Square on half the third side 
together with twice the Square on the median that bisects the 
third side. 

(0) ABODisa rectangle, and P is any point within it. Prove 
that PA? + pg? = PB*--PD?*. 

2.(a) If a Straight line is drawn parallel to one side of а 
triangle, prove that the other two sides are divided proportionally. 

(5) ABCDis a trapezium in which AB is parallel to DC. If 
the diagonals AC, BD intersect at О, and through O, the straight 
line POQ be drawn parallel to AB or 20, meeting AD, BC at P 
and Q respectively, prove that PQ is bisected at О. | 

3. (a) If from any point outside a circle, two secants àre 
drawn to the circle, prove that the rectangle contained by the 
Segments of one ig equal to the rectanglé contained by the 
Segments of the other. 

(6) ABOD isa quadrilateral inscribed’ in a circle, and the 
diagonal BD bisects AC : shew that AB.AD=BO.CD. } 

4. (а) Draw two circles of radii 1 cm. and 2 cms. with their 


Centres 5 omg, apart, and construct a direct common tangent. to 
these Circles, 


mos Draw ane 
ìn length, and th 
triangle, 


quilateral triangle each of whose sides is 4 cms. 
en construct а square equal in area to this 


[ Statement of construction and full neat traces are to be given 
am any one of the above Cases, and the construction must be accurate 
1o the scale 


* No proof is necessary. ) 
Group B—Co-ordinate Geometry—40 


Answer Question 5 and any two others from this group 
5. (а) Same аз ©. 4 (a) of H. 8.; 1961. 
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*(b) Show that the line joining (—4, — 5) and (9, 8) bisects 
the line joining (2, 1) and (6, 5). Г "This Question is defective. ] 
6. (а). Same as Q. 4 (c) of H. S., 1961. J 
(b) Find the equation to the st. line which passes through 
the point (— 5, — 8) and has equal intercepts of opposite signs сз 
the axes. [ Ans. v-y=3 ] 
7. (а) Prove that the equation z^-Fy?-d-9gz--9fy-4-c— 0 


' always represents a circle, whose centre and radius you are to 


find. 
(b) Find the equation to the tangent to the above circle at 


(ш, ул). 
8. (a) Prove that in a parabola, the length of the axis 


intercepted between the tangent аба point and the foot of the 
ordinate of that point, is bisected at the vertex. 

(b) Find the equation to the hyperbola, referred to its axes 
ag axes of co-ordinates, whose eccentricity is ^/8, and distance 
between its foci 16. [ Ans. 22 —y?=39 ] 

9. (а) Find the condition that the straight lino y=mg+¢ 


" a y? 
may touch the ellipse qa ps =1. 
(b) Prove that the point of intersection of any two 


з 2 
-perpendicular tangents to the ellipse ai 1 lies on the circle 


atta 


Group C—Solid Geometry and Mensuration 


10. How is the angle between two intersecting planes defined ? 
"When is a plane said to be perpendicular to another plane ? 
Show that if a straight line is perpendicular to a plane, then 


-any plane passing through the st. line is perpendicular to that 


plane. 

Or, If PN be drawn perpendicular to a plan 
outside point P, and from the foot N of the docu dH An 
NM is drawn perpendicular to the st. line AB in the pl Жү 
qrove that PM is perpendicular to AB. piane ЖҮ, 
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11. Two solid Copper spheres of radii 1 ст. and 3 cms. are 

melted, and a solid right circular cone of height 7 cms. is formed 

of the materia], Find the radius of its base. [Ans. 4 em.] 
Or, The external length, breadth and height of a closed box. 

are 10 ems, 9 cms., 7 cms. respectively, and the total inner 


Surface is 262 sq. cms. If ihe walls of the box be uniformly 
thick, find the thickness, [Ans. 1 сп] 


— 


HIGHER SECONDARY EXAMINATION—1964 


| First PAPER 
GROUP A—Algebra (Answer any four questions) 


tite, DONAT кезду 46 — dn 
1. (a) Simplify ; ғ. Ver At yee J [Ans. 0] 


mici vla. 
(6) It z*—yb—, and zyz=1, prove that a+b+c=0. 
(c) Find the Square root of 


8--2,/2-2 5 — 9 JTD. [Ans. +(14 /2- /5)] 
2. (а) Solve the equations : А 
22 — 8y=4 | [Ans. $—95,y—2; 
12-77, or, ш-ң?7, 
at yt y= - 48 
(b) Given that the il 


lumination from a Source of light varies- 

аз the square of the distance, how much farther from a candle 

must a book, which is now 6 inches off, be removed go as to 

receive just half ав much light ? -  [Ans. 8( /2 — 1) in.] 
(a 


3. (a) А man arranges to pay off a debt of £3600 by Х 
40 annual instalments which form an arithmetical series. When 
` :. 22086 instalments have been paid, he dies leaving a third 
of his debt Unpaid ; find the value of the first instalment. 4 
[Ans. £51] 
If © ig an imaginary cube root of unity, prove that 
(@ 9*1 ~ 041 681 20) <9, 
4. (a) It« ana B are the root 
form the equati 


a? В? 
«sp ғ and [EET 


(b) 


S of the equation аа? — bz-c770,. 
Оп whose roots ате 


[ Ans, acm? — (55 — 2abc)z--b?c — 01 
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(b) If the roots of the equation az^--2b - 
and those of the equation Az? J-9Bz-- C —0 be ане з MM 
b- 2 : 
‘show that baw (6) . 
Б. (а) Find the (r+1)th term in the expansion of (1-a)74, 
[us (CEDE 9), 
шй! 


(D) Write down the coefficient of z^? in the expansion of 
(Qn — 8a:7)*°. (Ans. - 927.353.190] 
6. (a) Find the total number of permutations of » dissimilar 
things taken 7 at a time (r<n) in which a particular thing always 
occurs. 


(b) How many numbers of four digits greater than 5000 can 


digits 3, 4, 5, 6 and 7, if no digit is repeated ? 


фе formed out of the 
N [Апз. 79] 
7.(a) Given 10810 165=2'9175 and 10510 6974— 38435, 


find the value of А/°00000165. [Ans. 069741 


(b) Write down the exponential series for e7 ; hence obtain 


a series for e+): 
GROUP B— Trigonometry 
nswer Question 8 and any two from the rest 


4 
8. (а) Same as О. 10(a) of H.8., 1960. 
Tf tan 0+sec 0—2, prove Are р аа. 
(b) an a I 


9. (a) Find the values of 0 between 0° and 360° whi 
satisfy the equation 3(sec? 0-+tan? 0)=5. 60° which 
: [Ans. 30°, 150°, 210°, 330°] 
(b) If A+B+C=180, prove that 
sin (B+2C)+sin (0--24)--ніп (4--28) 
=4sin BO sin 6-4 ніп asf 


10. (a) Prove that, in a triangle ABC, with the usual 
ua 


notations tan = = Je a. 
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(b) The sides of а triangle are 9, 10 and 11 ; find the angle 
opposite to the side 10, given L tan 99 30 = 9°7526420, 
L tan 29°29'=9°7593479, log 930103. [Ans. 68°59 33" or 34"] 


11. Two chimneys are of equal height. A person standing 
between them in the line joining their bases, which is horizontal, 
observes the elevation of the nearer one to be 60°. After walking 
80 feet ina horizontal direction perpendicular to the line joining: 
their bases; he observes the elevations of the two to be 45° and 
30° respectively. Find the height of the chimneys. 

[Ans. 40 J6 ft. or 20/6 %.] 

12. Draw the graph of y=cos z вір т between the values 
ofz— —z and =x and find from the graph the value of for 

л 
which tan z— 1, Га. c= zl 
SECOND PAPER 


GROUP A— Plane Geometry 


Answer question 1 and two others 

1. Construct а s 

Or, Construct a 

[ Traces of cons 
constructions, | 

2. Same as Q. 1 (a) of H. 8., 1960. 
. АВО ів an isosceles triangle and AY is drawn to cut the base 
internally at ү, Show that AY? = AB? — ВУ УС. 

9. Same as Q, 1(4) of Н.8., 1960 (Compl.). 

Prove that 


; the altitudes of two similar triangles are propor- 
tional to the Corresponding sides, f 


4. Same аз Q. 2(a) of H.S., 1969. 


z Jia а ^ АВО, Perpendiculars AP and BQ are drawn from A and 
9 Opposite sides and intersect at O. Prove that АО.ОР--В0.00. 


СвопР B—Co-ordinate Geometry 
Answer Question 5 and two 


quare equal in area to a given rectangle, 
regular hoxagon about a given circle, 
truction only are required in either of the two: 


others from this group 


t. Hae pind, the co-ordinates of the point which divides the 
i ne joining the points (z1, ул) and (ша, уз) internally in the 
n. 
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Write down the co-ordinates of the middle point of the st. line 
joining the points (7, – 4) and (—5, 6). [Ans. (1, 1)] 
6. Find the equation of the straight line passing ONE the 
intersection of the st. lines 9 — 7y+11=0 and v+3y - 8—0, if it 
(a) passes through the origin. [Ans. 272 —93y—0] 


(b) is perpendicular to the st. line 2x — 5y+6=0. 
[Ans. 5z4-2y – 13= 0] 


two axes. 
[Ans. 13z4-13y -50—0] 


7. Prove that the straight line 3=--4у--7=0 touches the 
circle z*--y3—4z- 60-12=0 and find the co-ordinates of the 
point of contact. [Ans. (-1, -1)] 

8. Find the focus, vertex and directrix of the parabola 
(+3)? =8(#-9). [Ans. (78,73, (72, -3) ; 22--5— 0] 
What do you understand by the term eccentricity ag 


(c) makes equal intercepts on the 


9. 


applied to a hyperbola ? 
Find the equation of the hyperbola whose focus is (2, 3), and 


directrix, the line a+2y=1 and eccentricity 4/3. 
[Ans. 20° — Ту? — 19 — 14z - 18y +62=0] 
Grour C—Solid Geometry and Mensuration | 
10. Give instances from the sides and edges of a cube of : 
(a) parallel planes, (0) planes perpendicular to one another 
(c) lines parallel to 8 plane, (d) lines perpendicular to Mom 
(г) pairs of skew lines. b 
Or, Same as Q. 11 of H. S., 1962 (Compl.). 
11. The volume of a right prism is 80 cu. ft. and its base is 
triangle whose sides are 3 ft., 4 ft. and D ft. respectively. Find us 


height and the area of oe surface of the prism 
ns. height=13% = 
E $ ft., area = 179 sq. ft.] 


Or, A conical tent is required to accommod. 
ate 4 

each person must have 20 sq. ft. of space on the ae ; 

100 cu. ft. of air to breathe. Find the height and ТНТ ibis 

[х=] [Ans. height=15 ft., Ы ЕБ "i 


— 


tent. 


Н. S. Exam. ( Compartmental)—1964 


First PaPER—GRoup A—Algebra 


implity, Y2(2+ 3/3)  /9(9— ,/3) JG 
1. (a) Simplify ; 480084) ВС) [ Ans. 3 ] 
’ 5 d $ Amst ,/9,9т x 
(b) Simplify : (xum) Я 


(c) Ife=7-+4 \/8, find the value of sla- [Ans. 2 J.] 
m 


[Ans 8] 


2.(a) Solve the equations : VE x 
[Ans 2—8,y—2; or, 2-2, y —8] 
(5) Assuming that the area of a triangle varies as the 
altitude and base jointly, and that when the altitude is 18 ft. and 
base 33 ft, 9 in. the area is 33% sq. yds.; find the area of a 
triangle whose base ig 10 ft. 4 in. and altitude 9 ft. 9 in. 


[ Ans. 1 sq. yd. 5 sq. fb. 30 sq. in. 1 
3. (6) I 81, 82, Sg are the sums of n terms, 9% terms and to 
infinity of a series in G. P., prove that s,(s, — $8) sa(4 — 52). 


(b) Prove that fece 2-1) 
4.(a) Fi 


9 
nd the greatest value of the expression Б--8л— 8х2; 
for real value 


8 of a, [ Ans. 7] 
b Tir be the ratio of the roots of the equation 
2 2 
аш? + byt 6 0, prove that (r+)? = 
T ac 
1. 
5.(а) Expand (1--2)* as far as gt. 
[ Ans. 1--%%- Hee? --. 22 -s3ig*-4---.] 
(b) Find the two middle terms of (:- vy. [ Ang. — 357, ast] 
y c 


a. 
6.(а) Fin 


d the number of permutations of n dissimilar things 
taken r at a ы ; 


me (r<7), 
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(b) Find the number of triangles which can be formed b 
joining the angular points of a decagon. {Ans T 
7. (а) Given log 9='3010300 and log 3-- 4771913, obtain the 


logarithms of (i) "0054 and Gi) (4055. 
[Ans. (4) 97823939, (#) 19345759] 


(b Write down the exponential series for e7; hence 


е5 æ e* К + i 
-expand| == ina series of ascending powers of =. 
в 


9253 | 94 | 9956 
Ans. of 422 452 453 Nus 
(ме sn tate ie» }] 


GROUP B—Trigonometry 


of Н. 8., 1960 (Compl). 


8. (a) Same as Q. 9(a) 
tan 0 —вїп 0 =, prove that 


(5) If tan 0-l-sin 6=™, 
т? = т? = 4 mn. 

9. (a) Find the values of 0 between 0° and 360° which satisty 
the equation cot 0-+tan 0=2 sec в. [Ans. 0— 30", 90°, 150°, 270°] 
(p If A+B+0=180, prove that 

sin (8--0- A)+sin (0+4 — B)+sin (44-B - C) 
i —4 sin А sin В sin C 
o as ©. 11(а) or H. S., 1961. < 
(b) The sides of a triangle are 5 cms., 7 cms. and 3 ems 


Find its greatest angle. [Ans. 120°] 
m an observation balloon 7,200 ft. above the sea, the 


10. (a) Sam 


11. Fro 
angle of depression of two cruisers are 80° and 15°. Hind tho 
distance between the cruisers if one is east and the other south 
.of the balloon. [Ans. 14400 181 


he graph of cos 2a between the values of z—(* 


19. Draw t 
а off from the graph the value of cos 120° 


‘and a= 360" and гөз 
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Second PAPER, Group A—Plane Geometry 


1. Draw а mean Proportional between two given st. lines. 
(Trases and statemeni only are required but no proof.) 

Or, Draw a direct common tangent to two givon circles. 
(Traces 


and statement only are required but no proof). 
2. Same ав Q. 3 (a) of H. S., 1963. 

A triangle АВО is inscribed in a circle and the tangents to the 
circle at A, B, C form a, triangle РОВ, QR being the tangent at 
A and RP the tangent at B. If the angle Р= 54” and the angle 
Q—46', calculate the angles of the A ABQ. 


: [Ans. / 4=63°, &В=61°, / 0=50°] 
3. Same as Q. 1 (c) of H. 8., 1961. 


XY is drawn parallel to BC, the base of the triangle АВО, 
cutting the sides АВ, AC at X,Y respectively. Given that 
4X=3 in, XB= l'8in. Calculate the ratio of the area of the 


triangle 4 XY to that of the quadrilateral BOYX. [Ans. 95 : 39] 
4. Same as Q. 1(c) of H, S., 1960. 


Hence prove that in any triangle, the internal bisectors of the 
three angles are concurrent. 
GROUP B— Co-ordinate Geometry 


5. What do the following equations represent ? 
G) a*+y=0, Gi) mx*-Lys—4. (їй) а? +4у2=4 
Roughly sketch the curves, 


ns. (i) a parabola, (ii) а circle, (йй) an ellipse] 
the points (3, 3), В(—8,—5) and ((- | 


[Ans, base= 4 ,/9 units of length ] 
of a A ABO һауа respectively the 


it) 9 3y4-18 0, (iti) %-Му-Е8=0, 
titudo through 4, 


8. Show that the i (Дің, w= +80) 
а an 
уау touches the ide 3 m Point (8, 4) to tho oirlo 
у 


7 Ba++ ад, 
Еа - € 


Ч. The sides BO, CA, AB 
equations (;) 22--y 4-120, ( 
Find the equation of the al 
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9. Find the equation to the parabola having the point (1, – 3) 
for focus and the straight line z — 2y4-3— 0 for directrix. : 

Show that the straight line у=та+©- 

m 

parabola y? = 4a. [Ans. 42° +y? 42у — 16z4-49y4-41—0] 


Grove C—Solid Geometry & Mensuration 

Second part of Н. S., 1961. 

of H. S. (Compl.), 1960. 

$ surface, (b) the volume of з right 
na square base whose side is 
544 sq. cm., volume= 1980 с.с.] 


is a tangent to the 


10. Same ав 0. 7 (d) 
Or, Same as Q. 7 (a) 
11. Find (а) the slan 
pyramid 15 em. high, standing о 
16 cm. [Ans. slant surface= 
Or, А zinc cistern (open at the top) measures externally 
3 ft. 3 in. long, 2 ft. 3 in. broad and 2 ft. 1 in. deep and its capacity 
is 75 gallons. If the bottom of the cistern is 1 in. thick, find the 
thickness of the sides. [1 са. ft, =6+ gallons: ] [Ans. 12 in.] 


— 


Н. S. EXAMINATION—1965 


FIRST PAPER 
Group A—Algebra (Answer any four questions) 
= 1 1. 
METRUM E EN „а? +09)", find the value 
[Ans 0] 


of w? +3ba - 2a. А : 
-$ 16% (192 

(b) Simplify + [si 58x (1) з}. [Ans, 6] 

184-6 ,/5. [Ans. +(./15+ ./3)] 


(c) Find the square root of 


27-01 
a, (a) Solve: Gta [4 уш) буса] 
2+0=6 sh 
(5) 1f (a+y) varies as (ш — у), show that (z?-Fy?) varies as 
(z? 79?) 
lace and travels at the rate of 5 


3. (a) А sets out from ар 
our. B sets out 45 hours affer А and travels in th 
e 


tion, 3 miles the first hour, 3i miles the 
third hour and во ол. Find in how пе 
[Ans. 15 Ыз] 


same direc 
4 miles the 
will overtake 4: 


Bs 
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(D) If1, w, w? are the three cube roots of unity, prove that 
(8-- 3w- 5w*)? =(8-Е5ш-Е5ш®)% 64, 

4. (a) If 4,6 be the roots of the equation az?--bz--c-—0, 
show that the equation whose roots are 


1 ПКЕ 2 2" —t 
RES and 215 ів bez? +-(ac+b*)z+ab=0, 


2 
(b) Find the algebraically greatest value о шее ЕЧ for 


2*--2%--3 
real values of 2, Mns. 741 
5. (а) Find the term independent of 2 in the expansion of 
12 
G +) and also its value. [Ans. 9th term, 495] 


-3 

(b) Find the (r-E1y 5. serm in the expansion of (1— 95) * 
ЕС Зо... (ае) 

lr 
6. (a) Find the number of permutations of n things taken all 
together, when the things are not all different. 

(5) How many different arrangements of letters can be made 
by using all the letters of the word CONTACT ? [Ans. 1260] 
7. (a) Calculate the numerical value of the expression 
1 5 
o) o (олу: 
log (meax гэшу, given log 2="3010300 and log 3—'4771913. 


[ Ans. : 873922160 1 
6%; hence obtain a 
in ascendlng powers of æ where i= ЕТ, 


(b) Write down the exponential series 
Series for &(e** +6" =) 
GROUP B—Trigonometry 
Answer Question 8 and any two from the rest. 
8. (а) Same as Q. 9(a) ot H. S. 1961. 
5) 8 вто _ „үл 9) 
(b) Show that lcg. ban 2+9) 


— вір 0 
between 0° ond 180° which satisfy 


г 9. (а) Fina the values of Ө 
\ be equation Sin 0-Fsin 50=sin 39. [ Аре. : 80°, 60°, 120°, 150° J 
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(Q) и4+в+0= F prove that 


tan A tan B--tan В tan C--tan О tan А=1 
10. (а) Іп апу triangle ABC, prove that cos 4— b? Fo? ~ а? 
2bc 5 


(5) Prove that 2 вап tan"! an 392, 
11. Two angles of a triangle are 4171322" and 71°19'5” 
tho side opposite the first angle is 55 ; find the side ор i ams 
other angle, given log 55=1'7408697, log РЬ 25 
L sin 41°13'22"=9'8168779, L sin 71719" —9 9764997. uU 
[ Ans. 79'063 1 


12. Draw the graph of y=sin s-Loos ш, as ш ranges from 


0 фол. 
SECOND PAPER 


авоор A—Plane Geometry 


i. Draw в transverse common tangent to two given circles. 

Or, Construct an equilateral triangle circumscribing a given 
circle. 

[ Traces of construc 


cases. 1 
2. (a) Same as Q, 2(a) of н. S., 1963 (Compl.) " 
he straight line which joins the middle points 


(b) Prove that t 
of the oblique sides of & trapezium is parallel to the parallel sides 
3. Samo as Q. 2(a) of Н. 8. 1960 (Compl.) Ё 2 


Show that each rectangle is equal to the square on the tangent 
from the point of intersection. 
4. Same as 0. 1(0) of Н. 8., 1961 (Compl.). 
ABO is & triangle right-angled at A and AC’ is drawn perpen: 
also O'A' is drawn parallel to СА. If ` 


tion only ате required in either of the two. 


dicular to the hypotenuse ; 
AG=15 em. and AB=20 ош. find, geometrically, the lengths of 
AG’ and C'A. [Ans AC'=12 em., A4'0'—9'6 em, ] 


іш. 
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GROUP B—Co-ordinate Geometry 
5. Show that the points (2a, 4a), (2a, ба) and (2a-l- А/За, ба) 
-are the vertices of an equilateral triangle whose sides are each of 
length 2a. Calculate its area. — [ Ans. : area = ,/За? sq. units 1 
6. What do the following equations represent ? 
(i) z*--y* - 62--8y —0, [ Ans. a circle 1 
(8) (y--49 — 4(s — 3), [ Ans. a parabola ] 


(іі) (=- 3)(yt+4)=0. ` [ Ans. a pair of st. lines ] 
Roughly sketch the graphs, 


7. Express in the form zip, the equation of the st. line 
passing through the point (3, 2) and the intersection of the line 
3a-Fy - 5-0 and «+5y+3=0, [ Ans. : Pohl ] 


Find the area of the triangle cut off from the co-ordinate axes 
by this line, [ Ans. : 82 sq. units 1 
8. Provethatthe centres of the three circles z2-4-y?—1, 
-2° +y? + 6 — Зу=6 and 2%--у%-192--4у--9 are collinear and 

that their radii are in arithmetical progression, 
9. Find the centre, the eccentricity, the foci and the lengths 

of the axes of the ellipse 92% 7-95y? — 295, 

[ Ans. centre (0, 0), € — 5, foci ( 3-4, 0), lengths of axes— 10 
and 6 units ] 


GRoue CO— Solid Geometry & Mensuration 


10. (a) How do you me 
makes with a given plane ? 

(b) When is a st 
wlane ? (с) When are two planes perpendicular to one another ? 

(4) What are skew lines ? 

Illustrate your a 

Or, Same ag Q 


asure the angle which a straight line 


. line said to be perpendicular to a given 


mswer by suitable diagrams. 
- (а) of H. S., 1960 (Compl.) 
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; Ay es bare of aright prism is а triangle whose sides are 
19% l'8'and 1'1" long. If the height is 8^, find th 

and volume of the prism. e whole surface 

Lj 
[ Ans. : whole surface = 874 sq. ft., volume— 7 cu, ft. ] 
Or, Find, to the nearest tenth of a metre, the mox E 

conical tent which stands on а circular base of Жш ten 

metres and which contains 90'478 cubic metres of air [л=3`1416] 

[ Ans. : 574 metres. ] 


H. S. EXAMINATION, 1966 
First Paper—GnouP A—Algebra 
Answer any four questions 
1. (a) Prove that the modulus of the product of two complex 


product of their moduli. 


quantities is equal to the 
hero т, y, а, b, are real and i= ,/-1. 
, 


(b) It 8/5 = atib, w 


show that а —5°). 
APT 3 JT 5/5 2/3 
fy: —= - z 
(с) Simplify: Ба a+ Urt Ji J& [ Ans. 0] 
9. (a) If <, Ё are the roots of the equation 2° — pz-4-q —0, 
2 2 
find the equation whose roots are F ала P. 
[ Ans. qz? — (p? - 8pq)a-+q?=0 ] 
of two digits, the sum of the digits is 16 
e digit in the tens’ place being tho lesser, 


(5) In an integer 


and their product 63, th 
Find the integer. [ Ans. 79 ] 
g. (a) Find the sum of 12-33 +52+---+(2n—-1)?, 
[ Ans: $n(4n? — 1)] 


rough which a heavy body falls from 
f the time it falls. А body falls from 
ar does it fall in 7 seconds ? 

[ Ans. ; 784 ft. ] 


(D) The distance th 
rest varies as the square о 
rest 64 ft. in 2 seconds, how f 
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4. (c) Find the number of combinations of n different things. 
taken 7 at а time, without assuming any formula, 
(0) Prove that ^Q, "Qui es hi), 


ia 
5. (a) TE (r-+1)** term in the expansion of (907 - 4) be 


independent of т, find 7 and algo the simplified value of the term. 
[ Ans. 7—8, value=495 ] 
(6) 1t (1+«)* —0o-rc12-l-ca2? + “Рой: 
prove that co--2c, +3ca Hes T- ---d-(n-4-1)e4 — 9^ 4-5.9?72, 
: 6. (a) Expand (2- 37)-3 in ascending powers of = up to the 
fifth term and state the limit within which z should lie. 
Талдан да, agys ана, асса | 


(b) Define е. Write down the exponential series for e”. 
923 89 43 
Show t cM Ed шш ata гу, 
ow that 1-- at gt it Бе. 


7. (a) Simplify : log 94-16 log 18--12 log $5--7 log 82, the 
base of the logarithm being 10. [Ans 1] 
(b)' From the formula = Керооз ва correct’ to то. 


decimal Places, the value of t when == given 


log102="3010, logs 90— 4244. [ Ans. 1824 1 


GROUP B—Trigonometry 
Answer question 8 and any two from the rest 


8: (а) It A, B, A+B are positive acute angles, prove 


geometrically that sin (A +B)=sin A сов B+cos A sin В, 
(b) Prove that 


tan (4+B-+-¢)=_-tan A+tan B--tan C-tan A tan B бал C 
(Ач Ж ) 1-бап В tan C= tan О tan A — tan A tan B 


3 = = B 
9. (а) sin A=m sin B, prove that ton Вт анаша 


%) Simplify: tant 5-00 ела =ч ыл 
Dlify: tan І ъс ten патта тар 


ад н. 8. QUESTIONS—1966 
10. 
(a) Solve the equation sin g+sin 5z—sin 3c. 
л * 
[ Ans, nm, ntig on ns A EE ] 


(b) Prove that sin 187- AB 
11. (a) 
j In a triangle АВО _a Lob == 
gle , prove that zm À юш Drum 2-38. 
triangle. # 
2:8:7 and its 


circumcircle of the 
in the ratio 
des of the triangle: 

A/64- 4/2) om. ] 


values of 2-0 


where R is the radius of the 
Ub e anglos of а triangle are 
adius is 10 cms. Find the si 

[ Ans. 10 em» 10 ,/9 ош» 5( 

12. (а) Draw the graph of sin 2x between the 


and z — 180". 

қ (b) The shadow of в tower standing vertically on 8 horizontal 
plane is 50 ft. longer when tho altitude of the SU». is 30° than 
when it is 45°. Find the height of the отт: [Aus. 2505/8101] 

Second Paper 
ane Geometry a 
Answer questio others from this group. 


1. Draw a square 6 


т hexagon circumsoribiné а given circle. 


jred in each case. ) 


Or, Draw 8 regula’ 
( Only traces of construction are req 
2. First part .— Same 88 Q. (а) of H. 85 1962. 
The medians of 8 triangle С meet at 0. и that 
AB? 4- BO* 2. auos B0" +00"). 
de aane ns АЗА В g., 1960. 
points on the circumference. of в circle 
o chord АО, prove that 


It A, В, О aro three 
such that the chord B is equal to th 
the tangent ab 4 pisects the exterior angle between AB and АС. 
4. Same ав 0: 1(c) of H. 8. 1961. Я 
The tangent ab 55? vertex А 60 the cireumeircle ét the triangle 
: T, Prove that TB. АВ? 
TO 40%” 


в the side BO in 


ABC meet 


9—4 е 
————— ке 
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GROUP B—Co-ordinate Geometry 
Answer question 5 ond two others from this group. 


5. The points A(4, — 1), В(3, 9), C(- 1, -9) are the vertices 
of a triangle, Find the length of BC and of the altitude AD. 
Hence calculate the area of the triangle. Find this area, also by 
co-ordinate geometry and check your result. 

в [ Ans. : ВО=4,/8; AD=2 72; Area=8. 1 

6.(а) Show that the square of the distance between the two 
points (vı, y1) and (zs, уз) on the circle 2° 4-у2 = 42 ів equal to 
2(a* -t182 узу»). 

(b) Find the equation of the circle which has as diameter the 
join of the points (0, — 1) and (2, 3). Also find the intercept made 
hy the circle on the a-axis, 

[ Ans. 2%--у3-%-9/-3-0 ; Intercept —4 ] 

7.(a) Find, in the standard form, the equation of the chord 
joining the points (aig, 2atı) and (at, 2ate) on the parabola 
y? —4ag. Г Ans. y(ts+¢.)=2(a-+atrte)] 

Q). PQ is а chord of the parabola y? —4az, such that the 
ordinate of P is twice that of Q. Show that the mid-point of 
PQ lies on the parabola 5y? —18az. 

8. (a) Find, in the simplest form, the equation to the ellipse, 
Whose focus is the point ( — 1, 1), whose directrix is the straight 
line z — y4-3—0, and whose eccentricity is 2, 

[ Ans. "2*-F9xy--Ty* --10z - 10y--7—0 1 

(b) Show that the line t-Fy — 8 = 0 ів a tangent to the ellipse 
32° бу? —18, and fina the point of contact, [ Ans. (2, 1) ] 

9. (a) „Find the equation of the tangents c 


2 2 
hyperbola ee - FS land the circle g? ve Sa 


ommon to the 


[ Ans. у= Ба ,/2 ] 
(b) The ends B, О of the base of a triangle are (a, 0), (-а, 0). 


Find the locus of the vertex A when АВ? + AQ? —9c?, where с ig 
a constant, 


[ Ans. 2°+y2=¢2— дз ] 


н. 8. QUESTIONS—1967 БІ 
Group C—Solid Geometry & Mensuration 


10. Same as Q. 7(d) of H. S., 1961. 

Or, Explain with the help of figures the possible relati 
between—(a) в given straight line and a plane; (b) ёс ions 
atraight lines in space. o Blven 

Show how through any point à plane can 
a given plane. ( Proof not required ) bo drawn parallel to 

ii. If а solid homogeneous iron ball of 4 inches diamete: 
weigh 9 lbs, what is the weight of an iron shell, made of ne 
material, whose external and internal diameters are 9 inches and 6 
inches respectively ? [ Ans. 729% Ibs. ] 

Or, А sphere has the same volume as a right circular aie 
with its height equal to twice the radius of its base. Find the 
ө curved surface of the cone to the surface of the sphere 


xatio of th 
1 
[Ans 54. (16), ] 


Н. 8. EXAMINATION, 1967 


First Paper—GROUP A—Algebra 


Answer any four questions, 


1. (а) Simplify : 

аз 1 8 Be 

/2+ „9+ м3 J8- N2- м3 [Апз. ,/9] 
(p) If БЕТІ; prove that a? — 322 — 6z — 4— 0, 
2. (а) Solve the equations : 4 

8г--4у-18 

5 Ans, 2-2 а= 38 

at [= 228 шу} 

(b) Find the square root of a+b+ A/9ab-4-b*. 


[ Ате. +455 Capi №] 


M 
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3. (а) Тһе volume of a Dyramid varies jointly as.its height 
and the area of its base ; and when the area of the base is 60 sq. 
feet and the height 14 feet, the volume is 280 cubic feet. Find, 
by variation, the area of the base of the pyramid whose volume 
is 390 cu, ft. and whose height is 26 feet. [Ans: 45sq. ft. 1 


(b) Find the sum to 2 terms of the series 
(38 М 2°)+(58 —49)--(75 = 62)4-... 
[ Ans. n(4n? --95--6) 1 


а = 

4. (a) If wis real, prove that the expression 2-22-11 
%(2- 8) 

have all numerical values except such as lie between 2 and б. 


can 


'(b) Determine the values of m for which 92? +-4ma+2=0 
and 25*--35 -2=0 may have а common root, 


" ЕС m=] or - i) 


5. (а) Find the (r--1)*^ term in the expansion of (1 — 95)-*. 


[Ane CAMEL Dor or ] 
13 


(B)- Show that 1+ + 5-1 8.5 


6. (a) - Find the number 


of permutations of n things taken all 
together, when the things ат 


e not all different, 
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(b) Calculate the value of 
(-32)з x (625)* i 
{сиз x (3125) x тыр given log 2--"3010300, 


log 3= 4771913 and log 259569— 54142524, ( correct to 7 
[ Ans. 959'569 ] 


places of decimals ). 


Grour B—Trigonometry 


Answer question 8 and any two from the group. 


8. (a) Same as Q. 10 (a) of Н. S., 1960. 
(b) Find the value of сов®@-Есов®(120° — 0) -- cos? (190*-4- 6), 

[ Ans. $] 
=2. 


9. (a) Solve the equation cot 0 — tan 6 
[аз oen. ] 


(b) Ie A+B+0=180",, prove that 


ulus 
‚ сов? 4 cost eet grt sin g sin В sin а 


{ап 2 prove that 


басуда 
10. (a) If tang JE 
080 —9 [ See sum No. 26 of Ex. 5 of this Book ] 


if LARS 
cos $—— — — 5 


1—е cos 0 
(b) Prove that 2 (аа? ian"? HER 2 
11, (a) Same as Q. 10 (a) of H. S., 1964. 
(0) Same вв Q. 10 (0) of H. 8. 1964, 
12. Draw the graph of y=sin 2—008 2 as 2 ranges from 


b, the value of z for which 


+a, Read off from the grap. 
"Ans c= 
[к= от -{. | 


—mn to 


gan 2-51. 
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SECOND PAPER 


Group A— Plane Geometry 
Answer question 1 and two others from this group. 
1. Same as Q. 1 of H. 8., 1964, 
Or, Same аз ©. 1. ( or ) of H. S., 1964 (Compl.). 
2. (а) Same ав Q. 1 (c) of H. S., 1961, 
(5) ABC is a triangle, 
respectively such that LM is parallel to BC. If AL=5 cms. and 
25 
LB=4 оша. area ALM Ans. 2 | 
cms., find the value of area [МОБ [ DB. FG 
3. (а) Same as ©. 9(a) of Н. S., 1969. 
(b). Same as Q. 2 (b) of H. S., 1960 (Compl). 
4. (а) ТЕ be the centroid of the д АВС, show that 
AB* + BO* - 4* —3(G4*-- GB? +402), 
(b) Same ав 9. 9(b) or, of Н. S., 1960 (Compl.). 


Й 


GnouP B—Co-ordinate Geometry 


Answer question & and two others from this group 


5. Show that the three points (3, 1), (5, — 5) and (—1, 13) 
are collinear, Find the equation of the straight lino on which 
they lie, [ Ans. 3z4-y—10 ] 

6. (a) Find the co-ordinates of the centroid of the triangle 
whose vertices aro the points (і, үз), (та, уз) and (a5, уз). 

(b) Тһе vertices of a triangle are (2, 7), (5, 1) and (г, 3) ; its 
area is 18. What is the value of x ? [ Ans. 2=10 or -2] 

7. (а) Obtain the equation of the circle whose centre is the 
point (2, 3) and which passes through the centre of the circle 

2^ --y* + Ont Oy =5=0. [Апв. z?--y? - 45 — 6y –12=0] 
(b) Find the equation of the tangents to the circle 
а? у? — 67 -8y--9—0 қ 
which are parallel to the line 3z--4y--5— 09 


[Ans. 8z--4y—5 and 3z-4-4y — 45] 


L and М are points in АВ and AC: 
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um and the co-ordinates of the 


8. (a) Find the latus rect; 
Determine the points at which it 


focus of the parabola 3y? —42. 


is met by the straight line Qn = Зу. 
[Ans. LL'=$; 568. 0) ; Points (0, 0) and (3, 2)] 


(b) Show that for any value of m, у=та+- is a tangent to 


also find the co-ordinates of the point of 


the parabola y*-—4a9 ; 
Ans. (2; За] 
contact. 580, Ж 


9. (a) Ир, p are the lengths of perpendiculars from the foci 


2 з T 
upon a tangent to the ellipse Білек show that рр =Ь°*. 
(b) Show that the straight line y=at/5 is a tangent to the 
hyperbola = - T =1; find the co-ordinates o 

9 4 
Ans. (- ee + .| 
[ „5 м5 


f the point of contact. 


Group O—Solid Geometry and Mensuration 


10. Same ав Q. 7 (d) Second part of Н. S., 1961. 
Or, (a) When is 8 st, line said to be perpendicular to a 
given plane ? Illustrate your answer by a suitable diagram. 


(b) Same as Q. 12 of Н. 8., 1962 (Compl.). 

11. A right circular cono, 90 cm. high, has its upper part cut 
off by & plane passing through the middle point of its axis. If 
the plane of section be аб right angles to the axis and if the 
radius of the original cone be 4 сш., find the volume of the 
truncated cone. (х=). У [Ans. 2933 с.о.) 

Or, Determine the volume of a pyramid whose height is 
10/7 ft. and which stands on & triangle of sides 16 fb., 11 ft. and 
9 ft. [Ans. 420 eu. 181 

т — 


Н. S. EXAMIN ATION—1968 


First PAPER—GROUP A—Algebra 
Answer any four questions, 
1. аршу: 5 ___8J3_ | 2/3 0] 
Eure үкен УВЕ erg Ue 


Inda 1 
b ыса НЫ 
оп ОНЕГЕ ap Prove that 


DE ur up \ 
at Куз = pA 


2. (a) Same as Q. 2(a) of Н. S. 1963. 


(b) Find the fraction such that the product of its numerator 
and denominator is 21 and the denominator when diminished by 1 
becomes double the numerator, [Ans. $] 

3. (а) The volume of a cone varies jointly as its height and 
the area of its circular base. The volume of the cone is 50 с. ft. 
When its height is 15 ft. and the area of its base is 10 ва. ft. 
Find the radiug of its circular base when the volume of the cone 
is 770 c. ft, and its height is 15 ft. (n—22), [Ans. 7 ft.] 

(b) Same as Q. 3(b) of Н. S. 1960 (compl.). 

4. (a) Prove that the roots of the equation az?+bz2+c=0, 
where a, b and c are real, are both real or both imaginary. 

(0) Ifa? +ps+q=0 and 2° + ga-+p=0 have a common root, 
show that either р=а or p+q+1=0. 

5. (a) Same ав Q. 7.(a) of H. 8. 1961. 

(b) In how many ways can 5 boys and 3 girls be arranged so 
that no two girls may come together ? [Ans. 14400 ways] 

6. (а) Find the simplified value of the term independent of œ 
in the expansion of (9,2 -4 a: [Ans. 495] 
(b) In the expansion of (1--оутет 


, Where m and тате positive 
agers, prove that the Co-efficients of 


2" and z^ are equal. 


int 
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1. (а) If а>0, b>0, prove that loga b” =r loga b, r being 
any number. 
(b) Same as Q. 6(5) of H. S., 1962 (compl.). 


(c) Find the number of digits in 2°*, given log 2='30103. 
[Ans. 20] 


GROUP B—Trigonometry 
Answer question 8 and any two from the rest. 
8. (а) Same as 0. 8(a) of Н. S., 1966. 
(b) Show that sin 20° sin 40° sin 60° sin 80754. 
9. (a) Solve : tan 0-+cot 90-2. 
[either HH- 1)" та ; or, ny па] 


(b) If бап30--1--2 tan?¢, prove that cos 9ф--1--2 сов 20. 


10. (a) Solve: sin !z-Fsin у= 7. cos ta —oco8 *y -$ 

К [Ans. z—$, y =1] 
(b) Same as Q. 10(6) of Н. S. 1966. 
11. (a) Ifa, b, c be the sides of a triangle, find an expression 


for the area of the triangle in terms of a, 0 and с. 

(b) Same as @. 10(b) of Н. 5. "64. 

12. (a) Draw the graph of соз 2 between c= - to 2= 7. 

(b) The angular elevation of a tower at а place А due South 
of it is 30° and ata place В due West of A and at a distance a 
from A, the elevation is 18% Show that the height of the tower 
; Os 
в “714,5 

SECOND PAPER 
Group A—Plane Geometry 
Answer question 1 and two others from this Group. 

4, Draw a direct common tangent to two given circles. 

Or, Draw а square equal in area to a given triangle. 

(Only traces of construction are to be given in each case). 
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2. Same аз Q. 1(a) of H. S., 1960. 

ABC is an isosceles acute-angled triangle with AB= 40. OD 
is drawn perpendicular from О on AB. Prove that BC? =2AB.BD. 

3. Same as Q. (a) of H. 8, 1960 (Compl.). 

If the chord АВ and tangent PT of a circle intersect at an 
external point P, then show that РТ*=РА.РВ, 


4. Same аз Q. (а) of H. S. 1960 (compl.). 
Prove that the line joining the middle points of any two sides 
of a triangle is 


parallel to the third side and is equal to half that 
side in length, 


GROUP B—Co-ordinate Geometry 


Answer question 5 and two others from this Group. 


5. The Co-ordinates of two vertices of a triangle are (3, 2) 
and (5, 6). Find the equation to the locus of the third vertex if 
the area of the triangle is 12 square units, 

[Ans. у--92--8 and y — 2x — 16] 
6. Find the equation of the straight line passing through the 
nt (—8, 1) and perpendicular to the straight line bz — 9y--7—0 
and express it in the form 2+0=1. 
а 


рої 


але. заву 1-0, and Еа 
Show that the centres of the circles, 


ту 1, 2% --y* -- gy — 2y-1=0, 22 уз — 1224-4у -1—0 
аге collinear, 


7. Bind the equation of the circle which touches the z-axis 


in the first quadrant at д distance 5 units from the origin and 
cuts off a chord of length 24 units from the y-axis. 


[Ans, »?+-y2— 10z4-26y--25—0] 
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Show that the straight line у= тх, (т>20) touches ‘the 
т 
parabola у^ = 402. Find the co-ordinates of the point of contact. 
Ans. (4: 20 | 
[ (а =) 
y? =12z makes an angle 45^ 
dits point of contact with 


[Ans. y7 2-3 and (3, 6)] 


8. A tangent to the parabola 
with the axis. Find its equation an 


the parabola. 
Prove that the straight line aty—3=0 touches the ellipse 
353 бу? =18 and find the co-ordinates of the point of contact. 
[Ans. (2, 1)] 


9. Find the condition that the straight line le+my+n=0: 
[Арв. а Fb? m? —n*] 


g? y? 
may touch the ellipse sad ONE 
Find the equation of the tangents to the hyperbola 32° - y*—8 
which are parallel to the straight line 22 — Vl 

[Ans. 22-y+1=0] 


Grouer O—Solid Geometry and Mensuration 


7(b) of H. 5. 1960. 
tween two planes measured ? 
lar to another? (Give 


10. Same as Second part of Q. 

Or, (a) How is the angle be 
When is one plane said to be perpendicu 
suitable diagrams with your answers). 

(b) If a right angle revolves round 


the locus of the other arm is a plane. 
11. The dimensions of & rectangular parallelopiped are in the 


3:2. Determine the dimensions if the whole surface of 
в 558 sq. ош. [Ans. 15 cm., 9 cm., 6 em.] 

Qr, The base of a right pyramid is a rectangle of dimensions 
24" and 18". If the slant edge of the pyramid is 17”, find its 
height and volume. [Ans. h=8 in. ; vol.=1152 cu. in.] 


— 


one of its arms, prove that 


ratio 5: 
the parallelopiped i 


C. U. PRE-UNIVERSITY EXAMINATION—1961 
GROUP A—Algebra 
1. (a) Find the Square root of 5 – VIO- 15+ „б. 3 
[Ans +(1-+/2- JE) 


(0) ша “Geometrical Progression”, the first term is 5, 


the last term is 320 and the sum of the series is 635 ; find the 
4th term, 


[Ans, 40] 
2. (a) ТЕ <, В are roots of the equation 22° 354-30, find 
the value of «385-1 «врз. [Ans —$# 
(b) Use logarithmic tables 


to calculate the value of 
i = 5 E - 
241 х (124) (ота), correct to two places of decimals. 


8. (a) Find the number of permutations of n dissimilar things 
taken p at a time (n>p). 


(b) Calculate the number of 


word DRAUGHT can be arrange 
- together. 


4. (а) State and 
integral index, 


(b) Calculate the coefficient of 2-1 


Ways in which the letters of the 
d 80 that the vowels are always 


prove the “Binomial Theorem” 


* in the expansion of 
12 : 
( 2 -2) 1 [Ans. — 799] 


77008 А cos B+sin 4 Bin В 
9 the angles ‘of а tri 


‘langle, shew that 
sin d. --cos 80-5 сов 2 сов B 


6. (а) Shew that теш а ТЕ ға 2) 
(b) Shew that 
бадті () T tan- RE бап” *()-- tan (1)- T 


, 
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7. (а) Same as Q. 10(a) of H. S., 1963. 
(b) The sides of а triangle are 8 cms., 15 cms., 17 ems. Find 
its greatest angle. ; [ Ans. 90°] 
8. (a) Find the value of sin 18°. [ Ans, Қ/5-1)! 
(D) Draw а neat graph of sin Ф in the region- z&z«27. 


Group C— Co-ordinate Geometry 


9. (a) The co-ordinates ot А, B, C are (71, 5), (8, 1) and 
(5, 7) respectively. D, E, F are the middle points of BC, CA, AB 
respectively: Calculate the area of the triangle DEF. 

[Ans. 4 sq. units] 


(b) Obtain the equation of the straight line through the point 
the line joining the points (2, 3) and 


(2, 1) and perpendicular to 
(3, -1). [Ans. z-4y4-2—0] 
10. (а) Obtain the equation of the locus of a point which 


co nt hn tp 
the point (2, 3) is always а ү a i M dk as x 
(b) Find the equation of the tangent to the parabola у =4ал 
ч ч. s М еге the centres of the following three circles 
uw se eol 6y - 5-0. 2° у? - 42 - 10y - 7— 0, 


а-у — 6 - 14y -970- Y 
(b) Find the eccentricity and the co-ordinates of the foci of 


the ellipse 22-021. [ Ans, ef; co-ordinates — (2-4, 0) ] 
12. (a) Obtain the equations ofthe lines which bisect the 


angles between the lines (i) аз=-Е5зу-Рез=3 and 
(ii) ast bay са — 0. 


o equation of the circle which has its centre at 
d touches the straight line 5z--19y — 1. 
[ Ans, 29у? - 62- 8y- 8550] 


(b) Obtain th: 
tho point (3, 4) ani 
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Group D— Solid Geometry & Mensuration 


18. Same as Q, 7(b) Second Part of Н. S., 1960. 

14. (a) Find the locus of а point in space equidistant from 
two given points. 

(b) Three solid spheres of gold whose radii are lcm., 6'ems., 


and 8 ems. respectively are melted into a single gold sphere. Find 
the radius of the sphere so formed. [Ans. 9 сш.] 


OU. PRE-UNIVERSITY EXAM.—1962 
Group A—Algebra 


L(a) Ifetiy= ЗУ һо; JS Hn ar and y: 


2,8-4,2 r 
[ Ans ge y=- м8 | 
à С 14 

(b) Inan A. P. the first term is 2, the last term 29, the sum 
155 ; find the common difference, [Ans. 3] 
2. (a) It P varies as the Sum of two quantities of which 
"one varies directly as д and the other inversely аз 2, and if P=6 
‘when z—4 and P—32 when z= 3, find P when z—29, [Ans. 0] 

(b) Use logarithmic tables to calculate the value of 


1 1 à 
(48°7)® x (00821) [ Ans, '5563] 
0°372 
а EN 
3. (а) Ite be real, show that 2a» s cannot lie between 
27--92-8 


% and 1. 


(b If Go, бі) 04,240, denote the coefficients іп the 
expansion of (1--а)" where. т is а positive integer, shew that 
01-90:--30,- etal) ps у= у, 
4. (a) Find the number of ways in which m things may be 


« t ; taking them all at a time, when b of 

the things are alike of one kind, c of the things alike of & second 

kind and the rest all different А 

É (b) Fina the number of ways in which п books can be 
TYanged on a, shelf so that two particular books are not together. 


[ Ans. (n-2)n-1] 
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Group B—Trigonometry E 
Б. (а) Shew, geometrically, that if A and B are positive 
acute angles and (A +В) <90°, then 
sin (4+3) = sin А cos B+cos А sin В. 
(b) Show that соз A-+cos B+cos С-с08 (А--В--0) 
+ 0+4 


cos BIO cos g 


=4 cos 
al value for 2, where 


6. (a) Solve and find a gener 
cos e+ V3 sin ш-і1. | Ans. апл, or, пл. | 
sayti 
у-2` 
sand А, В, О the angles opposite 
in a triangle АВО, shew that 


(b) Shew that tan-ta-foot ^y = 
7. (a) Ifa, b, c are the side 
to the sides а, b, ¢ respectively, 
B-C_b-¢ A 
B-V_?" cot б. 
NUT b+e d 
d has two of the sides of length 32 
d the angle included between those 


(b) A triangular courbyar 
and 48 metres respectively an 
s at the remaining vertices of 


sides is 64°36’. Calculate the angle! 


the courtyard, having given 
log;o 2='30103 ; Z cot 39° 18'=10°19916 ; 
L tan 17°33'=9'50004 ; Г tan 17° 34' —9'50048. 


[ Ans, B=75°15' 2055"; O=40° 8 39%) 
8. (a) The shadow cast by ^ telegraph post is 6 metres 
longer when the sun's altitude is 30° than when it is 45°; sh 
that the height of the post is 8(1--,/3) metres. is 
(b) Draw в neat graph of c08 ?; in the region —z«z«x 
Group C—Co-ordinate Geometry 


9. (а) Find the angle between the two st. lines 
yamate y 2 mac. 
(b) Obtain the equations to the st lin у 
4 . lines each of whi 
through the point (2, —1) and intersects the axes of ка 
-ordinates 


64 ` б. U. PRE-U. QUESTIONS—1962 


at points equidistant from 


the origin and calculate the angle 
between them. 


[ Ans. ety=1,0-y=3 5a right angle. ] 
10. (а) Obtain the equation to the circle which passes through 
‘the points (2, —1) and (3, — 2) and has its centre on the straight 
line 27--4y - 3— 0, [ Ans. 32*--3y* — 19--5y4-98—0 ] 
(b) A conie is represented by the equation 4g? -9y? —36 ; 
caleulate its eccentricity, length 
Co-ordinates of the foci, : 


[ Ans. ec TS ; latus rectum =8 ; foci are (+ A/18, о] 


11. (а) Shew that the chord of a parabola y*=4az, whose 
equation is y -y 


of latus rectum, and the 


ordinates of the point of the parabola at which it is 
. Co-ordinates are (2a, — 2a /2) J 
k for which tho straight line 
32--4y— k may touch the circle z? +y? — 105, 


f [ Ans. 40 and -10] 
12. (a) Same as Q. 5(а) of H. S., 1961 (Compl.). 


(b) A point P moves in the plane of (zy) in auch а way 
that its distances from the lines 19z--5y -4=0 and 3zd-4y--7— 0 
are equal ; obtain the equation to the locus traced out by Р. 
[ Ans, 7g— 9y —37— 0, or, 99z--77y --71—0 ] 
Group D— Solid Geometry & Mensuration 
13. (а) Same 
(b) The diagonal of a 


height ig 15 cms, [n2 38] 
б E 
[ Ans. 130934 cu. ств. 1 


and its slant. 


с. U. PRE-UNIVERSITY EXAM.—1963 


A—Algebra 

4--83i) (6-13) in the form of Ad-iB, 
— 464-18; where — 46— A, 128= B] 
t^ germs respectively оға 


Group 


1. (a) Express (3+2)( 

where i= /—1. [40% 
(b) Ifa, у, 2 be the p*”, gi? алат 

G. P., prove that РЕ a Tes а77%=1. 
2. (a) Solve 2+7=5, oi toy? —1T. 
‚ [Ans. =3,y=2 or, 2-30-41 
{ the equation За +62+2=0, 

2 2 


(b) It« and В be the roots 0 
find the equation whos? roots are 2 and -— 
[ Ans. 30° —1824-2—0] 
ove the Binomial Theorem for 8 positive integral 


(3). (a) Pr 

index. 
: 10 

(b) Ifthe (r-+1)th term. in the expansion of (+2) .. be 
independent of 2 ; find r. [ Ans. r=5 ] 

4. (a) Find the number of ways in which т different books 
can be arranged оп ? shelf so that two particular books are 
у [ Ans. 2 [n-1] 


always together. 
(0) Prove that 
Group B—Trigo 


5. (a) Prove geometrically that i 
angles and A+B<90°, cos (A+B)= cos 


(5) Express cos 40 in terms of cos б. 


7 log #85 108 2543 log 83 = 108 2. 


nometry 


ЕД and В are positive acute 
A cos B —sin A sin В. 


[ Ans. 8 cos*0 — 8 сов76--1 ] 
25 —sin?z) — 1. 


ЕН 


6.(а) Solve the equation 9(eos 


(5) Show that tan 80 _3 tan 0 — tan*6 
1-3 tan?0 ' 


Q.—5 
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7. (a) Same as Q. 10(a) of H. S., 1964. . 
(b) Same as О. 10) of H. S., 1964. 

8. (a) Тһе angle of elevation of the top of a tower is 45°; 
on walking 100 feet nearer the elevation is found to be 60°. Show 
that the height of the tower is 50(3+ ,/8) feet. 

(b) Draw the graph of sin z from —z«zr«m, 


Group C—Co-ordinate Geometry 

9. (a) Same ав Q. 4 (а) of Н. S., 1961, 

(b) Tf (1, у,), (со, ys) and (zs, уз) be the co-ordinates of 
the vertices 4, B, C respectively of the triangle ABC and if D 
is the middle point of ВО, find the co-ordinates of G. which divides 
AD such that AG=2GD. 

[Ans. (0, Баа аа), Ку, узи) 

10. (a) Find the equation of the st. line passing through the 
point (3, 5) and parallel to the line 4z — 8y+1=0. 

[Ans. 4z—-8y--3—0] 

(b) Find the equations of the tangents to the circle 22 4-у? = 
which are parallel to the line 8a+4y —0. ; 

[Ans. 3z--4y--15—0, 3z-4y - 150 ] 

11. (а) Find the locus of the point whose distance from the 
point (—1, 1) is equal to its Perpendicular distance from the st. 
line z4-y4-1— 0. [Ans. z*--y* — 95y--25 — 6y--3— 0] 

(b) Find the co-ordinates of the focus of the parabola y? —4aa 
Which passes through the Point of intersection of ihe lines 


$*8-71an 20-1. [ Ans. ($, 0) ] 


i g? 2 
12. (а) If tho minor axis of the ellipse ті be equal to 
the distance between the foci, find the eccentricity of the ellipse. 
1 
Ans. Wa 
(b) Find the equation 


of the ellipse referred $0 its centre аз 
%-ахін, whose latus rectum is 5 and 
[Ans. 202? --36y3 —405] 


Origin and major axis ag 
eccentricity is 2, 


€. U. PRE-U. QUESTIONS—1964 
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Group D—Solid Geometry & Mensuration 


13. (a) Prove that two intersecti 
a straight line and in no point T planes cut one another in 

(5) Same ав 0.7 (b) Second Part of Н. S., 1960 

14. (a) Three solid gold spherical beads of EA 
А are melted into one solid spherical bead. ae 
radius. its 
(b) The volume of а right circular cylinder and m E emg.] 
«cone standing on the same base aro as 8: 9. Show that ЫШ, 


of the cone is double the height of the cylinder. 


с. U. PRE-UNIVERSITY—1964 
Group A—Algebra 


-М8-42 „_у/З+Уу/9 
1. (a) Пе US B= J2' find the value of 


(,/8- /®)(9 /3 – 2i) i [ Ans. 989 ] 

d A, B are real. i) in the form of A+iB, 
[ Ans. 4-3,/6i where А=4, B= із 

2. (a) Same as Q. 4 (b) of H. S. 1964. У61 


(b) Solve а" 295 | св 
в у = 7 [ Ans. FEN or ==] 
ind the number of permutations of n thin y=3 
‘together when the things are not all different. 58 taken al} 
(p It (+a) — co Розова" + +o 4% - 
Co” +63" +0:°+ EOS? = [2n/(n*. prove that 
4. (a) Simplify: 16 log 32412 log $£--7 log вар 
pase of the logarithm being 10. sotlog 2, the 
(b) Evaluate (using logarithmic tables) : [ Ans, 1] 
5:631 x 42:18 x 9788 
2:451 x 8892 x 12°61 


327 - boy +3y"- 
(5) Express 


where t= J -1sn 


3.(a) Ё 


[Ang 95 45 


нн е NN 
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GROUP B—Trigonometry 


5. (а) Same аз Q. 5 (a) of C. Pre-U. 1961. 
(b) It A, B, O be the angles of a triangle, prove that 
sin 24-Евїп 2B-+sin 20 —4 sin Asin В sin 0. 


6. (а) Same аз 0. 6 (а) of Н. 8. 1966, 
(b) Solve: 


tan"! z--tan^*95--tan"*3y— z, [ Ans. 2=0 or +1 ] 


7. (a) Same as Q. Т(а) of C. Pre-U. 1969, 


(0) "Two sides of a triangle are 11 cm. 


and 9. cm. and the: 
included angle is 60°. 


Find the remaining angles, given 
log 3= 4771913 ; L tan 9°49' = 9'9381903 ; diff. for 1'— 7514. 
[ Ans. 69°49'35'2”, 50*10'94'8" ] 
8. (a) Draw the graph of cos > between s= —z and g—7. 

(b) From an aeroplane vertically above a st. horizontal, 
road, the angles of depression of two consecutive mile-stones are 
Observed.to be 30? and 45% Ifthe mile-stonos be on the opposite 
Sides of the aeroplane, show that its height, in miles, above the 


; 1 
road 
о! 18 1 


ui 


GnouP C—Co-ordinate Geometry 


9. (а) The three points, 


whose co-ordinates are (шу, yi), 
(za; Ya) and (vs, 


Ys) lie in a st. line, show that 
(Ya — Уз) На (уз —уз)-Ешв(уз — Уа)=0. 

(b) Find the angle between the st, lines, , 

&— /8у=1 and A Sa — y—4. 

10. (а) Find the a 


(1, -9) and passi 
Straight lines 32+ 


[Ans. 30° or 150°] 
quation of the circle, ‘having its centre at 


ng through the point of intersection of the 
y=14 and 22--5y— 18, 


[ Ans. ' g3 --2 = 2ж--4у -90—0] 
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Р ко ee P NC EPA tangents drawn fi 

д? Бу? —4a*[8. =а° їз 120°. Prove that the eae ae 

o (a) Samo аз Q. 9.(a) of Н. S. 1962 vee 
bess Hind tne equation to the normal NS 

point (am ‚ 2am). Ps н, ра d 

Find the latus rectum, the Кысса ат®=0 ] 

and the 


12. (a) 
журип of the foci of the ellipse 
Exe 
acd d [Ans. latus rectum= 3%, e—£, fi 
| ,e=%, foci 4 
^ Ы; Obtain the equations of the tangents to th (+4, 0)] 
16 ^ e 1, which are parallel to the strai a р ев 
ight line ,/82-9 
у =0 
[ Ans. 2 ; 
. Зу= J8at 
Group p—Solid Geometry & Mensurat A/89 1 
ation 


Q. 7(а) of Н. S., 1960 (Compl) 


13. (a) Same as 
revolves about its b 
ase, prove thai 
f the lo 
cus 


(p На triangle 
xis? circle. 
t prism stands on a triangular base wh 
whose side 
s 


Jf the height of the pri 
e prism i 
of its total surface. prism is 10", find the are 
(p How many square feet ВО, [Ans. 1008 sq. E 
tent 24 feet high, the diameter of the base bei =o for a о 
ing 4 feet ? 


[2222] 
m ey [Ans. 
550 sq. ft.] 


ot its verte 
14. (a) А righ 
are 18", 20^ 34". 


B. U. ENTRANCE EXAMINATION, —19 
Group A—Algebra i id 


4. (a) If the roots of the e Ч 
quatio 2 
one another the ratio 3 : 4, prove that rd +be+c=0 beg 
(5) Solve z4yT3 Jaty="" nage о 


[Ans :2Ф8,у-і; ог s 
p :9 38] 


70 В. U. ENT. QUESTIONS—1961 


T 
(ii) ris ase: [Ans E 2-29, y=1; or, #=1, y=2} 
2. (а) Prove "Ооз T", =m, 
and "CLH Os 4-^Q, рч, 299-1. 
How many triangles can be formed by joining the angular 
f а decagon ? How many diagonals has it ? [Ans. 120, 35] 
3. Expand (1--а)” 
Positive integer. 
integer ? If not, 


(5) 


points o 


in ascending powers of = when n is a 
Is the expansion valid when т is not а positive 
State the condition under which it is valid, 
і an ..... (2n ~1) 
Show that the middle term of (=+4) is 18.5.7.. (9n Don, 
a 


Ln 
4. (а) Prove that Іовъа x logeb x logac=logaa. 


(b) Find §,, when ВН 


9n-1i 


ЕС 3o] -ga] 


Calculate the lowest value of 2 so that 9— 8,<тбо. [Ans : 8] 


GROUP B—Trigonometry 
5. (a) Prove geometrically 4 
сов (A+-B)=cos А сов B —sin A sin B, 


When 0<4<7, 0<В<@ ond A4-B« 5. 


(6) п A+B+C=z, prove that 
cot Д cot B+cot В cot C+ cot С cot A=1, 
6. (а) Prove sec? (tan *9)-I-cosec? (cot7 13) — 15, 


(b) Solve tan z-L-tan 2z-F-tan 3z— tàn x tan 9x tan 3g. 


"я 
[ Ans. ED | 
7. (а) Same as Q. 7(а) of С. Pre-U., 1962. 
(b) Prove that in any triangle cos A-Feos В--сов Occit 


(r—in-radius and R=circum-radius) 
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Group O—Co-ordinate Geometry 


8. (а) Find the equation to the straight line- passing th: 
the intersection of lines #+2y— 3=0 and 3z-d-4y ER Som 


perpendicular to the stral 
(b) Show that three points (4, 2), (7, 5) and (9, 7) are in 
, опе 


straight line and find the equation of the line of collinearity 
[Ans : z- y —9] 
he equation of the circle described on th 
are (шз, уз) апа (са, уз). г 
(b) Find the equation of the tangent to the circle 2*+-y? — 25 
t 30° with the straight line 3z-1-4y = 0. 
т215 A14-m* where m= 2949 48] 
39 


9. (a) Find t 
diameter whose end points 


making an angle О 

(іе. у= 

10. (a) Find the condition that у= т-с will be а norm 

to the parabola al 
(5) Prove 

int on it makes 


and its perpendicu 
11. (а) Find the eccentricity, length of the latus rectum and 
an 


‚шев of the foci of the ellipse 162° +9y° —144. 


the co-ordinates 
latus rectum —3 units, foci are the 
: pts. (0, + /7)] 


у? —4az. 

that the tangent 
equal angles wi 
Jar distance fro 


to the parabola y? —8 
—6 at a gi 
th the focal distance of the e 


po 
m the directrix. 


GROUP p— Solid Geometry & Mensuration 
12. (a) Sameas Q. (а) of H. S., 1960 (Compl.) 
(p) Same as Q. 18 of H. В. 1962. 
із. (a) Same as Q. 14(a) of C. Pre-U., 1962. 
(b) Н в straight line is parallel to 8 given plane, prov 
line of intersection of any plane through the given line та 
е 


given plane is parallel to the given line. 


B. U. ENTRANCE EXAM.—1962 


GROUP A—Algebra (Answer any two questions) 

1. (a) Represent seometrically the numbers 8--%, 6-4 
and 9--6; Find their moduli and amplitudes and show that these 
are collinear points, [Ans. Moduli = -+ A/18, +2 13, +8 /13, 

Amplitudes = tan-1 $, tan^* 2, tan^* 2] 

(b) Solve: (i) 2 Ty? ду =84, s+y=10. 

[Ans : 2—8, у=9 ; or &=9, у=8] 
(ii) у=4, y? =97% 


92? 4-45-41. » 
ode to is capable of having all real values. 


3. (а) Find the number of permutations of л different things 
taken r at a time. (n>r), 
(b) How many numbers of not more than four digits can be 
formed with the "digits 9, 3, 4 ? [Ans. 190] 
4. (a) “If the Second, third and fourth terms in the expansion 
of (a-+2)" be 240, 790 ana 1080 respectively, find a, z, n. 
у [Ans. a=9,2=3,n=5] 
4. (b) If лое. давя, prove that z*y^z^ —1. 
Group B—Trigonometry 
( Answer any two questions ) 
5. (а) Same as ©. 9(a) ot H. S., 1960 (Compl.) 
(5) Te 4--В--0--л, prove that 
Сов? А соз? B+9 cos A cos В cos C —gin? С. 
6. (а) Solve: sin 49=cos 80-І-віп 90 (0<0<л). 
[Ans. 30°, 90°, 150°] 


(0 Show that: (ani 14. 4an-2 irn: -2. 
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Q. 10(a) ot H. S., 1963. 
(b) Same as 0.1000) of H. S., 1964. 


8. (a) Find out the value of sin 18°. 

(b) A tower leans towards the north. If < and f are th 
e 

the top from two observation points due 


distances а and b from its foot, prove that 


izontal is. 


7. (a) Same as 


angles of elevation of 
south of the tower аб 


its inclination to the hor 
cot 4—4 СО 


71 |56 142 
сов ee ETT Te ) 


Group (— Co-ordinate Geometry 


( Answer any two questions ) 

9. (а) Prove analytically that the line joining the middle 
two sides of а triangle is half the third side. 

of the medians of the triangle whose 
1; -1),(-19, -9) and show that 


points of any 
(b) Find the equations 
vertices are the points (3, 2), 
they are concurrent. 
[ Ans. qs —12y+3=% go- 18y - 28-0, 192 -42y-17=0] 
tions of the tangents to АВ 
а-ы 16 paral в lino y —73z--10. 
[ Ans. у=32-4+ 
а +4,/10 
(b) Prove that the points a, 1), (9, 0, (8, —8), (-5;- 7) a 1 
find the equation of the circle passing through 55% 


'eonoyolic and 
Ans. z?--y?--4z--6y -19—0 
11. (а) Find the equation to the parabola whose focus i; ] 
ix is the straight line SW A 


the origin and whose directr! 
Г Ans. ot-+4y?—4ey+4e+2y - 10 


Find out its vertex. 
vertex (1, E 


hat the tangents to the parab st 
| ola y^—8z at the 


(p Show t 
points (2, #) 2d (9 2 4) intersect оп the z-axis. Also find th 
e 
gen the tangents. | Ans. angle = * ] 


angle реб! 


74 B. U. ENT. QUESTIONS— 1962 


12. (a) Starting from the focus-directrix properties of an 


ellipse, show that the equation of the ellipse is of the form : 
g? y? 
44 ЕҢ p^ T 


(b) Find the length of the latus rectum, the foci and the 
equations of the directrices of the hyperbola 32° — 4y? =48, 
[Ans. latus rectum = 6, foci (2-9. 7; 0), directrices are pao =0] 


4/7 
Group D—Solid Geometry 


18. (a) Same ав Q. 7 (d) second part of Н. 8., 1961. 

(b) Show that all 86. lines drawn perpendicular from a given 
point to а system of parallel st. lines in Space are coplanar. 

14. (а) How many solid circular cylinders of length 8 in. 
and diameter 6 in. can be made out of the material of a solid 
sphere of radius 6 inches ? [ Ans. 4] 

(b) А right circular cone 15 cm. high, the radius of the base 
being 8 cm., has its Upper part cut off by a plane through the 
middle point of its axis and parallel to the base. Find the volume 
of the truncated cone. [Ans. 880 cu. em.] 


B. U. Entrance Examination, 1903 
Group A—Algebra 


( © uy 5 ё 2= 4, y=1 ; 
1. (a) Solve (4) Уз 27% ш--у--5. ЕЗ ог2=1, y=4 
1 1 
Gi) oF +y8=3, 2+0=9 [Ans :2=8, у=1 ; or, 2—1, y —8] 
(iii) BY sy? узи os 
(b) Three globes of 
melted' and for, 
Blobe, 
ius 


(Ans. = +2, y=2, or, s= +4, у= - 2.] 
gold whose radii are 3, 4 and 5 inches are 
med into а new globe. Find the radius of the new 
given that the volume of a globe varies ag the cube of its 


[Ans, 6 in.] 


в. U. ENT. questions—1963 15 
E o 
2. (a) Find iti 
the conditions that the root 
ennak % s of the Quadrati 
б ation an +br+c=0 should be (i) reciprocals (а) ee 
sitive, (iii) both negative. ; 3 
[Ans. (i) 1іс-0 ; (ii) іа с have like signs opposite to 
(% that of b ; (iii) if a, b, c have like signs.] 

) If the roots of ш? mam be in the ratio of p : 4 
prove ТУДАҒЫ т--0. 
м l 
3. (a) Without assuming the formula for "Pr find the 
number of combinations O n different things taken T things 
at a time (г<). : 

(b) Show that in 
a particular thing 060018» 


umber of combinations in which 


2^Q, the n 
umber in which i& does 


is equal to the n 
powers of v, ® being в 


поб occur. 
4 (a) Expand (a+a)” in ascending 


(b) Same as Q: 500) of Н. 8» 1966. 
without proof) the series for log, (1+2) 
Hence prove that У 


Б. (а) Write dow? 
stating the condition for its validity 
үн. Ул 
loge € са CR [Ans. Valid if _1<а<1) 
(p) Prove that 
ДЕТТИ 
+) ipee to 9 —log, V2. 
Group p—Trigonometry 
6. (a) Same as Q. 5 (a) of б. Pre-U., 1963. : 
(p Hsin g-rsin 97^ and cos 01-208 $-—b, 
0-%- ат 8 
prove that tan ^9 + 42 as k 
1. ( If «-ЕВ=?› show tha 
psa toe +0087 12 cos & cos В cos 7. 
(b) If tan ^ tan hy Han e= 
show that gy zr 


76 B. U. ENT, QUESTIONS 1963 


8. (a) Solve tan z--ban 2¢-+tan 32 0. 


E ы or "^ where tan «= sal 


(b) Inany triangle prove that tan 4—B. а-% в 


> =— cot 


9. (а) Two sides of a triangle are 3 ft. and 5 ft respectively 
' and the included angle ig 120°, find the other angles, having giyen 
dog 4'8— 16819419, L tan 8°19’= 91586706, diff. for 60"— 8940, 


[Ans. 88719475”, 91471957 

(b) Solve graphically the equation 
tan 2-92 between #=0 and а=, 
Group O—Co-ordinate Geometry 


10. (а) Show that the area of the trian 
of whose angular points are 


1 1 1 ів 0-о)с-а)а-1) 
@ 2), (» ) A (о 8) ч дао" 
(b) If the Centroid оға triangle ig 


are (4, — 3) and ( —9, 7), find the oth 


11. (а) Show that the equation 
да Dauber FA by о) 


gle, the co-ordinates 


(1, 4) and two of its vertices 
er vertex, [Ans, (8, 8)] 


is perpendicular to the join of (xs, Yo) and 
[Ang (y-y,)(y, — Уз) (v —21)(vs — дь)=0] 
tion of the circle which is concentric 
бу —3=0 ава which раввев through 
[Ans. sty? =- 40+6y+3=0] 


= gin «а sec < be a tangent to the circle 
› then proye that сова 1 


the point (5, ~9), 


Bi 4 -ibit а +0 =1, 


в. 9. ENT. QUESTIONS—1963 TT 


13. (a) Find the condition that the straight li 
ight line y= 
should touch the parabola fe о 
(5) Find the equation o 
y respectively 


у? —4az. 
i the ellipse ( referred to its axes as 
) which passes through the point 


the axes of 2 and 
JE [Ans. 32? 4-5y* = 32] 


( — 8, 1) and has the eccentricity 
Group p—Solid Geometry 
14. (a) If two intersecting planes are each perpendicular to А 
third plane, prove that their line of intersection is also perpendi- 
cular to the plane. 5 
(b) It of three lines 


parallel, show that the third 


rsection of three planes, two be 


of inte 
el to the other two.. 


will also be рата 
15. (а) The length, breadth and the height of a closed box 
are 19 in., 10 in. and 8 in. respectively and the total inner surface: 
is 376 sq. in. If the walls of the box are uniformly thick, find the : 
thickness. [Ans. 1 inch.] 


(p TES be the area of the cu 
d « the semi-vertic: 


rved surface, 9 be the volume, h 
al angle of a right circular cone 


the height an 
Ass 
gh? sin < ang =$ Th? tan?«. 
prove that SC ^ соза | Өш s с 
— 


в. 0. Entrance Examination—1964 


Group A—Algebra 


( Answer апу two questions ) 


a) of, H. 8S., 1963 (Compl.). 


) Same as 0. 3 ( 
value of € will satisfy the equatio 
n 


1. (а 


(p Show that a real 
the constants a, b being real. 


14-4 


78 В. U. ENT. QUESTIONS —— 1964 
2. (а) Solve( any two ) : 
2 2 
(i) 1-18, 2-Еу--19. [Ans. £—4,y —8 or z—8, y=4] 
Н) 22+, %- JI 
(i) Sr * e 25. 
92- Ті 22+ М 
4 uda 
(iii) 87.4" — 198, ЕС e or в 8. 


[Ans. z—1, or 2) 


9**v = gev, 


‘show that 2=b — e 
c b 


a 

(b) Prove that the condition that the two equations 

2° 0,240, =0 and asg? -baz-- 6, — 0 Should have one root 
‘common is (b,c, — бас. (a1, — 4353) —(c1a5 — 0204)*. 

4. (а) Find the number of permutations of n letters in which 

there are 2 number of D'S, y number of 48,2 number of 7’s and 


? represents the exponential serieg, 


Show that 
1 1 Я - 1 1 55 к =1. 
{ ПИС ү, too } ++. to ©} 
(b) Show that the middle term in the expansion of (1 Ба)?" 
ч 85...01), „ i 


Ln 
Group B—Trigonometry 
( Answer any two questions ) 


б. (а) Same as Q. 8. (a) of H. в. 1965. 
(0) Prove that 4(c08*10°+ sin®90°) = (сов 10"-Fsin 20°), 


в. U. ENT. QUESTIONS—1964 79 


4. (a) Prove the following relations 
(i) coseo" *2-+sec™ !2-5 


(ii) 9 tan" z—sin * 90 тн ый 
EN fan EVE 


(b) Solve the equation 
„/3 cos 2-Гвіп g—líor -9л<2<9л. 
3z x zx Пл ] 


[ Ans. mc CEN ет 


8. (a) Same as Q. 10 (a) of H. 5. 1964. 

(b) The sides of a triangle are proportional to 3, 5 
respeotively. Show that the triangle is CTAN ир 7 
. determine the obtuse angle. [Ans 2 

9. (a) Draw the graph of y=cos Ф in the ra | 

n 
g= 9 and 2—7. a ies 
( А vertical po 


„and its ‘upper part, noti comp. 
van angle of 30°. Find the heigh 


st 15 ft. high is broken at a certain heigh 

letely separated, meets the bon s 

t at which the post is broken. i 
[ Ans. 5ft. ] 


Group d—Co-ordinate Geometry 


( Answer any two questions ) 


+ P divides the st. line AB internally in th . 
e 


10. (а) А poin 
ordinates of A and В are (ал, аз) and (фу, b 
1, 2) 


satio 450 ре сос 
«respectively. Find the co-ordinates of P. 
[ аза. (222202, аһ ыы 
cH are) 


quation of the locus of a point 
Ple, y) i 
the point ( — 10, 0) to its ae if the 
[Ans 32° --3у° – Bs 06 ie 

= . ] 


(b) Find the e 
в distance from 


ratio of ib 
be 2:1. 


«ho point (1, 0) 


80 В. U. ENT, QUESTIONS—1964 
11. (а) Find an expression for the angle between the two 
st. lines given by 4z+By~0 and A'z+ B'y=0 respectively. 

(b) Find the distance of 


st. lines 2g- 3y+17=0 
4z - 3y— 0, 


the point of intersection of the two 
and 32--4у=0 from the st. line 

[ Ans. -5 (numerically 5 units)] 
12. (a) Same ав 0. 9 (a) of B. U. E. 1961, 


(b) Find the equation of the circle which passes through 
the points (1, — 2) and (4, — 3) ana which has its centre on the 
Straight lino 32--4у-5. [ Ans. z*--y? — 67--2--5—0 ] 

13. (а) Find the equation of the tangent to the parabola 
V^ = 8x which is Perpendicular to the st. ling 32 — y+7=0. 

[ Ans. «+3у--18=0] 
(b) Find the distance between the foci 


of the ellipse whose: 
equation in standard form ів 3z? --4y3 — 94. 


[Ans. 2,/9 units] 


Group D—Solid Geometry & Mensuration 
( Answer any two questions ) 
14. (а) What do you mean by (i) the angle between a plane 
and a straight line ; (1) the angle between two planes ? 
“Ша right angle revoly 
the other arm deseribes 
(b) The base of a ri 


tis 15 em, and the radius of the in 
If the volume of the pris 


es about one of its arms, then prove that 
a plane, 


[ Ans. 12 cm. ] 
15. (a) Same as Q. 7 (b) second part of H. S., 1960. 
(b) Same as Q. 13 (6) of B. U. E., 1962. 


ДКНЫ M КТЫ ИТЕ me em 


CORRIGENDUM 


Algebra : 
Page 69, in 
86, in lin 
98, in line T; 


line 12, read ‘the last digit’ for ‘the digit’. 


в 5, read 0 for 2. 
read ‘team of eleven’ for ‘team’. 


Trigonometry : 
ad cot 0= Cot < for cot=6 cot <. 


line 8, re 
sines of two of the angles’ 
To 


line 1 of Ex. 12, read ‘co 
ine lof Ex. 19, read (1-2) for (1 5) 
Ts Ts/- 


ad 46°48'. 
read 4°3955817 for 4:3955917. 
1, read 29° for 90°. 
6, read 56° for 55°. 
ead ‘Now, sin В’ for 
‘Now, sin О”, 


Page 14, in 
55, in 


69, in I 


74, in line 5, re 
78, in last line, 
85, in line 3 of Ex. 
», 98 in line 4 of sum 
, 105, in line 9 of Ех. 4,1 


ydinate Geometry : 
ө 7, read AP for AB. 

34, in line 10 of Ex. 11, read 0 for 3. 

35, in line 8, read 4/2- 4o for 4f?— 4c. 

4g, lino 7 should be ‘fixed st. line on the same plane’ 

58, in sum 13(d) read (1, 2) for (1, — 2). e. 
139, in line 8 of Ex. 7, read m' =$ for m'—8. 

SA 

o 15, read AZ for 82. 
S8 ОМ)? for (08-08); 
292 for ex”. 4 


Со-0 
Pago 8, in lin 


‚ 138, in lin 
9, read (0 


139, in line 1 
and in line 91, read ¢ 
‚ 149, in last line, read em for PE 


; 179, in Answer No. 17, read д" for т. 


~ 
to 


Appendix : 
с @? т? 
Page 5, in line 9, read = d for e 
ü 


» 7, in line 11, read -+(y— В)? toy "ieu spy. 
» 8, in line 3, rend +96; for — 98}, 


Question Papers : 


Page 7, in Q. 4(b) read 3z for 95. 
» 36, in Q. 2(0) read в in. for ( in, 
” 
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